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PREFACE. 


TN  this  Second  Edition  we  have  combined  the  two  volumes 
of  the  First,  rearranging  the  whole,  and  introducing  im- 
portant additional  matter.     The  work  forms  an  elementary 
consecutive   treatise  on  the  subject  of  Internal  Stress  and 
Strain,   based   on  the  late  Professor  Rankine's  treatment  of 
the  subject  in  his  Applied  Mechanics  and  Civil  Engineering, 
The  end  kept  in  view  is  the  Scientific  and  Practical  Design 
of  Earthworks,  of  linkwork  Structures,  and  of   Blockwork 
Structures.     The  whole  is  illustrated  by  a  systematic  and 
graduated  set  of  Examples.    At  every  point  graphical  methods 
are  combined  with  the  analytical,  and  a  feature  of  the  work 
is,  that  the  diagrams  are  to  scale,  and,  besides  illustrating 
the  text,  each  diagram  suits  some  of  the  numerical  examples, 
having  printed  on  its  face  both  the  data  and  results.      For 
the  Student  with  little  time  to  draw,  the  full-page  diagrams 
should  prove  useful  models,  furnishing  concisely  the  data  and 
checking   the  results   of  his   constructions   to   a  bold   scale 
without  delay. 

In  Chapter  III.  a  Moving  Model  of  Rankine's  Ellipse  of 

Stress  is  shown  at  page  63.    It  was  exhibited  to  the  Boyal 

Irish  Academy.    The  Scientific  Design. of  Masoniy  Retaining 

Walls  and  of  their  foundations  in  Chapter  Y .  is  an  extension 

of  a  paper  by  the  authors  in  Industries  of  14th  Sept.,  1888. 
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hand,  his  beautiful  analysis  of  the  Triangular  Trussing,  in- 
volving the  three  variables,  the  number  of   subdivisions  in 
the  span,  the  form  of  the  triangles,  and  the  ratio  of  the  depth  to 
span.    Besides  some  corrections  acknowledged  by  Ldvy  in  the 
preface  to  La  Statique  Oraphiguey  second  edition,  we  have  now 
made  sotne  extension  (Table,  p.  454)  of  the  discussion  of  the 
economical  shape  of  triangle,  and  some  further  corrections  on 
the  volume  of  the  Fink  truss  with  the  load  rolling  below  it,  a 
form  of  truss,  however,  of  little  practical  importance.     The 
Table  of  Volumes  of  Trusses  we  show  at  one  opening  of  the 
book,  and  the  minimum  volumes  are  placed  among  the  others 
with  a  heavy-faced  type  in  such  a  way  that  it  can  at  once 
be  seen  whether  they  occur  at  depths  that  can  be  adopted 
consistent  with  the  more  important  requirement  of  stifiness. 
In  Chapter  XXII.  we  have  much  pleasure  in  developing 
the  method  of  conjugate  load  areas,  given  by  Sankine  in 
mathematical  form  difficult  of   practical  application  to  the 
equilibrium  of  arches.    We  now  substitute  a  semigraphical 
method  of  constructing  the  load  areas,  reducing  the  mathe- 
matics and  extending  the  whole  to  the  complete  design  of 
segmental,  semicircular,  and  semi-elliptic  arches,  with  their 
abutments,  spandrils,  and  piers.    Incidentally,  the  design  of 
sewers,  inverts,  shafts,  and  tunnels  illustrate  the  full  scope 
of  the  method.    We  have  to  thank  R  J.  Sullivan,  C,  V.  G. 
Scott,  and  C.  F.  Deaper,  Graduates  in  Engineering  of  the 
University  of  Dublin,  for  assistance  in  the  preparation  of  the 
examples  and  scaled  drawings.    In  a  paper  to  the  Boyal  Irish 
Academy,  referred  to  at  bottom  of  page  610,  we  demonstrated 
the  true  shape  of  the  equilibrium  curve,  dividing  the  family 
into  two  groups,  the  more  important  of  which  we  venture  to 
call  two-nosed  catenaries.     We  then  show  that  these   two 
varieties  offer  a  philosophical  explanation  of  the  two  distinct 
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ways,  in  which  it  has  been  found  by  experiment,  that  masonry 
arches  break  up  when  the  abutments  are  gradually  removed. 
Elaborate  tables  were  added  for  the  immediate  design  of 
s^mental  masonry  arches.  We  have  now  embodied  those 
tables  reduced  to  the  smallest  compass,  and  having  printed  on 
their  face  all  the  information  necessary  for  their  application. 
We  are  indebted  to  the  Council  of  the  Academy  for  the  use 
of  the  blocks. 

Some  of  the  leading  writers  in  America  upon  Engineering 
expressed  approbation  of  our  method,  and  Professor  Howe,  in 
his  treatise,  referred  to  at  bottom  of  page  510,  has  done  us  the 
honour  of  adopting  it,  and  calls  it  the  best  method  yet  pub- 
lished, when  the  arch  bears  only  vertical  loads.  In  our  present 
treatment  we  have  both  vertical  and  horizontal  loads  duly 
considered,  but  have  insisted  upon  a  central  elastic  portion  of 
the  ai'ch-ring  being  wholly  free  from  other  than  vertical  loads, 
except  when  the  live  load  covers  only  halt  the  arch  when  the 
horizontal  reaction  of  the  light  elastic  spandrils  of  the  opposite 
side  come  into  play.  Now,  with  the  catenary  tables,  the  seg- 
mental arches  were  limited  to  this  elastic  part  only,  and  so  the 
assumption  of  vertical  loads  only  is  justified,  and  the  more 
especially  as  the  horizontal  load  indicated  in  this  case  is 
necessarily  ovivxirds,  and  cannot  be  introduced  in  any  prac- 
tical way.  It  is  remarkable  that  the  two  designs,  shown  to  a 
common  scale  on  pages  500,  516,  arrived  at  by  two  different 
methods,  namely  fig.  267  by  the  catenary  tables,  and  fig. 
272,  by  the  conjugate-load-areas,  should  so  almost  exactly 
coincide. 

In  Appendix  I.  we  give  the  solution  of  a  Koof  Truss  by 
the  method  of  Seciprocal  Figures,  covering  the  whole  question 
of  the  wind  on  anchor  or  free  end  when  only  one  end  in  fixed, 
and  including  the  complete  solution  of  the  case  with  both  ends 
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fixed,  a  problem  the  undetermmateness  of  which  is  usuallj 
slurred  over. 

In  Appendix  II.  is  shown  the  cross-section  of  a  built-earth 
Eeservoir  Dam  and  of  the  contraction  of  the  stream  between 
two  piers. 

THOMAS  ALEXANDER. 
ARTHUR  WATSON  THOMSON. 


CONTENTS. 


CHAPTER   I. 

LINEAL  STRESS   AND   STRAIN. 

PAOB 

state  of  Simple  Strain — Ezs.  1  to  12 — Elasticity,  Young's  Modulus— 
£xB.  1 3  to  21 — The  production  of  Strain— Exs.  22  to  26— Resilience 
— Ex8.  27  to  49, 1 


CHAPTER  11. 

INTBRNAIi  STRESS  AND   STRAIN,   SIMPLE  AND  COMPOUND. 

Internal  Stress  at  a  point  in  a  solid  in  a  simple  state  of  Strain — 
Do.  9  for  a  compound  state  of  Strain — Uniplanar  Stress — Principal 
Stresses — Exs.  dO  to  61, 26 


CHAPTER  III. 

RANKINE'S   METHOD   OF  THE  ELLIPSE  OF  STRESS. 

Direct  Problem,  the  Principal  Stresses  given — ^Equal  like  and  Unlike 
Principal  Stresses — Positions  of  third  Plane,  for  maximum  Nor- 
mal Stress,  for  maximum  Shear,  for  maximum  Obliquity — 
Ex.  62  to  71  — Inverse  Problem,  to  find  the  Principal  Stresses — 
Moving  Model  illustrating  the  Method— Exs.  72  to  79,  41 


XIV  CONTENTS. 

CHAPTER  IV. 

APPLICATION  OF  THE  ELLIPSB  OP  STRESS  TO   THE  STABILITY  OF 

EARTHWORK. 

PAOB 

Friotion  among  loose  Earth  Particles — Conditions  of  Equilibrium  and 
Angle  of  Repose— Earth  spread  in  horizontal  layers  behind  a 
wall — Depth  of  Foundation — Earth  spread  in  sloping  layers 
behind  a  wall — Construction  of  the  Auxiliary  Figure  to  the 
Ellipse  of  Stress— Exs.  80  to  88, 70 


CHAPTER  V. 

THE  SCIENTIFIC  DESIGN  OF  MASONRY  RETAINING   WALLS. 

Practical  considerations — Rectangular  and  Trapezoidal  Walls — Do 
Do.  surcharged — Batteting  Wall  with  Stepped  Back—  Spread 
and  Depth  of  the  Foundation  of  a  Wall — Table  of  Thicknesses 
required  for  Masonry  Retaining  Walls  of  moderate  heights — 
Profiles  of  Do. — Graphic  Statics,  composition  of  Plane  Forces — 
Graphical  Methods  of  Designing  Retaining  Walls — Exs.  89  to  94,      87 


CHAPTER  VI. 

TRANSVERSE  STRESS. 

Beams  or  Girders — ^Varieties  of  Ijoads — Conditions  of  their  Equili- 
brium— Exs.  95  to  107 — Neutral  Plane  and  Axis — Deflection, 
Slope  and  Curvature — Elements  of  the  Stress  at  an  Internal  Point 
of  a  Beam — Resolution  into  Shearing  Force  and  Bending  Moment 
— Resistance  to  Shearing  and  Bending — The  Cantilever,  .     10ft 


CHAPTER  VII. 

THE      PARABOLA. 

Straight  and  Parabolic  Slopes — Graphic  Construction  of  Parabolic 
Segment  and  its  Tangent — Parabolic  Template,  its  use  like  a  set- 
square — Equations  to  arcs  drawn  with  the  Template  in  various 
positions — Compounding  Straight  and  Parabolic  Slopes — Degrad- 
ing do.,  do., 125> 


CONTENTS.  XV 

CHAPTEE  VIII. 

BENDESTG   MOMENTS,  AND   SHEAHING  FORCES  FOR  FIXED  LOADS. 

PAOB 

Definition  of  Bending  Moment  and  Shearing  Force  Diagrams — Beam 
loaded  with  Unequal  Weights  at  Irr^ular  Intervals — Analytical 
and  Graphical  Solutions — Cantilever  with  irregular  Loads — Beam 
with  Load  at  centre  or  uniform  Load — Cantilever  do.,  do. — Beam 
with  equal  loads  at  equal  intervals— Exs.  108  to  136,  .     136 


CHAPTEE  IX. 

BENDING    MOMENTS   AND   SHEARING    FORCES   FOR  COMBINED 

FIXED   LOADS. 

Beam  with  Uniform  Load  and  Load  at  Centre — The  Continuous 
Beam — Irregular  Fixed  Loads  oomhined  with  a  Uniform  Load 
— Diagram  of  Square-roots  of  Bending  Moments  for  do.  hy  means 
of  Arcs  of  Circles  only — Partial  Uniform  Loads — Beam  loaded 
in  any  manner  with  Fixed  Loads — Exs.  137  to  149,    .  .164 


CHAPTEE  X. 

BENDING   MOMENTS  AND  SHEARING  FORCES  FOR  MOVING  LOADS. 

Classes  of  Moving  Loads — Beam  subjected  to  a  uniform  advancing 
Load  as  long  as  the  Span — Do.,  Load  shorter  than  the  Span — Beam 
subjected  to  a  Rolling  Load — Two-wheeled  Trolly  confined  to  a 
Girder  like  a  Travelling  Crane,  Loads  on  the  wheels  equal,  Loads 
unequal— Exs.  160  to  163 185 


CHAPTEE  XL 

Moving  Model  illustrating  the  Bending  Moments  and  Shearing  Forces 

on  a  GKrder  Bridge  due  to  a  Locomotive  passing  over  it,      .        .212 


XVI  CONTENTS. 


CHAPTEE  XII. 

BENDING  MOMENTS  AND  SHEARING  FORCES  DUE  TO  A  TRAVELLING 

LOAD  SYSTEM. 

PAOB 

Maximum  Bending  Moments  for  a  beam  under  a  Travelling  Load 
system  of  unequal  weights  fixed  at  irregular  intervals  apart,  the 
Load  confined  to  the  span — *' Fields''  commanded  by  the  different 
Loads — Nature  of  the  Bending  Moment  Diagram  and  its  Gh*aphical 
Construction  with  one  Parabolic  Template —How  the  Scale  is 
readily  determined — Graphical  Construction  of  a  Diagram  of 
Square-roots  of  Bending  Moments  by  means  of  Circular  Arcs  only — 
Shearing  Force  Diagram — Particular  Systems  of  Equal  Loads  on 
wheels  equally  spaced — Exs.  164  to  168 — Beam  subject  to  the 
Transit  of  a  Travelling  Load  System — Exs.  169  to  179,  including 
an  example  of  the  uniform  Load  combined  with  Travelling  Load 
system, 220 


CHAPTER  XIII. 

COMBINED  LIVE  AND  DEAD  LOADS  WITH  APPROXIMATION  BY  MEANS 

OF  AN  EQUIVALENT  UNIFORM  LIVE  LOAD. 

Reduction  of  Live  Loads  to  an  equivalent  uniform  Dead  Load — Shearing 
Force  Diagram  for  a  beam  with  uniform  Dead  and  Live  Loads — 
Its  importance  in  the  matter  of  counterbracing — The  Live  Load 
reduced  instead  to  a  single  equivalent  Rolling  Load — Mr.  Farr's 
paper  on  *'  Moving  Loads  on  Railway  Under  Bridges " — His 
allowance  for  the  Impulse  of  the  Moving  Loads,  with  Tables — 
Exs.  180  to  189, 253 


CHAPTER  XIV. 

RESISTANCE,  IN  GENERAL,  TO  BENDING  AND  SHEARING  AT  THE 
VARIOUS  CROSS-SECTIONS  OF  FRAMED  GIRDERS  AND  OF 
SOLID  BEAMS. 

Graphical  application  of  Ritter's  method  of  sections  to  the  construc- 
tion of  the  Stresses  on  the  booms  and  braces  of  Framed  Girders — 
Elevations  of    Flanged   Girders    of    Uniform    Strength — Solid 


CONTENTS.  XVU 

FAOB 

Beams — Their  Moments  of  ResiBtanoe  to  Bending  for  the  Crosa- 
Section  either  rectang:iLlar  or  triangular — Rectangular  Beams  of 
Uniform  Strength  and  Uniform  Depth — Do.  Do.  of  Uniform 
Breadth — Approximate  Plans  and  Eleyations — Exs.  190  to  200 — 
Area,  Geometrical  Moment  and  Moment  of  Inertia — ^Theorems 
regarding,  and  their  representation  hy,  the  Yolnme  and  Statical 
Moment  of  Isosceles  Wedges, 26S 


CHAPTER  XV. 

CROSS-SBCTIONS  :  THEIK  RESISTANCE  TO  BENDING  AND  SHEARING^ 

AND  DISTRIBUTION  OF  STRESS  THEREON. 

Rectangular  and  Hollow  Rectangular  Sections — Tahnlar  Method  for 
Sections  hnilt  of  Rectangles — Graphical  Construction  of  an  approxi- 
mation to  the  Moment  of  Inertia  of  a  Section  built  of  Rectangles 
— ^Absolute  Correction  in  same  by  a  further  extension — ^Triangular 
Cross -Section  and  Sections  partly  built  of  Triangles,  Hexagon, 
Diamond,  Trapezoid — Circular  and  Elliptic  Cross-Sections — 
Resistance  of  Cross-Sections  to  Shearing  and  the  Distribution  of 
the  Shearing  Stress  thereon,  including  the  Hollow  Rectangle, 
Double  T- Section,  Triangle,  Circle — Fancy  built  Sections — 
ExB.   201  to  226, 285 


CHAPTER  XVI. 

STRESS  AT  AN  INTERNAL  POINT  OF  A  BEAM. 

Curves  of  Principal  Stress — Ex.  227 — ^Determination  of  Internal 
Stress  by  the  Polariscope — Professor  Peter  Alexander's  Method 
of  drawing  the  Lines  of  Stress  with  a  mechanical  pen  on  a  revolv- 
ing disc  upon  which  are  thrown,  by  means  of  a  lantern,  the  dark 
lines  due  to  a  strained  prism  of  glass  rotating  in  the  polariscope 
attached  to  the  lantern, 324 


CHAPTER  XVII. 

CURVATURE,  SLOPE  AND  DEFLECTION. 

Definition,  depending  on  the  skin  coming  to  the  proof  strain  at  the 
Cross-Section  where  the  bendingmoment  is  greatest — Beam  hinged 
at  ends,  Section  uniform.  Load  at  the  centre  and  again,  Load 


XVUi  CONTENTS. 


PAGB 


uniformly  spread — ^Two  Loads  symmetrioal  about  the  centre,  as 
a  pair  of  locomotiye  wheels  on  a  cross-girder — Cantilever — Beams 
and  Cantilevers  of  uniform  strength — Proportion  of  the  depth  of 
a  beam  to  its  span  dominating  the  stiffness  of  the  beam — Slope 
and  Deflection  due  to  a  given  Load  less  than  Proof  Load — Beam 
supported  on  three  props  ^Uniform  beam  uniformly  loaded  and 
fixed  at  one  or  both  ends — Virtual  and  actual  Hinges — E  zs.  228 
to  239 336 


CHAPTEE  XVIII. 

FIXED  AND  MOVING  LOADS   ON  A  UNIFORM  GIRDER  WITH   ENDS 

FIXED   HORIZONTALLY. 

A  Fixed  Load  placed  unsymmetrically  on  the  span — Theorems :  (a)  The 
sum  of  the  tip8-upa.t  the  ends,  had  they  been  hinged,  proportional 
to  the  Area  of  the  Beuding-Moment  Diagram  and  (6)  their  ratio 
to  each  other  inversely  as  the  ratio  of  the  segments  into  which 
a  perpendicular,  from  the  centre  of  gravity  of  that  Area,  divides 
the  Span — Transit  of  a  Rolling  Load — ^Diagram  of  the  Maximum 
positive  and  negative  Bending  Moments  at  each  point  of  the 
Span,  due  to  the  transit — The  corresponding  positions  of  the 
Boiling  Load — Maximum  of  maxima  at  nearer  Abutment,  when 
the  Load  trisects  the  Span — References  to  La  Statique  Graphique 
par  L§vy — Shearing  Force  Diagram  as  modified  due  to  the  ends 
being  fixed — Transit  of  a  Uniform  Advancing  Load — Diagram 
of  Maximum  positive  and  negative  Bending  Moments  and  cor- 
responding positions  of  the  Load — The  Modified  Shea  ring -Force 
Diagram — £xs.  240  to  243,  with  a  full  page  diagram  to  scale,     .     363 


CHAPTER  XIX. 

SKELETON   SECTIONS   FOR  BEAMS  AND  STRUTS —COMBINED  THRUST 
WITH  BENDING  AND  TWISTING  WITH  BENDING — LONG   STRUTS. 

FormulsB  for  the  Strength  of  thin  hollow  Cross-Sections  of  Beams — 
Cross-Sections  of  equal  strength,  Uankine's  approximate  formula 
for  their  design  in  cast  iron,  the  difference  of  the  strengths  being 
great — Alternative  approximations — Exs.  244  to  261 — Allowance 
for  Weight  of  Beam — ^Resistance  to  Twisting  and  Wrenching — 
Bending  and  Torsion  combined — Thrust  or  Tension  combined 


CONTENTS.  XIX 

PAOB 

with  Torsion — Exs.  252  to  264 — Thrust  and  induced  Bending — 
Table  of  Loads  on  Pillars — Table  of  Breaking  Loads  for  oast -iron 
and  wronght-iron  Struts  for  ratios  of  1 :  h  from  10  to  50— Exs.  265 
to  270 — Long  Steel  Struts — The  Economical  Double  -Section 
of  XJnif onn  Strength  to  resist  Bending — FormulsB  for  its  Direct 
Design  with  given  fractional  thicknesses  of  Web  and  Flanges  to 
secure  a  prescribed  degree  of  Local  Stiffness — Bankine-Gordon 
Formula — ^Table  of  Areas,  Moments  of  Inertia,  and  Badii  square 
of  Gyration,  giving  close  approximations  for  the  Practical  Applica- 
tion of  the  Rankine  formula  to  Struts  of  box  flanged  and  T -Section 
^Quotation  of  two  of  Fidler*s  tabulated  results  of  the  formula — 
£x&  271  to  278,  including  a  full  page  diagram,  .    382 


CHAPTER  XX. 

THE  STEEL  ABCHED   GIBDEB. 

As  adapted  to  Roofs — Dimensions  of,  and  t^st  Loads  prescribed  for,  the 
St.  Pancras  Station  Roof — ^Reference  to  Central  Station  Boof, 
Manchester,  Machinery  Halls,  Paris  and  Columbian  Expositions, 
and  other  Roofs,  illustrating  different  outlines  as  circled,  para- 
bolic, &c.,  and  both  with  and  without  Hinges — The  adaptation  to 
Bridges,  Niagara  Falls  Bridge,  Oporto  Bridge,  and  others — Dis- 
position of  Loads— L§vj'8  Graphical  Stress  Diagram — ^The  curve 
of  benders  and  the  curve  of  flatteners — Weight  of  metal  relati  vely 
to  three  types — Rib  of  Uniform  Section,  hinged  at  the  ends — 
Rib  of  Uniform  Stiffness  fixed  at  the  ends — Two  pair  of  full -page 
diagrams,  to  scale,  with  the  Stresses  scaled  off  in  detail,     .         .     421 


CHAPTER  XXL 

ANALYSIS  OF  TRIANGULAR  TRUSSING  ON  GIRDERS   WITH 

HORIZONTAL  PARALLEL  BOOMS. 

Analyses  following  Levy  in  the  main — His  notation  for  the  Triangu- 
lated Truss — The  Dead  Load — The  Live  Load — General  expressions 
for  the  volume  of  steel  required  to  resist  these  Loads — Particular 
expressions  for  the  Warren  and  Bectangular  Trusses — Discussion 
of  the  economical  shapes  of  Triangle  and  of  the  economical  depth 
which  is  consistent  with  that  demanded  for  joint  general  and 
local  stifeess— The  Fink  and  BoUman  Trusses— Tables  of  the 
theoretical  volumes  of  all  those  Trusses,  showing  at  one  opening 
of  the  book  their  relative  advantages — Allowance  to  stiffen  the 
long  Struts— Exs.  279  to  286, 438 


XX  CONTENTS. 

CHAPTER  XXII. 

THE  SCIENTIFIC  DESIGN   OF  MASONRY  ARCHES. 

PAOR 

The  Aroh-ring — Elastic  portion  from  crown  outwards*  to  two  joints, 
practically  the  joints  of  Rupture — The  segmental  and  semi-elliptio 
(false)  as  rival  designs,  their  outstanding  characters — line  of 
Stress  confined  to  a  '<  Kernel"  of  the  Aroh-ring — Its  equilibrium 
and  stability — Strength  for  Granite,  Sandstone  and  Brick  rings — 
The  balanced  linear  rib  or  chain — Conjugate  Load-areas — Super- 
position of  Loads — Fluid  Load  of  equal  or  varying  potential — 
Thrust  at  the  crown  of  a  rib— Eis.  287  to  297— The  StereostaticRib 
— Horizontal  Load-area  for  semi -circular  Bib,  loaded  uniformly 
along  the  Rib — Do.,  loaded  with  the  area  between  itself  and  a 
horizontal  straight  line  over  it — Allowance  for  excess  weight  of 
uniform  Arch-ring — Do.  for  ring  thickening  outwards — Ran- 
kine's  point  and  joint  of  rupture— Authors'  location  and  modifi- 
cation of  it — Semi-circular  Masonry  Arch — ^Equilibrium  Rib  or 
Transformed  Catenary — The  two- nosed  Catenaries — Table  of  do., 
modulus  unity — Tables  for  the  immediate  design  of  Segmental 
Arches  in  granite,  sandstone  or  brick  with  a  minimum  real  factor 
of  safety  of  10  and  with  the  Line  of  Stress  confined  to  a ''  Kernel," 
a  middle  third,  fifth,  or  ninth — Exs.  298  to  307 — Linear  transfor- 
mation of  balanced  rib — Geostatio  Load  uniform  or  varying  poten- 
tial— Approximate  EUipticRib^Hydrostaticand  Geostatic  Ribs — 
Semi-elliptic  Masonry  Arch — Exs.  308  to  312 — Abutments  and 
Piers — ^The  Tunnel  Shell — Allowance  for  excess-density  of  Elliptic 
Aroh-ring — Exs.  313  to  318— Quotations  from  Rankine's  C  E,, 
and  from  Simms'  Practical  Tunnelling, 472 


APPENDIX  I. 

Detailed  Construction  of  the  Struss  Diagram  for  a  Roof  Truss,  with 

results  scaled  off, 561 


APPENDIX  II. 

Built  Earth  Dam  in  Cross-section,  also  Contraction  of  Stream  between 

piers, 567 


ELEMENTARY  APPLIED  MECHANICS. 


•o» 


CHAPTER   I. 


LINICAL  STRESS  AND   STRAIN. 
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Elasticity  is  a  property  of  matter.  When  dealing  with' the 
equilibrium  of  a  body  under  the  action  of  external  forces,  in 
order  to  find  the  relations  among  those  external  forces,  the 
matter  of  the  body  is  considered  to  be  perfectly  rigid,  or,  in 
other  words,  to  have  no  such  property  as  elasticity.  When 
external  forces,  the  simplest  of  which  are  stresses  acting  really 
on  a  part  of  the  surface  of  a  body,  are  considered  to  act  at  points 
on  the  surface,  it  is  taken  for  granted  that  the  matter  of  the 
body  is  infinitely  strong  at  such  points.  But  after  considering 
the  equilibrium  of  the  body  as  a  whole,  we 
may  consider  the  equilibrium  of  all  or  any 
of  its  parts.  If  we  take  a  part  on  which  an 
external  stress  directly  acts,  equilibrium  is 
maintained  between  that  external  stress 
actdng  on  the  free  surface  and  the  compo- 
nents parallel  to  it,  of  stresses  which  the  cut 
surface  of  the  remaining  part  exerts  on  its 
cut  surface. 

Let  MONQP  be  a  solid  in  equilibrium 
under  the  action  of  the  three  external 
uniform  stresses  acting  on  planes  of  its 
surface  at  0,  P,  and  Q,  Let  MN  be  the  trace 
of  the  plane  at  0  under  the  uniform  stress  A. 
The  stresses  aaa  . . .  bbb  , , .  ccc  may  be  represented  in  amount 
and  direction  by  the  single  forces  A,  B,  and  0  acting  at  the  points 
0,  P,  and  Q,  rigidly  connected.  We  know  that,  by  the  triangle 
of  forces,  A,  £,  and  C  are  proportional  to  the  sides  of  a  triangle 
DFE  drawn  with  its  sides  parallel  to  their  directions.  Also 
that  they  are  in  one  plane  and  meet  at  one  point.     Hence  we 
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infer  that  the  stresses  which  they  represent  are  all  parallel 
to  the  plane  of  the  paper,  and  that  the  planes  of  action  of  b  and  c 
are  at  right  angles  to  the  plane  of  the  paper  as  well  as  that  of  a. 
Thus  we  find  the  relation  among  the  external  forces. 

Let  a  plane  mn  divide  the  solid  into  two  parts  (fig.  2). 

Consider  the  equilibrium  of  the  part 
MNmn,  s„  Sj,  Sj . . .  are  the  stresses 
exerted  at  all  points  of  the  cut  surface 
of  MNmn  by  the  cut  surface  of  the 
other  part.  S  is  the  sum  of  their 
components  parallel  to  the  direction 
of  A,  acting  through  P,  the  centre  of 
pressure.  Because  there  is  equili- 
brium, S  is  equal  and  opposite  to  A ; 
and  they  act  in  one  straight  line. 
Also  the  remaining  rectangular  com- 
ponents of  ^1,  S3,  ^3  are  themselves  in 
equilibrium.  Thus  we  see  there  is  a 
stress  on  the  plane  m  n  and  know  the 
amount  of  it  in  one  direction. 
Had  we  been  considering  the  equilibrium  of  the  other  part  of 
the  solid,  the  stresses  onmn  (fig.  3)  would  have  been  acting  on  the 
other  surface  as  ^1,  ^3,  ^3,  ...  in  opposite  directions  to  Si,  ^,  ^3, . . . 
and  of  equal  intensities.  Thus  on  the  plane  m  n  there  are  pairs 
of  actions,  acting  at  all  points  of  it,  as 
§3,  ^3,  at  q.  These  vary  in  intensity  and 
obliquity  to  m  ti  at  different  points  of  the 
plane.  If  another  plane,  as  ghy  dividing 
the  solid,  pass  through  g',  there  will  be, 
similarly,  pairs  of  actions  at  all  points  of 
it,  and  a  pair  of  definite  intensity  and 
direction  at  the  point  q.  If  we  know  the 
stress  at   the  point  q  in  intensity  and 

direction  on  all  planes  passing  through  q,  we  are  said  to  know 
the  internal  stress  at  the  point  q  of  the  solid.  Similarly  for  all 
points  of  the  solid. 

The  pairs  of  actions  as  S3,  tz  act  respectively  on  the  cut 
surfaces  of  the  upper  and  under  parts  of  the  solid;  but  mn  may 
be  considered  to  be  a  thin  layer  of  the  solid  with  S3  and  ^  acting 
on  its  under  and  upper  surfaces.  This  layer  of  the  solid  must 
be,  however,  infinitely  thin ;  otherwise  its  two  surfaces  would  be 
different  sections  of  the  solid,  and  S3  and  t^  not  necessarily  equal 
and  opposite.  If  gh  be  also  considered  a  thin  layer,  and  JTand  K 
be  the  pair  of  actions  on  it  at  the  point  q  on  the  two  sides  of  it, 
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Fig.  4. 


then  will  the  jKjint  2  be  a  solid,  in  figure  a  parallelepiped,  with  a 
pair  of  stresses  acting  upon  its  opposite  pairs  of  faces.     ^  and  t^ 

being  equal,  >S^  is  now  put  for  each,  and  ff 
is  put  for  both  ff  and  K ;  and  since  q, 
instead  of  being  a  point  in  both  planes, 
has  small  surfaces  in  both,  though  so 
infinitely  small  that  the  stresses  over 
them  do  not  vary  from  the  intensities 
at  the  point  q^  yet  surfaces,  the  stresses 
spread  over  which  it  is  more  conve- 
nient to  represent  by  sets  of  equal  arrows 

s  s  s . . . ,  s  s  s . . . . 

There  are  two  convenient  ways  of  representing  by  a  diagram 
the   internal  stress  at  q,  a  point 
within  a  solid.    One,  as  in  figure  5, 
in  which  the  indefi- 
nitely small  parallel- 
epiped J  is  idl  of  the 
solid   to    be  imme- 
diately   considered ; 
and    the    other,    as 
in  figure  6,  in  which 
sheaves  of  equal  ar- 
rows stand  on  small       ^^^'  ^'  ^^8-  ^* 
portions  of  the  planes  mn  a,nd(/h  in  the  neighbourhood  of  q. 
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State  of  Simple  Strain. 

Thus  we  see  that,  in  a  solid  acted  upon  by  external  forces, 
every  particle  .exerts  stress  upon  all  those  surrounding  it.  Such 
a  body  is  said  to  be  in  a  sta^e  of  strain.  In  solids  the  pheno- 
menon is  marked  by  an  alteration  of  shape,  but  not  necessarily 
of  bulk. 

Let  AB  and  CD  (fig.  7)  be  acted  upon  by  two  equal  and 
opposite  forces  F  and  P  in  the  direction  of  their  length  acting  in 
AB  away  from  each  other,  and  in  CD  towards  each  other.  If  F 
be  uniformly  distributed  over  the  area  A,  the  section  oi  AB 
perpendicular  to  its  length,  the  intensity  of  the  stress  on  it  is 


let  the  prifiin  be  of  unit  thickness  normal  to  the  paper ;  then 
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will  the  line  ifNhe  equal  to  the  area  of  the  section  of  the  priam 
perpendiculftr  to  its  axis,  and 


I- 
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At  any  internal  layer  mn,  perpendicular  to  the  axis  of 
the  prism,  the  intensity 
is  also  p,  for  the  equi- 
librium of  the  parts 
requires  it ;  and  not 
only  is  the  stress  of  this 
same  intensity  at  all 
points  of  one  such  sec- 
tion, but  also  upon  all 
such  sections.  The 
solids  AB  and  CD  are 
said  to  be  in  a  state  of 
simple  strain,  in  the 
case  ot  A£  of  extaision, 
and  in  that  of  CD  of 
compression.  It  is  usual 
to  consider  the  first  as  F'B-  T- 

positive  and  the  second  as  negative. 

The  change  of  dimensions  due  to  a  simple  state  of  strain  is 
an  alteration  of  the  length  of  the  solid  in  the  direction  of  the 
stress  with  or  without  an  accompanying  alteration  of  its  other 
dimensions.  Thus  a  piece  of  cork  in  a  state  of  simple  compres- 
sion has  become  shorter  in  the  direction  of  the  thrust,  yet  with 
scarcely  any,  certainly  without  a  corresponding,  increase  of  area, 
normal  to  the  thrust.  Again,  a  piece  of  indiaruhber  grows 
shorter  in  the  direction  of  the  thrust  with  an  almost  exactly 
proportionate  increase  of  area  normal  to  it. 

The  increase  of  length  in  the  ease  of  an  extension  is  the 
augmentation,  in  that  of  a  compression  it  is  a  negative  augmen- 
tation, and  in  either  case  it  is  the  amount  of  strain.  The 
measure  of  the  strain  is  the  ratio  of  the  augmentation  to  the 
or^nal  unstrained  length. 

.„  _       ■,..,,.         augmentation  of  lenffth 

DEFtsmoN. — Longitudmal  stram  -    — ^ : —*- 

length 
where  both  are  in  the  same  name,  that  is,  both  in  inches  or 
feet,  &c     The  foot  being  the  unit  of  length,  it  is  most  convenient 
to  take  both  in  feet ;  then 

,       -i  J-     ,    i    ■         augmentation  in  feet 
longitudmal  strain  =  — ^^ r—. — . 

length  in  feet 


DEFINITION.  5 

SappoBe  ihe  denominator  on  the  right-hand  side  of  the  equation 
to  be  unity,  then 

longitudinal  strain  -  augmentation  in  feet  of  1  foot  of 

the  substance 

=  augmentation  per  foot  of  length, 
expressed  in  feet. 

Hence  the  total  augmentation  or  ammtnt  of  strain  in  feet  equals 
the  length  in  feet  multiplied  by  the  strain. 

If  tiie  augmentation  equal  the  length,  that  is,  if  the  piece  be 
stretched  to  double  its  original  length  or  compressed  to  nothing, 
then  from  the  definition 

strain  =  unity. 


Examples. 

In  the  foUowing  questions  the  weight  of  the  material  is  neglected : — 

1.  A  tie-rod  in  a  roof,  whose  length  is  142  feet,  stretches  1  inch  when  hearing 
its  proper  stress.     What  strain  is  it  suhjected  to  P 

augmentation  =  1  in. 

unstrained  length  =  1704  in. 

,    .         augmentation  1  ^^^^ 

strain  -  — ~ s  ---  or  -0006. 

length  1704 

2.  How  much  will  a  tie-rod  100  feet  long  stretch  when  suhjected  to  *001  of 
strain? 

augmentation 

— ;; : «=  strain  ; 

length 

.-.     augmentation  «  strain  x  length  =  *001  x  100  ft.  =  '1  ft. 

3.  A  caflt-iron  pillar  18  feet  high  shrinks  to  17*99  feet  when  loaded.    What  is 

the  stein? 

augmentation  of  length  =  —  '01  ft. 

augmentation     —  '01  ft-  1  ^^^, 

stram  =  —2- =  -~-r-  =  -  t^tt^  or  -  '0006. 

length  18  ft.  1800 

4.  Two  wire  cahles,  whose  lengths  are  100  and  90  fathoms,  respectiyely,  while 
mooring  a  ahip*  are  stretched,  the  tirst  3  inches  and  the  second  2*75  inches.  What 
itnins  do  they  sustain  P  Whidi  sustains  the  greater  P  Giye  the  ratio  of  the 
•trains. 

For  the  100-fathom  cahle 

_^    .       augmentation        3  in.         *««^,» 

•*""»  =  ■     ,    _^i. —  =  SK?::^^  =  -000417. 
length  7200  m. 
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For  the  90-fatliom  cable 

^    .       augmentati<m      2*76  in.       ^^/^^Aa 

stnun  =   ^,    ^, —  s  ST^TT?-  ■■  "000422. 

length  6480  in. 

The  90-fathom  cable  is  the  more  Btrained. 
Ratio  of  theee  strains  is  417  to  422. 

6.  A  30-feet  suspension  rod  stretches  -ftf  inch  under  its  load.     Find  the  strain 
upon  it. 

strain  s  -00014. 

6.  How  much  does  another  of  them,  which  is  23  feet  long,  stretch  when  equally 
strained? 

augmentation  =  '039  in. 

7.  A  subnuuine  cable  is  tested  with  a  strain  of  *0002.    How  much  did  it  stretch 
per  100  fathoms  P 

aug.  per  100  fathoms  «  1*44  in. 

8.  What  is  the  strain  upon  a  wooden  strut  60  feet  long  when  compressed  to 
56-97  feet? 

strain  =  -  -0005. 

9.  A  Tiolin  string  10  inches  long  is  stretched  to  lOJ  inches.     What  is  the 
strain  upon  it  ? 

strain  =  ^  =  -026. 

10.  An  indiarubber  string  6  inches  in  length  is  stretched  till  it  is  a  foot  long. 
Find  the  strain. 

strain  =  1. 

11.  A  cast-iron  pillar  bears  a  strain  of  *001 ;  its  original  length  was  10  feet. 
Find  its  altered  length. 

augmentation  =  -  *12  inches ;  altered  length  »  119-88  inches. 

12.  A  pillar  40  feet  high,  designed  to  prop  up  a  beam  already  supported  at  the 
ends,  fits  exactly  into  its  place.  If  the  greatest  strain  to  which  it  is  safe  to  subject 
the  pillar  be  '0004,  what  thickness  of  wedge  ought  to  be  driven  between  the  beam 
and  its  top  ? 

The  thickness  is  the  same  as  the  contraction  which  the  pillar  must  undergo  to 
produce  the  necessary  strain. 

thickness  =  —  aug.  =  '192  in. 

This  is  upon  the  supposition  that  the  beam  does  not  rise  up  when  the  wedge  is 
driyen. 


Elasticity. 

The  elasticity  of  a  solid  is  the  tendency  it  has  when  strained 
to  regain  its  original  size  and  shape.  If  two  equal  and  similar 
prisms  of  diflferent  matter  be  strained  similarly  and  to  an  equal 
degree,  that  which  required  the  greater  stress  is  the  more 
elastic — e.g,,  a  copper  wire  1000  inches  long  was  stretched  an 
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inch  by  a  weight  of  680  lbs.,  while  an  iron  wire  of  the  same 

section  and  length  required  1000  lbs.  to  stretch  it  an  inch. 

Hence  iron  is  more  elastic  than  copper.     If  they  be  strained  by 

equal  stresses,  that  which  is  the  more  strained  is  the  less  elastic 

— e.g.  the  same  copper  wire  is  stretched  as  before  1  inch  by 

a  weight  of  680  lbs.,  while  the  iron  one  is  only  stretched  a  -^th 

part  of  an  inch  by  680  lbs. 

Hence  the  elasticities  of  different  substances  are  proportional 
to  the  stresses  applied,  and  inversely  proportional  to  the  accom- 
panying strainp. 

If  similar  rods  of  steel  and  indiarubber  be  subjected  to  the 
same  stress,  the  indiarubber  experiences  an  immensely  greater 
strain,  so  that  steel  is  very  much  more  elastic  than  indiarubber. 

If  two  similar  rods  of  the  same  matter,  or  the  one  rod  suc- 
cessively, be  strained  by  different  stresses,  the  corresponding 
strains  are  proportional  to  the  stresses.  Thus,  if  a  480  lbs.  stress 
stretch  a  copper  wire  one  inch,  then  a  960  lbs.  stress  will  stretcli 
it,  or  a  similar  rod,  two  inches. 

Hooke's  Law  is  "  The  strain  is  proportional  to  the  stress"  It 
amounts  to — "  the  effect  is  proportional  to  the  cause."  It  is 
only  true  for  solids  within  certain  limits — e.g.,  2400  lbs.  should 
stretch  the  copper  wire  mentioned  above  five  inches  by  Hooke's 
law,  but  it  would  really  tear  it  to  pieces ;  and  although  1920  lbs. 
applied  very  gradually  will  not  tear  it,  yet  it  will  stretch  it  more 
than  four  inches ;  and  further,  when  that  stress  is  removed  the 
wire  will  not  contract  to  its  original  length  again.  Strain  and 
stress  are  mutually  cause  and  effect.  The  effect  of  stress  upon 
a  solid  is  to  produce  strain ;  and,  conversely,  a  body  in  a  state  of 
strain  exerts  stress.  The  expressions  "  Strain  due  to  the  stress," 
&c.,  and  "  Stress  due  to  the  strain,"  &c.,  are  both  correct. 

If  a  soHd  be  strained  beyond  a  certain  degree,  called  the 
proof  strain,  it  does  not  regain  its  original  length  when  released 
from  the  strain;  in  such  a  case  the  permanent  alteration  of 
length  is  called  a  set. 

Def. — The  Proof  Load  is  the  stress  of  greatest  intensity 
which  will  just  produce  a  strain  having  the  same  ratio  to  itself 
which  the  strains  bear  constantly  to  the  stresses  producing  them 
for  all  stresses  of  less  intensity. 

If  a  stress  be  applied  of  very  much  greater  intensity,  the 
piece  will  break  at  once  ;  if  of  moderately  greater  intensity, 
the  piece  wUl  take  a  set;  and  although  only  of  a  little  greater 
intensity,  yet  if  appHed  for  a  long  time  the  piece  will  ultimately 
take  a  set ;  and  if  it  be  applied  and  removed  many  times  in 
succession    the  strain  will  increase  each  time  and  the  piece 
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ultimately  break.     For  all  stresses  of  intensities  less  them  the 

proof  load  the  elasticity  is  constant  for  the  same  substance,  and 

the 

T^         n^  J  1        *    1    ..•  •*         intensity  of  stress 
DBF. — Modulus  of  elasticity  =  — - — ^-^ — t-tt" 

•^  stram  due  to  it 

=  stress  per  unit  strain. 

If  the  denominator  on  the  right-hand  side  of  the  equation 
be  unity,  then  the  numerator  is  the  stress  which  produces  unit 
strain,  and 

Mod.  of  elasticity  =  stress  which  would  produce  unit  strain 

on  supposition  of  rod  not  experiencing  a  set  and  Hooke's  law 
holding. 

For  most  substances  the  proof  stress  is  a  mere  fraction  of  £, 
the  modulus  of  elasticity.  For  steel  the  proof  stress  is  scarcely 
loo^ooo^fa  P*^t  ^'  ^'  Hence  in  the  equation  above,  the  word 
would  is  employed,  as  it  would  be  absurd  to  say  that  E  equalled 
the  stress  that  will  produce  unit  strain,  that  being  an  impossi- 
bility with  most  substances ;  and  even  when  possible,  as  in  the 
case  of  indiarubber,  the  strains  at  such  a  pitch  will  have  ceased 
to  be  proportional  to  the  stresses  producing  them,  and  hence  E 
will  be  no  longer  of  a  constant  value.  But  the  definition  is  quite 
accurate  and  definite  for  all  substances  amounting  to  this,  that  for 
any  substance 

-&  =  10  times  the  stress  that  will  produce  a  strain  of  i^th, 

if  such  a  pitch  of  strain  be  possible  and  within  the  limit  of 
strain,  that  is,  not  greater  than  the  proof  strain. 
But  if  not,  then, 

J?  =  100  times  the  stress  that  will  produce  a  strain  of  y^th, 

if  such  a  pitch  of  strain  be  possible  and  within  the  limits  of 
strain,  that  is,  not  greater  than  the  proof  strain. 

Thus  for  steel  E  equals  one  million  times  the  stress  which 
will  produce  a  strain  of  one-millionth  part.  Pliability  is  a  term 
applied  to  the  property  which  indiarubber  possesses  in  a  h^her 
degree  than  steel. 

Examples. 

13.  A  wrought-iron  tie-rod  has  a  stress  of  18000  lbs.  per  square  inch  of  section 
which  produces  a  strain  of  -0006.     Find  the  modulus  of  elasticity  of  the  iron. 

intensity  of  stress      18000      «^^^^^^^  „  .    , 

■B  = f^ =  —— -  =  30000000  lbs.  per  square  inch. 

strain  '0006  ^ 
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U.  A  de-rod  100  feet  long  has  a  sectional  area  of  2  square  inches,  it  bears  a 
tension  of  32,000  Ibe.,  hj  which  it  is  stretched  {ths  of  an  inch.  Find  the  intensity 
of  the  stress,  the  strain,  and  modulus  of  elasticity. 

__  total  stress     32000   lbs.      ,^^^^,^ 

stress  =  =  •- : —  =  16,000  lbs.  per  sq.  in. 

area  2  sq.  in.  *-      i 

^  .JJg^ngth  _  ^6in^  ^  . 
length  1200  m. 

„     stress        16000        «,^^^^^^ ,. 

B  = r-  =   ^^^^^,  =  26600000  lbs.  per  sq.  in. 

strain      -000626  *^       ^ 

15.  A  cast-iron  pillar  one  square  foot  in  sectional  area  bears  a  weight  of  2000 
tons:  what  strain  will  this  produce,  £  for  cast  iron  being  17,000,000  lbs.  P 

total  stress  =  2000  tons  per  sq.  foot  =  2000  x  2240  lbs.  per  sq.  foot. 

2000x2240      «,,,,;,^ 

stress  = — -T =  31111*1  lbs.  per  sq.  in. 

144 

_  stress  ,^^«^««^      31111 

£  = r-,      or      17000000  = r-  ; 

strain  strain 

.*.    strain  =   ,,^^^^^^  =  "0018  ft.  per  ft.  of  length. 
17000000  ^  ^ 

16.  The  modulus  of  elasticity  of  steel  is  36,000,000.  How  much  will  a  steel 
rod  50  feet  long  and  of  ^th  inch  sectional  area  be  stretched  by  a  weight  of  one  ton  P 

toUl  stress    =  2240  lbs. ; 

total  stress  in  lbs.      ^^^^      ,      ,„««^,,  .     i 

stress  =  : : sa  2240  -f-  i  =  17920  lbs.  per  sq.  inch. 

area  in  sq.  in. 

_  stress  stress  17920  ««/vE,ft 

^  ^  -1=-^  'f    •••  "train  =  -^=r-  =  ^^^^^^^^   =  -000512  ; 

strain'  £         36000000 


elongation 


strain ; 


length 
-*.    elongation     -  strain  x  length  =  -000612  x  60  =  -0266  feet  or  )  of  an  inch. 

17.  An  iron  wire  600  yards  long  and  -gi^th  of  sq.  inch  in  section,  in  moTing 
a  signal,  sustains  a  pull  =  260  lbs.  ;  how  much  will  it  stretch,  assuming 
£-  25000000? 

stress  =  20000  lbs.  per  sq.  inch  ;  strain  =  -0008  ;  elongation  ^  1*44  feet. 

IB.  ModuluBof  elasticity  of  copper  is  17,000,000:  what  weight  ought  to  stretch 
a  copper  thread,  of  12  inches  in  length  and  -004  inches  in  sectional  area,  ji^th  part 
of  an  inch.  If  after  the  removal  of  the  weight  the  thread  remains  a  little  stretched, 
▼hat  do  you  infer  about  the  weight  and  about  the  strain  to  which  the  thread  was 
subjected  ? 

strain  =  raWth;  stress  -  14167  lbs.  per  sq.  inch;  weight  =  66*668  lbs. 
Since  this  weight  causes  a  set,  it  is  greater  than  the  proof  load. 
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19.  A  wooden  tie  12  inches  x  7  inches  and  40  feet  long  was  tested  with  a  pull 

of  130  tons  which  stretched  it  1*28  inches.    Find  the  modulus  of  elasticity  of  the 

wood. 

291200  lbs.      ,,^^i„ 

stress  •  -^T : —  ==  3466*6  lbs.  per  sq.  m. ; 

84  sq.  in. 

1*28  in 
strain  =  -rrr-r— *  =  -0026  ;     .*.-»=  1300000  lbs. 
480  m. 

20.  One  rod  of  an  hydraulic  hoist  is  60  feet  lone  and  1  inch  in  diameter ;  it  is 
attached  to  a  plunger  4  inches  in  diameter  upon  which  the  pressure  of  the  water  is 
800  lbs.  per  square  inch.  £  being  30,000,000,  how  much  will  the  rod  be  com- 
pressed, and  what  is  the  straiiL  P 

strain  »  -  '000427  ft.  per  ft. ;  compression  s  amount  of  strain  a  '266  in. 

21.  A  glass  thread  is  n^th  of  a  sq.  inch  in  sectional  area,  and  16  inches  long. 
What  weight  wuuld  be  required  to  stretch  it  ri^th  part  of  an  inch,  for  glass  E 
being  8,000,000  P 

stress  =  6333  lbs.  per  sq.  in. ;  weight  s  amount  of  stress  =  6*3  lbs. 


The  Production  of  Strain. 

We  have  as  yet  only  considered  the  statical  condition  of 
strain,  i.  e.  of  a  body  kept  in  a  state  of  strain  by  external  forces, 
these  forces  being  balanced  by  the  reactions  of  the  soKd  at  their 
places  of  application  due  to  the  elasticity,  and  the  forces  exerted 
on  any  portion  of  the  solid  being  in  equilibrium  with  the  re- 
actions of  the  contingent  parts.  Thus  when  we  found  that 
32,000  lbs.  produced  a  strain  of  '00063  on  a  tie-rod  100  feet  long 
and  2  square  inches  in  area,  in  all  stretching  it  f  ths  of  an  inch, 
we  meant  that  the  weight  k^t  it  at  that  strain ;  the  rod  is  sup- 
posed to  have  arrived  at  that  pitch  of  strain  and  to  be  at  rest, 
to  be  stretched  the  |th  inch,  and  so  (by  its  elasticity  or  tendency 
to  regain  its  original  length)  to  balance  the  weight.  We  have 
taken  no  notice  of  the  process  by  which  the  rod  came  to  the 
strain,  nor  do  we  say  it  was  the  weight  that  brought  it  to  that 
state,  the  weight  being  only  a  convenient  way  of  giving  the 
value  of  the  stress  on  the  rod  when  forcibly  kept  strained.  In 
fact  an  actual  weight  of  32,000  lbs.  is  capable  of  produ6ing 
greater  strains  on  the  rod  in  question,  depending  upon  how  it 
is  applied  to  the  rod  as  yet  unstrained.  The  weight  might  be 
attached  by  a  chain  to  the  end  of  a  rod  and  let  drop  from  a 
height ;  when  the  chain  checked  its  fall  it  would  produce  a 
strain  on  the  rod  at  the  instant  greater  the  greater  the  height 
through  which  it  dropt.  Still,  if  that  strain  were  not  greater 
than  the  proof  strain,  the  weight  upon  finally  coming  to  rest 
after  oscillating  a  while  could  only  keq)  the  rod  at  the  strain 
•00063. 
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We  come  now  to  consider  the  kinetic  relations  between  the 
stress  and  the  strain,  that  is,  while  the  strain  is  being  produced, 
the  matter  of  the  body  being  then  in  motion,  we  are  consequently 
considering  the  relations  among  forces  acting  upon  matter  in 
motion. 

If  a  simple  stress  of  a  specific  amount  be  applied  to  a  body 
it  produces  a  certain  strain,  and  in  doing  so  the  stress  does 
work,  for  it  acts  through  a  space  in  the  direction  of  its  action 
equal  to  the  total  strain.  But  if  this  stress  is  applied  gradually, 
so  as  not  to  produce  a  shock,  its  value  increases  gradually  from 
zero  to  its  full  value,  and  the  work  it  does  will  be  equal  to  its 
mean  value,  multiplied  by  the  space  through  which  it  has  acted. 
And  since  the  stress  increases  in  proportion  to  the  elongation,  its 
average  value  will  equal  half  of  its  full  value.  For  example,  if 
a  stress  of  30,000  lbs.  be  applied  to  a  rod  and  produce  a  strain 
of  ^  mch,  it  will  do  ^oopo  ^  3  ^  11,250  inch-lbs.  of  work  which 
will  be  stored  up  as  a  potential  energy  in  the  stretched  rod. 

Suppose  a  scale-pan  attached  to  the  top  of  a  strut  or  bottom 
of  a  tie  and  the  other  end  fixed.  Let  a  weight  be  put  in  contact 
with  the  pan,  but  be  otherwise  supported  so  as  to  exert  no  stress 
on  the  piece,  and  the  next  instant  let  it  rest  all  its  weight  on  the 
piece,  then  will  the  weight  do  work  against  the  resistance  offered 
by  the  straining  of  the  piece  till  the  weight  ceases  descending 
and  comes  to  rest,  when  the  piece  will  be  for  an  instant  at  the 
greatest  strain  under  the  circimistances,  at  a  strain  greater  than 
the  weight  can  keep  it  at;  the  unstraining  of  the  piece  will 
therefore  cause  the  weight  to  ascend  again,  doing  work  against 
it  to  the  amount  that  the  weight  did  in  descending,  and  so  the 
weight  will  return  to  its  first  position,  then  begin  to  descend 
SLgaia,  and  so  oscillate  up  and  down  through  an  amplitude  equal 
to  the  augmentation.  Owing  to  other  properties  of  the  matter, 
whereby  some  of  the  work  is  dissipated  during  each  strain  and 
restitution,  the  amplitude  diminishes  every  oscillation,  and  the 
weight  will  finally  settle  at  the  middle  of  the  amplitude. 

A  weight  applied  in  this  manner  is  called  a  live  load.  A 
live  load  produces,  the  instant  it  is  applied,  an  augmentation  of 
length  double  of  that  which  it  can  maintain,  and  therefore  causes 
an  instantaneous  strain  double  the  strain  due  to  a  stress  of  the 
same  amount  as  the  load. 

Let  now  a  weight  W  be  applied  in  the  following  way : — 
Divide  W  into  n  equal  parts  of  weight  w  each.  If  A  be  the 
strain  due  to  a  stress  of  amount  TF*,  and  a  the  strain  due  to  a 
stress  Wj  then  W  =  nw, 

and  by  Hooke's  law,  A  =  na. 
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Let  the  first  weight  w  be  put  into  the  scale-pan.  It  will 
produce  a  strain  2a  at  once,  but  the  piece  will  settle  at  a 
strain  a,  Now  put  on  the  second  weight  w.  It  will  produce  at 
once  an  additional  strain  2a,  but  only  of  a  additional  after  the 
piece  settles ;  there  being  now  a  total  strain  2a.  Add  the  third 
weight  w.  It  also  will  produce  at  first  an  additional  strain  2a, 
but  only  of  a  after  the  piece  settles,  giving  a  total  now  of  3a ; 
and  so,  adding  them  one  by  one,  there  will  be  a  strain  of  {n  -  l)a 
when  the  second  last  one  has  been  added  and  the  piece  has 
settled.  Now,  upon  adding  the  Tith  weight  w,  it  will  at  first 
produce  an  additional  strain  2a,  but  only  of  a  after  the  piece 
settles,  giving  then  a  total  strain  Tta  or  A.  Thus  we  have 
brought  the  piece  to  a  pitch  of  strain  A  by  means  of  the  weight 
W,  and  only  at  the  instant  of  adding  the  last  part  (w)  of  it  was 
the  piece  strained  to  (th-  1)  a,  or  to  a  more  than  A,  By  making 
the  parts  more  numerous  into  which  we  divide  W,  and  so  each 
part  lighter  and  producing  a  lesser  strain  per  part,  we  can  make 
the  strain  a  the  extent  to  which  the  piece  is  strained  beyond  A 
at  the  instant  of  adding  the  last  part,  as  small  as  we  please. 

By  so  applying  the  load  W  we  can  bring  the  piece  to  the 
corresponding  strain  A  without  at  all  straining  it  beyond  that. 
A  weight  so  applied  is  called  a  dead  load. 

A  live  load  therefore  produces,  at  the  instant  of  its  applica- 
tion, a  strain  equal  to  that  due  to  a  dead  load  of  double  the 
amount.  In  designing,  the  greatest  strain  is  that  for  which 
provision  must  be  made,  so  that  live  loads  must  be  doubled  in 
amount,  and  the  strain  then  reckoned  as  due  to  that  amount  of 
dead  load.  The  dead  load,  together  with  twice  the  live  load,  is 
called  the  gross  load. 

The  weights  of  a  structure  and  of  its  pieces  are  generally 
dead  loads.  Stress  produced  by  a  screw,  as  in  tightening  a  tie- 
rod,  is  a  dead  load.  The  pressure  of  earth  or  water  gradually 
filled  in  behind  a  retaining  wall,  and  of  steam  got  up  slowly,  of 
water  upon  a  floating  body  at  rest  in  it,  &c.,  are  all  dead  loads. 
The  weight  of  a  man,  a  cart,  or  a  train  coming  suddenly  upon 
a  structure,  is  a  live  load ;  so  is  the  pressure  of  steam  coming 
suddenly  into  a  vessel ;  so  is  a  portion  of  the  pressure  of  water 
upon  a  floating  body  which  is  rolling  or  plunging.  The  pressure 
upon  a  plunger  used  to  pump  water  is  a  live  load,  but  that  on  a 
piston  when  compressing  gas  is  a  dead  load,  the  gas  being  so 
elastic  itself.  A  load  on  a  chain  ascending  or  descending  a  pit 
is  a  dead  load  when  moving  at  a  constant  speed  or  at  rest,  but  a 
live  load  at  the  starting,  and  while  the  speed  is  increasing,  partly 
a  live  and  partly  a  dead  load.    The  stress  upon  the  coupling 
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between  two  railway  carriages  is  a  dead  load  while  the  speed  is 
uniform,  and  if  the  buflfers  keep  the  coupling  chain  tight,  the 
stress  is  a  live  load  while  starting;  but  if  the  buffers  do  not 
keep  it  tight,  but  allow  it  to  hang  in  a  curve  when  at  rest,  then 
the  stress  upon  it  at  starting  will  be  greater  than  a  live  load. 


Examples. 

22.  An  iron  rod  in  a  suspension-bridge  supports  of  the  roadway  2000  lbs.,  and 
▼hen  a  load  of  3  tons  passes  over  it,  bears  one-fourth  part  thereof.  Find  the 
gross  load.  If  the  rod  be  20  feet  long,  and  f  of  a  square  inch  in  section,  find  the 
elongation,  £  being  29,000,000. 

dead  load  =  2000 ;   live  load  =  1680  lbs.,  equivalent  to  a  dead  load  of 

3360  lbs. ; 
.'.    gross  load  =  6360  lbs.  ; 

^  gross  load      6360      -,,-„ 

stress         =  - — -: =  -TT-  =  7147  lbs.  per  sq.  in. 

section  -75 

_  stress 

strain 

^  .  stress  7147  ^«^«^^      elongation 

.-.    strain         =  — ^-  =  «^;rTTTrT-=  '000246  =     .  '^_,,      ; 

£  29000000  length 

.-.   elongation  =  length  x  strain  »  20  x  "000246  »  -00492  ft.  =  -06  in. 

23.  A  Tertical  wrought-iron  rod  200  feet  long  has  to  lift  a  weight  of  2  tons. 
Find  the  area  of  section,  first  neglecting  its  own  weight ;  if  the  greatest  strain  to 
which  it  is  advimble  to  subject  wrought-iron  be  -0005  and  jS  =  30,000,000. 

Let  A  be  the  sectional  area  in  sq.  in. 

live  load  =  4480  lbs.  is  equivalent  to  a  dead  load  of  8960  lbs. 

^  8960        „     stress  «^  ^^^  ^^^  8960 

.'.    stress  s    -T— ;     E  = :-,    or  30,000,000  = -^ — -—. 

A  strain'  '  Ax  -0005 

A       = =  "597  so.  in. 

-0005   X    30000000  ^ 

24.  Find  now  the  necessary  section  at  top  of  rod,  taking  the  weight  into 
account,  calculated  from  the  section  found  in  last. 

200  ft.  X  *597  sq.  in.  giyes  1433  cubic  in. ;  reckoned  at  480  lbs.  per  cubic  foot 
gires  898  lbs. 

Hence  live  load  =  4480  lbs. ;    dead  load  =  398  lbs. 

.-.    gross  load  =  9368  ;  stress  =  —  ;   ^  =  ?^ ,    or  30000000  =        ^^^^ 


area  strain  area  x  -0006 

9368  .„ 

.-.    area  = =  -62  sq.  in. 

-0006   X    30000000  ^ 

The  weight  of  the  rod  being  greater  when  calculated  at  this  section,  a  third 
approximation  to  the  sectional  area  might  be  made. 
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25.  Taking  now  the  sectional  area  at  '62  sq.  in.  find  average  strain  and 
elongation. 

At  lowest  point 

8960  8960 

gross  load  =  8960  lbs.  ;     stress  ^ -:^  ;    strain  =  .^g  ^   300000OO  "  '^^^^ ' 

while  strain  at  highest  point  is  '0006 ; 
.-.    average  strain  =  '000496 ;  elongation  «=   00049  x  200  «  -098  ft.  »  1*176  in. 

26.  A  short  hollow  cast-iron  pillar  has  a  sectional  area  of  12  sq.  in.  It  is 
advisable  only  to  strain  cast-iron  to  the  pitch  *0015.  If  the  pillar  supports  a  dead 
load  of  50  tons ;  being  weight  of  floor  of  a  railway  platform,  and  loaded  waggons 
pass  over  it,  what  amount  should  such  load  not  exceed  ?    ^  »  20000000. 

greatest  stress      -    30000  lbs.  per  sq.  in. ;    gross  load  »  360000  lbs. 

deduct  dead  load  =  112000  lbs. ;  gives  a  dead  load  =  248000  lbs. 

The  live  load  must  not  exceed  one-half  of  this. 
NoTB. — Other  considerations  limit  the  strength  of  the  pillar  if  it  be  long. 

Besilience. 

Def. — The  Resilience  of  a  body  is  the  amount  of  work 
required  to  produce  the  proof  strain.  A  weight  one-half  the 
proof  stress  applied  as  a  live  load  would  produce  the  proof 
strain ;  therefore  the  work  done  is  this  weight  multiplied  by  the 
elongation  at  proof  strain,  the  distance  which  the  weight  has 
worked  through ;  or 

the  resilience  of  a  body 

=  J  amount  of  proof  stress  x  elongation  at  proof  strain. 

For  comparison  among  different  substances  the  resilience  is 
measured  by  the  resilience  of  one  foot  of  the  substance  by  one 
square  inch  in  sectional  area. 

-B  =  i  proof  stress  x  proof  strain, 

R  being  in  foot-lbs.  when  the  stress  is  in  lbs.  per  square  inch 
and  the  strain  in  feet. 

And  now  comparing  the  amount  of  resilience  of  different 
masses  of  the  same  substance :  if  two  be  of  equal  sectional  area, 
that  which  is  twice  the  length  of  the  other  has  twice  the  amount 
of  resilience  (the  elongation  being  double);  also  if  two  be  of 
equal  length  and  one  have  twice  the  sectional  area  of  the  other, 
then  the  amount  of  its  resilience  is  double  (the  amount  of  stress 
upon  it  being  twice  that  upon  the  other).    That  is,  the  amounts 
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of  the  resilience  of  masses  of  the  same  substance  are  proportional 
to  their  volnmea  This  is  true  not  only  for  pieces  in  a  state  of 
ample  strain  with  which  we  are  in  the  meantime  occupied,  but 
can  be  proved  to  be  universally  true  for  those  in  any  state  of 
strain  however  complex. 

For  any  substance  B  being  the  amount  of  resilience  of  a 
prism  of  that  substance  one  foot  long  by  one  square  inch  in 
sectional  area,  it  follows  from  the  above  that  the  amount  of 
resilience  of  a  cubic  inch  of  the  substance  will  be  ^^  i2  or  that 
of  any  volume  will  he  ^B  x  volume  in  cubic  inches. 

The  resilience  of  a  piece,  as  defined,  is  the  greatest  amount 
of  work  which  can  be  done  against  the  elasticity  of  the  piece, 
without  injuring  its  material 

We  can  find  the  amounts  of  work  done  upon  a  piece  in 
bringing  it  to  pitches  of  strain  lower  than  the  proof  strain.  For 
brevity  we  will  call  this  also  resilience.  Thus,  for  a  piece  1  foot 
long  by  1  square  inch  in  section 

amount  of  resilience  =  i  stress  x  strain  is  pro.  to  (stress)*, 

a 

the  strain  being  proportional  to  the  stress ;  hence 

amount  of  resilience  for  any  stress  _       (stress)' 

the  resilience  (proof  stress)' ' 

/.     amount  of  resilience         =  -ff  x  ( ). 

\p.  stress/ 

For  a  piece  of  volume  V  cubic  inches,  at  any  stress  we  have 

either — 

V 
amount  of  resilience  =  i  stress  x  strain  x  — , 

or  =  i  amt.  of  stress  x  amt.  of  strain. 

The  amoimt  of  resilience  of  a  piece,  at  the  instant  a  live  load 
is  appUed,  will  be  the  product  of  that  load  and  the  instantaneous 
elongation.  Let  Whe  a,  load  the  elongation  due  to  which  is  A. 
If  IT  be  applied  as  a  live  load,  the  instantaneous  elongation  is 
2A,  and  the 

amount  of  resilience  due  to  a  live  load  JV  =  W  x  2A. 

If  Whe  applied  as  a  dead  load,  the  amount  of  resilience  is 
steadily  that  of  the  piece  elongated  to  an  amount  A,  is  the 
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same  as  what  it  would  be  for  an  instant  upon  the  application  of 

W 
a  live  load  — ,  or 

w 

amount  of  resilience  due  to  a  dead  load  W  ^  —  y.  A, 

Therefore,  a  live  load  produces  for  an  instant  an  amount  of 
resilience  four  times  that  produced  by  an  equal  dead  load. 


EXAKPLKS. 

27.  A  rod  of  steel  10  feet  long  and  *6  of  a  square  inch  in  section  is  kept  at  the 
proof  strain  by  a  tension  of  26,000  lbs.,  the  modulus  of  elasticity  for  steel  being 
35,000,000.     Find  the  resilience  of  steel,  also  the  amount  of  resilience  of  the  rt)d. 

25000 
proof  stress  =  — — —  =  60000  lbs.  per  sq.  inch. 

proof  stress 
proof  strain ' 

proof  stress         60000  1 


•••    P->*«*«^=  ^  36000000       700 

s:  -OOliS  elongation  in  ft.  per  ft.  of  length. 

resilience,  B,  —  \  proof  stress  x  proof  strain  =  |  x  50000  lbs.  x  -00143  ft. 

=  36*75  ft. -lbs.  of  work  per  yoL  of  1  ft.  in  length  by  1  sq.  in. 
in  sectional  area. 

amt.  of  res.  of  rod  ^  By.  (vol.  expressed  in  number  of  such  prisms) 

=s  — ,  iZ  X  vol.  in  cub.  in.  ■■  -r  x  35-75  x  120  in.  x  '6  sq.  in. 

=  178*76  foot-lbs.  of  work. 
Otherwise,  to  find  amount  of  resilience  directly, 

proof  strain  s  ~—  ;  total  elongation  =  —ft. ;  amount  of  stress  =  25000  lbs. 

amount  of  resilience  =  \  amount  of  stress  x  elongation, 

25000       1         ,^«  ^^,   ,,        . 
=  — s —  X  ;r;»  =  178*6  ft.-lbs.  of  work. 
2         70 

28.  A  series  of  experiments  were  made  on  bars  of  wrought  iron,  and  it  was 
found  that  they  took  a  set  when  strained  to  a  degree  greater  than  that  produced  by 
a  stress  20,000  lbs.  per  square  inch,  but  not  when  strained  to  a  less  degree.  At 
Uiat  pitch  the  strain  was  '0006.    Find  the  resilience  of  this  quality  of  iron. 

proof  stress  «  20000  lbs.  per  sq.  in. 

proof  strain  «  *0006  ft.  per  ft.  of  length. 

It  ^\y,  20000  X  -0006  =  6  ft^-lbs. 
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29.  Find  how  much  work  it  would  take  to  hring  a  rod,  of  the  aboye  iron, 
'20  leet  long  and  2  square  inches  in  sectional  area,  to  the  proof  strain. 

Tolume  =  480  cub.  in. 

2  ft.-lb8.  of  work  brings  to  proof  strain  a  rod  1  foot  long  by  1  square  inch  in 
ana:  that  is,  of  Tolume  12  cubic  inches,  and  amounts  of  resilience  being  propor* 
donal  to  the  volumes. 

work  required  =  -^V  -S  •  Yol.  in  cub.  in.  =  xV  ^  6  x  480  -  240  ft. -lbs. 

amount  of  res.       480  cub.  in . 

or =  — - — T—. —  =40. 

JS  12  cub.  in. 

.*.    amount  of  res.  =  J2  x  40  =  6  x  40  =  240  ft.-lbs. 

30.  A  wooden  strut  18  square  inches  in  section,  and  12  feet  long,  sustains  a 
stress  of  1000  lbs.  per  square  inch.  Find  the  amount  of  resilience  of  the  strut, 
E  being  1,200,000  lbs. 

half  of  total  stress  =  9000  lbs  ;    elongation  =  -01  ft. ; 
amount  of  resilience  =  90  ft. -lbs. 

31.  Steam  at  a  tension  of  600  lbs.  on  the  square  inch  is  admitted  suddenly 
upon  a  piston  18  inches  in  diameter.  If  the  piston  rod  be  2  inches  in  diameter 
and  7  feet  long,  what  is  the  amount  of  its  resilience  at  the  instant  ?    £=  30000000. 

for  live  load  stress  =  97200  lbs.  per  sq.  in. 

gives  instant  strain  =  *03324  ft.  per  ft.  of  length. 

elongation  »  -02268  ft. 

resilience  of  rod  =  Hve  load  x  elongation    =   48600ir  lbs.    x    '02268  ft. 

=  1102ir  ft. -lbs. 

32.  The  chain  of  a  crane  is  30  feet  long  and  has  a  sectional  area  equivalent  to 
^  qI  s  square  inch :  what  is  the  amount  of  its  resilience  when  a  stone  of  1  ton  weight 
restmg  on  a  wooden  frame  is  lifted  by  the  action  of  the  crane  ?     £^  30000000. 

stress  =  4480  lbs.  per  square  inch,       strain  s  *000149. 
amount  of  stress  —  2240  lbs.,  elongation  »  -00447  ft. 

resilience  of  chain  »  }  amount  of  stress  x  elongation   =  5  ft. -lbs. 

33.  If  the  chain  be  just  tight,  but  supporting  none  of  the  weight  of  stone,  and 
if  now  the  wooden  frame  suddenly  gives  way,  what  is  the  amount  of  resilience  of 
the  chain  at  the  instant  ? 

Being  now  a  live  load,  there  is  an  instantaneous  strain  of  double  the  former  amount. 

instantaneous  strain  =  '000298.      instantaneous  elongation  »  -00894  ft. 
resilience  of  chain  =  live  load  x  elongation  =  2240  x  -00894  «  20  ft-lbs. 

34.  The  wire  for  moving  a  signal  600  yards  distant  has,  when  the  signal  is 
down,  a  tension  ux>on  it  of  260  lbs.,  which  is  maintained  by  the  back  weight  of  the 
hand  lever;  under  the  circumstances  the  wire  is  stretched  1-44  feet  (see  example 
17),  and  the  back  weight  of  the  signal,  which  is  280  lbs.,  rests  portion  of  its  weight 
upon  its  bed.  The  hand  lever  is  suddenly  pulled  back  and  locks :  the  wire  being 
more  intensely  strained,  the  signal  is  raised  by  the  elasticity  of  the  wire  partially 
unstraining.  If  the  point  where  the  wire  is  attached  to  the  signal  moves  through 
'2  feet,  find  the  range  of  the  point  where  the  wire  is  attached  to  the  hand  lever, 
also  the  force  which  must  be  exerted  there. 

When  the  signal  settles  up,  the  amount  of  stress  on  the  wire  is  280  lbs. 

elongation  for  280  lbs.  _  280 
elongation  for  250  lbs.  "  250' 

280 
elongation  for  280  lbs.  =  — -  x  1*44  =  1-613  ;  additional  elongation  =  '173  ft., 

.*.  range  of  point  at  lever  «  range  of  point  at  signal  plus  this  additional  elongation 

«=-2+  '173=  -373  feet. 

c 
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Thus,  when  the  lever  is  put  back  there  is  upon  the  wire  for  an  instant  before 
the  signal  rises  an  additional  elongation  of  '373  feet.  Hence  the  tension  on  the 
wire  the  instant  the  leyer  is  put  back  will  be  that  due  to  an  elongation  of 

1*44  +  '373 

(1-44  +  -373) ft.  = ,  ,,        260 lbs.  =  314-8  lbs. 

^  1*44 

This  is  the  force  which  must  be  exerted  at  the  point  where  the  wire  is  attached 
to  the  hand  lever.  That  is,  the  instantaneous  value  of  the  force  used  to  raise  the 
signal  is  34*8  lbs.  greater  than  its  weight. 

35.  On  a  chain  30  feet  long  {  of  a  square  inch  sectional  area  and  having  a 
modulus  of  elasticity  of  26,000,000  lbs.  there  is  a  dead  load  of  3900  lbs.  and  a  Uve 
load  of  900  lbs.  Find  the  amount  of  resilience  of  chain  when  dead  load  only  is  on, 
also  at  instant  live  load  comes  on. 

^    .         stress  6200  ^^^ 

as  strain  =  — — -  =  --^^^^^^  a  -0002, 
E  25000000 

elongation  »  *006  ft., 

amount  of  resilience  for  dead  load  =  }  amount  of  stress  x  elongation 

=  J  X  3900  X  -006  =  11-7  ft.-lbs. 

Live  load  .gives  an  additional  elongation  equal  to  that  for  a  dead  load  of 
1800  lbs. 

elongation  (due  to  1800  lbs.)  __  1800 

-006  ft.  "3900* 

inst.  elongation  for  live  load  =  — — -  x  '006  =  -00277  ft. 

u900 

Now  both  the  3900  lbs.  and  the  900  lbs.  worked  through  this  '00277  ft. 

.'.    additional  resilience  =  4800  lbs.  x  '00277  ft.  =  13*3 ft. -lbs. 

amount  of  resilience  at  instant  live  load  comes  on  =  26  ft.-lbs. 

36.  A  rod  20  feet  long  and  i  inch  in  sectional  area  bears  a  dead  load  of  6000  lbs. 
Find  the  live  load  which  would  produce  an  instantaneous  elongation  of  another 
iVthinch.     £=  30000000.  An$.  3126  lbs. 

37.  A  rod  of  iron  1  square  inch  section  and  24  feet  long  checks  a  weight 
of  36  lbs.  which  drops  through  10  feet  before  beginning  to  strain  it.  If 
E  =  26000000,  find  greatest  strain. 

Let  p  =  the  stress  at  instant  of  greatest  strain ;  then 

P  240 

strain  =  :=,       elongation  =  -— , 

Ml  M 

amount  of  resilience  =  \  amount  of  stress  x  elongation 

=  ?x^-12^ft.-lbs. 
2       E  E 

TVorkMone'by  weight  in  felling  =  36  lbs.  x  (lO  +  ^)ft.  =  360  +  ?^ft.-lbs. 

Equating,  -J-  =  -^  +  360, 

p"^  -  np  =  30^ ;  p^  -  72p  +  (36)>  =  760001296, 
jp  -  36  B  27386  ;  p  =  27422  lbs.  per  square  inch, 
strain  e  •001097  ft.  per  ft.  of  length. 
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38.  If  the  veiglit  in  Ex.  37  had  fallen  through  the  10  feet  hy  the  time  it  came 
firet  to  rest  and  £  =  30000000  Ihs.,  what  is  the  greatest  strain  ? 

12»» 
amount  of  resilience  =  360  ft.-lbs.,     or     — ^  =  360, 

.'.    p  =  30000  lbs.  per  square  inch, 
strain  =  *001  ft.  per  ft.  length, 

39.  If  the  proof  strain  of  iron  be  *001,  what  is  the  shortest  length  of  the  rod  of 
one  flqoare  indi  in  sectional  area  which  will  not  take  a  set  when  subjected  to  the 
shock  caused  by  checking  a  weight  of  36  lbs.  dropped  through  10  feet  ? 

IE=  30000000  lbs.  per  square  inch.] 
Let  JT  =  length  in  feet. 
By  hypothesis  it  comes  to  the  proof  strain  ;  hence 

elongation  s=  *001  x  a;  ft. 

proof  stress  =  £  x  proof  strain  =  30000  lbs.  per  sq.  inch. 

amount  of  stress  «  30000  lbs. 

(inst.)  amount  of  res.  s  ^  amount  of  stress  x  elongation 

=  16000  X   -^  =  \6x  ft.-lbs. 
1000 

Equating  to  work  done  by  weight, 

16«  =  360  ;    «  =  24  ft. 

Note. — This  is  the  shortest  rod  of  iron  one  square  inch  in  sectional  area  which 
vill  bear  the  shock.  The  Yolume  of  this  rod  is  288  cubic  inches,  and  a  rod  of  iron 
vhich  has  288  cubic  inches  of  yolume  will  just  bear  the  shock ;  as  48  feet  long  by 
i  square  inch  in  area  or  12  feet  long  by  2  square  inches  sectional  area. 

The  10  feet  fallen  through  by  the  weight  includes  the  elongation  of  rod.  When 
the  question  is  to  find  the  shortest  rod  to  sustain  the  shock  in  the  case  where  the 
▼eight  falls  through  10  feet  before  it  begins  to  strain  the  rod,  the  yolumes  of  the 
rods  would  not  be  exactly  equal  for  different  sectional  areas ;  for  a  long  thin  rod 
will  sustain  a  greater  elongation  than  a  short  thick  one,  and  as  the  falling  weight 
vorks  through  this  elongation  over  and  aboye  the  10  feet,  the  first  rod  will  require 
a  greater  cubical  yolume  than  the  second. 

40.  Find  the  shortest  length  of  a  rod  of  steel  which  will  just  bear  without 
injury  the  shock  caused  by  checking  a  weight  of  60  lbs.  which  falls  through 
12  feet  before  beginning  to  strain  the  rod.  First  for  a  rod  of  sectional  area 
2  square  inches,  and  then  for  a  rod  of  i  square  inch  sectional  area.  Given  that  for 
steel  ^=  30000000  lbs.  and  i2  =  15  ft.-lb8. 

Let  A  =  sectional  area  in  square  inches  and  x  =  length  in  feet. 

proof  stress  x  proof  strain  s  2S        def . 

proof  stress       _  ,  , 

^      ,  .    .     -  £         def. 
proof  stram 

op 
Dividing,  (proof  strain)'  =  —  • 


proof  strain  =  J— =  j^,    elongation  -  j^  ft. 


Woik  done  by  the  weight  in  falling 

=  60  lbs.  X  [l2  +  r^)  ft.  =»  720  +  —  «  ft.-lbs. 

C2 
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Amount  of  tesilienoe  of  rod  at  proof  stzain 

=  5  X  [  —  vol.  in  cub.  in.  j 

=  Sx  (length  in  ft.  x  sec.  area  in  eq.  in.). 

=  16x:rx2  =  ZOx  H.-lhB.Jirtt. 

15 
and  lbxxxias--g  ft.-lb8.  ieetmd. 

4 

Equating  for  first  case, 

30«  =  720  +  ^x,      1497a?  =  36000, 

X  B  24*06  ft.  length  of  rod. 
Equating  for  second  case, 

^*  =  720  +  ^  X,      738*  =  144000, 
4  50 

X  =  196' 12  ft.  length  of  rod. 

For  the  first  case  length  is  288-6  inches,  and  sectional  area  2  square  inches 
gives 

volume  B  577*2  cub.  inches. 

While  for  second  case  length  ia  2341*44  inches,  and  sectional  area  ^  square 
inch,  giving 

volume  =  686*3  cub.  inches, 

which  is  a  little  greater.    See  Note  to  Ex.  3d. 

This  may  be  exhibited  generally ;  putting  Wf  h,  and  A  for  the  weight,  the 
distance  dropped  through,  and  the  sectional  area, 

work  done  by  weight  =  W  Ih -^  x  J-jf)  • 

amount  of  resilience  =  Jt.x,A. 

Equating,  RxA  ^  Wh -^  ^^J'W ' 

vol.  =  Ax\2x  cub.  inches. 

l2AWh  \2Wh 


yj  £  A\  E 


which  increases  as  A  decreases. 
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41.  The  greatest  (uH>rkinff)  stress  which  it  is  safe  to  apply  repeatedly  to  iron 
being  10,000  lbs.  per  square  inch,  what  is  the  shortest  rod  of  one  square  inch  in 
section  that  may  be  employed  to  check  the  fall  of  a  36  lb.  weight  through  3  feet 
raised  and  let  fall  ooDstantly  ? 

Length,  64  feet. 

42.  Certain  rods  of  wrought  iron  are  for  the  same  structure ;  those  which  will 
not  bear  a  proof  strain  of  -001  are  to  be  rejected.  The  testing  machine  consists  of 
a  ring  weighing  120  lbs.,  which,  falling  Uirough  distances  marked  upward  on  the 
tnstrmnent,  catches  on  a  coUar  screwed  on  the  lower  end  of  the  rod  to  be  tested, 
whose  upper  end  is  fixed.  The  shock  producing  the  instantaneous  strain  '001  is 
repeated  several  times,  when  if  there  be  no  set  produced  the  rod  is  passed.  From 
what  height  on  the  scade  ought  the  ring  to  be  dropped  when  testing  rods  16  feet 
long  by  ^  square  inch  sectional  area ;  also,  how  high  should  the  collar  be  above 
zero  ?    £^  30000000. 

pn)of  stress  =  proof  strain  x  ^  =  *00l  x  E  ^  30000  lbs.  per  sq.  in., 

amount  of  stress  =  16000  lbs., 

3 
elongation  =  15  x  -001  =  — -  ft.  =  -015  ft., 

amount  of  resilience  =  i  amount  of  stress  x  elongation  ^  112*5  ft. -lbs. 

Let  X  be  reading  in  ft.  on  scale ;  then 

work  in  ft. -lbs.  =  120x,  and,  equating, 
UOz  =  112-6,    X  =  0-94  ft. 

The  coUat  ought  to  be  above  zero  the  amount  of  the  elongation,  so  that  the 
weight  may  only  have  descended  through  the  0*94  ft.  when  it  first  comes  to  rest. 

height  of  collar  =  elongation  =  '016  ft. 

43.  Find  readings  on  scale  from  which  ring  should  be  dropped,  and  at  which 
collar  should  be  adjusted  when  testing  20  feet  rods  1^  square  inches  in  area. 

reading  for  ring,  3-76  ft.    reading  for  collar,  0-02  ft. 

44.  Wooden  piles,  2  squai-e  feet  in  section,  are  being  driven  by  a  weight  of 
7680  lbs.  When  20  feet  of  a  pile  is  above  ground,  what  is  the  greatest  height  the 
weight  should  be  dropped  from,  if  4000  lbs.  per  square  inch  be  the  greatest  stress 
it  is  desirable  to  put  upon  the  timber  P  £=  1200000.  Neglect  the  fact  that  the 
weight  falls  trough  the  diminution  of  length  of  strut. 

height  =  6  ft. 

45.  It  is  found  that  the  pile  sinks  0*2  feet,  so  that  the  straining  of  the  timber 
acts  through  '2  feet  besides  the  elongation.  From  what  height  may  the  weight  be 
dropped  without  fear  of  injury,  considering  this  F 

stress  =  4000  lbs.  per  sq.  in. 
^  amt.  of  stress  s  676000  lbs.    strain  «  - 
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augmentation  =  -  --  x  *067. 

16 


amt.  of  resilience  -  i  amt  of  stiess  x  (*2  +  -067)  -  163792  ft.-lbs. 
wtwk  =  7680  {x  +  -267)  =  163792  ft.-lbs. 
76802  «  163792  -  2060  =  161742.       .'.    x  »  19-3  ft. 
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Fiom  observing  now  the  distance  the  pile  sinks  from  this  stroke,  another 
greater  height  may  he  calculated  from  which  it  would  be  safe  to  let  the  rammer 
fall.  Should  the  pile,  however,  come  upon  a  large  stone,  it  might  splinter  when 
the  rammer  fell  from  a  greater  height  than  5  feet. 

46.  A  mass  of  W  lbs.  moving  horizontally  with  a  velocity  of  V  feet  per  second 
is  stopped  by  a  chain  (/  feet  long  and  a  square  inches  effective  sectional  area), 
whose  other  end  is  securely  anchored.     Find  the  greatest  pull  on  the  chain,  E 
being  the  modulus  of  elasticity,  and  g  the  acceleration  of  a  falling  body. 
Y^ 

h  =  —  is  the  height  through  which  W  must  fall  from  rest  to  acquire  the 

velocity  F,    Hence  kinetic  energy  of  F'is 

»^lbs.  X  A  ft.  =  -4-  ft. -lbs. 

This  work  must  be  done  upon  F'to  biing  it  to  rest ;  hence  it  is  the  work  W  will 
do  upon  the  chain. 

Let  Pb  greatest  pull  on  chain  in  lbs.  at  the  instant  W  first  comes  to  rest. 

P„  .  _      stress 

stress  =  —  lbs.  per  sq.  m.       E  ^    ._.  , 
a  strain 

stress        P  ,  .  .       ,       .,        P' 

or  strain  ■  ■  =  -=,       elongation  «=  strain  x  length  =  -^ 

amt.  of  resilience  =  }  amt.  of  stress  x  elongation 

=     -TT  X   -r=i    =     P*  . 


2      aS  2aB 

Equatmg,     P*.——---— .     .-.  P»  = ; .\   F  »  V  J—r— * 

^         *'  2aE         2g  gl  \    Ig 

47.  A  waggon  going  down  an  incline  is  attached  to  a  rope  worked  by  a 
stationaij  engine.  Its  weight  is  five  tons,  and  its  velocity  four  miles  per  hour, 
when  it  is  suddenly  stopped  by  the  accidental  stopping  or  reversing  of  the  engine. 
Find  the  greatest  instantaneous  pull  upon  the  rope,  which  is  4  square  inches  in 
sectional  area,  there  being  600  feet  of  free  rope  between  waggon  and  engine. 
E  =  25000000  lbs.  and  ^  =  32  feet  per  second  per  second. 


amount  of  res.  =  }  amount  of  stress  x  elongation 

P  6P  3 


s=   —  X 


Pft-lbs. 


2       1000000  1000000 

kinetic  energy  of  waggon  s  6023-5  ft. -lbs. 
Equating,  P*  »  2007833333.     .*.  P  »  44808  lbs.  ==  20  tons. 

48.  A  body  of  mass  W  lbs.,  moving  with  a  velocity  V  feet  per  second,  is 
connected  by  means  of  a  ch.ain  I  feet  long,  and  of  a  square  inches  sectional  area, 
to  another  body  of  mass  u>  at  rest.  W  and  w  being  great  compared  to  the  mass  of 
chain,  its  inertia  is  neglected.     Find  greatest  pull  upon  chain. 

^  As  the  chain  begins  to  stretch  W  loses  and  u>  gains  velocity,  till  both  together 
with  chain  arrive  for  the  first  time  at  a  common  velocitv,  at  which  instant  the 
tension  is  the  greatest  possible  upon  the  chain,  which  will  now  begin  to  contract, 
causing  w  to  move  quicker  than  XT,  again  extending  as  W  increases  tiU  common 
velocity  is  arrived  at ;  finally,  after  many  such  stretchings  and  oontractings,  the 
chain  wiU  settle  at  a  fixed  pitch  of  strain,  and  all  will  continue  to  move  at  common 
velocity  above. 
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let  U  =  common  velocity, 

F  =  pull  on  chain  in  lbs.  (at  instant), 
E  =  modulus  of  elasticity  of  chain, 
WV  B  momentum  when  w  was  at  rest, 
(W  •\'  w)XT  ^  momentum  when  at  com.  yel. 

WV 


Eqaating,  XT « 


W-k-w 


Owing  to  W*B  Telocity  being  reduced,  it  has  done  a  certain  amount  of  work 
upm  the  chain,  and  since  w  has  acquired  Telocity  the  chain  has  done  a  certain 
UDOimt  of  work  upon  it,  and  the  difference  of  these  amounts  of  work  equals  the 
amonnt  of  resilience  of  chain. 

From  equation  h—  --,  where  v  is  Telocity  acquired  by  a  body  falling  from  rest 

through  h  feet,  we  haTe 

— -  =  ht.  fP"  must  fall  to  acquire  Tel.  T, 

IP 

and      -—  s  ht.  ^  must  fall  to  acquire  Tel.  U, 

— =  ht.  TP'must  fall  to  increase  from  Tel.  Uto  Tel.  F, 

F^  —  IT*  IP 

and     W.  — =  work  lost  by  ^T,    w  .  5—  =  work  gained  by  it'. 

diff.  of  work  =  ~  |  fr(F«  -  ZT')  -  tolp]  =  i-  |  TTV^  -  (?r+ w)[7»J  • 
Patting  for  U  its  Talue, 

2^V  W+w)       2y     JF+w 

Now  upon  chain 

P       ,    „      stress  ^  .        stress      P 

=  —   and   £  « :-,     or  strain  =  — s—  =  -^, 

a  strain  E        aE 


PI 
elongation  »  strain  x  length  »  — =;, 


^-   ^'  ■■  -  '  ft..lb.. 


ami.  of  res.  =  J  amt.  of  stress  x  elongation  =— lbs.  x  -^ft"  =1-?*  ^oE 
Equating  to  difference  of  work, 


pa    -L  =  r!        ^^      -  ir»   ?^        ^•^ 


2aE       2g  '  (W-\-w)  Ig  '  {W-\-w) 

aEWw 


^      „      I    aEJFw    „ 
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48a.  Some  problem  hj  method  of  the  Cakalns.  Let  xt  and  xi  be  the  spaces 
pawed  through  by  W  and  to  respectiTely,  and  P  the  poll  upon  chain  at  any  time  t : 
hence  at  that  instant 

F  stress  Fi 

stnM  =  — •  £  = 


a  stnin     a{xt  —  x\) 

.-.   P  =  :??  («i  -  xi)  (1). 

Since  F  accelerates  to  we  hare  its  acceleration 

d^xi      F        Bag  . 

and  since  F  retards  TTits  acceleration 

d^»i  F  Bag 

subtracting, 

<^(^  -  ^i)  Sag  [\        1\ 

A  differential  equation  from  which  (jra  -  xi)  is  to  be  determined. 

Put  {«»  -  afi)  =  «  cos  {n<  -  e),    then    — ^r-. — ^  =  —  »'(«i  —  «i), 

at* 

Equating  ,.  =  -p  (_  +  _),       „  =  J^L__J. 

When  t  =  0,    xt-Xf^O.      .-.    0  =  c  cos  (itf  -  e). 

.'.    cos(-*)  =  0,    or    *  =  n-       •••     (xi -xi)  =  e  coBlnt  — -jsseannt. 

Diiferentiating, 

-= T-  =  «tf  cos  nt. 

dt       dt 

dx  Ar 

Since  -37  and  -rr  are  the  velocities  of  W  and  vo^  their  difference  is  aero  at 
<U  at 

instant  of  greatest  strain. 

.*.    OsHtfcosfi^.      .'.    A<  =  (2m  +  1) -»  where  m  is  any  integer. 

2m +1 
•'•    t  -  —T —  IT,  gives  times  at  which  W  and  to  come  to  a  common  velocity. 
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When  ^  «  O,  the  difference  of  fTand  w*a  velocities  is  K. 

F  =  IM  COS  0  =  ll«,        .*.     tfas—. 

Jfti  j5b  Ka   F  • 

Sab.  into  -P  =  t  (*«  ~  «i)  =  ~r  «  ain  «<  =  -7-  -  sin  (2m+  1)  - 


I  '  n       I         '  ^       IWw 


iC) 

Other  things  being  constant,  this  is  greatest  when  JT*  it,  for  ( W+  u)  constant. 
Note  also  that  the  stress 


a         \ 


£jrw  (3j 


increases   if    a    be    decreased,  although  the  amount  of  stress  P  (2)  decreases. 

p 
So  that  the  only  way  to  lessen  P  without  increasing  —  is  to  increase  I  the  length 

of  chain. 

49.  A  mass  of  5  tons,  intended  to  act  as  a  drag  upon  a  ship  heing  launched,  is 
connected  by  means  of  a  chnin  100  feet  long  and  8  square  inches  effective  sectional 
area,  and  JS  =  25000000.^  Find  the  greatest  pull  on  the  chain  if  the  ship,  when 
floating,  have  inertia  equivalent  to  a  mass  of  400  tons,  and  it  he  estimated  that  her 
velocity  -mriJl  be  20  feet  per  second  when  the  drag  comes  into  plaj. 


=   20 


^ 


to) 
8  X  25000000  X  896000  x  11200 


100  x  32  X  (896000  +  11200) 

=    20 1/ 691368026 

»   626874  lbs.  =  235  tons  total  pull. 

fP\       236       ^^  .    ^ 

.  *.     J?  =  I  —  J  =  -—-  =  29  tons  per  square  inch, 

which  is  about  the  utmost  stress  that  wrought  iron  can  bear. 


CHAPTER  IL 


INTERNAL  STRESS  AND   STRAIN,   SIMPLE  AND  COMPOUND. 


-pppjppp 


In  the  following  Chapter,  except  specially  stated,  we  premise 
that— 

(a)  All  forces  and  stresses  are  parallel  to  one  plane. 

(6)  That  plane  is  the  plane  of  the  paper  in  all  diagrams. 
Hence  planes  subjected  to  the  stresses  we  are  considering  are 
shown  in  diagrams  by  strong  lines,  their  traces, 

(c)  The  diagrams  represent  slices  of  solid,  of  miit  thickness 
normal  to  the  paper ;  hence,  the  lengths  of  the  strong  lines  are 
the  areas  of  the  planes. 

(d)  The  stresses  which  are  normal  to  the  paper  are  supposed 
constant  both  in  direction  and  intensity, 
or  every  point  on  a  diagram  is  in  the 
same    circumstances    with    respect    to 
stress  normal  to  the  paper. 

(e)  The  relative  position  of  two 
planes  is  measured  by  the  angle  be- 
tween their  normals. 

(/)  The  obliquity  of  the  stress  to 
the  plane  upon  which  it  acts  is  the 
angle  its  direction  makes  with  the 
normal  to  the  plane. 

TrUernal  stress  at  a  point  in  a  solid 
in  a  simple  state  of  strain. 

Let  the  axis  OX  (fig.  9)  be  drawn 
in  the  direction  of  the  stress  P.  Let 
AA  be  any  section  normal  to  this  axis. 
Since  the  stress  is  uniformly  distributed 
over  AAy  the  intensity  of  the  stress  at 
all  points  of  the  plane  AA  is  the  same  Fig.  9. 

Consider  the  point  0,  the  intensity  of  the  stress  at  0  on  the 
plane  normal  to  OX  is 


PPPWPPP 


?  = 


total  stress 


area  of  plane     AA 


Through  0  draw  any  oblique  plane,  BB,  whose  normal,  ON, 
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makes  the  angle  9  with  OX.  The  stress  on  this  plane  la  in  the 
direction  OX,  and  the  amount  of  stress  upon  it  is  P  (for  the 
equilibrium  of  the  parts).  But  the  inten- 
pity  of  the  stress  on  BB  is  less  than  p,  since 
P  is  spread  over  a  larger  area  than  AA. 
Since 

0A_ 

ob' 


AOB  =  e,       and 


=  cos  AOB, 


0B  = 


OA 


COS  6 
Intensity  of  stress  on 
_„      total  stress 


AA 
cos  B 


area  of  plane     BB     ( -^-^\ 
Vcos  BJ 


Hence  the  internal  stress  at  all  points  within  a  solid,  in  a 
state  of  simple  strain,  is  parallel  ^ 

to  the  direction  of   that  stress  f ,^ 

—is  greatest  in  intensity  on  the,  _     _  :  '  „^ 

plane  normal  to  that  direction — 

on  any  other  plane  inclined  at 

an  ai^le  0  to  last,  the  intensity 

is  one  (cosine  0)th  part  of  that 

intensity,  and  zero  on  any  plane 

parallel  to  the  direction  of  the  ^ 

RtresB.  »* 

The  stress   p  cos  0  on  BS  ^ 

lieing  oblique  to  BB,  it  is  con- 
venient to  resolve  it  into  com-  2 
ponents  normal  and   tangential  ^y^ 
to  BB  respectively.  "'W^ 

The  arrow  y  cos  6  (fig.  10)  ^ 

represents  the  stress  at  the  point 
0  on  the  plane  BB ;  from  its 
ertremity  perpendiculars  are 
flropped  on  ON  and  BB,  which, 
by  parallelogram  of  forces,  give  v-    ^    ^ 

Pm  and  Pi,  the  intensities  of  the  'b-  n. 

streaaee  upon   BB,   normal  and   tangential   respectively. 
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Now 


^  cos  0 


s  COS  9  def. 


Pn'-pcoe!'  0;  (fig.  11) 


^also 


-^  -  sin  0. 
p  cos  or 


pt^p  sin.  9  cm  (t. 


From  the  superposition  of  forces  these  two  sets  of  forces 

may    be    considered    independently    of 

-  .^  each  other.     For  some  cases  in  design- 

"^  aL-.^         ing  it  might  only  be  necessary  to  consider 

/'       '^,     one  set,  if  it  were  manifest  that  in  pro- 

>,  viding  for  it  there  would  be  more  than 

^^^•^  suflBcient  provision  made  for  the  other. 

It  is  apparent  from  symmetry  that 

for  the  plane  CO  inclined  at  the  angle  0  on  the 

other  side  of  the  axis  the  stress  is  the  same  in 

-S   all  particulars  as  that  on  BB. 

On  a  pair  of  planes  whose  obliquities  are 
together  equal  to  a  right  angle,  the  intensities  of 
the  tangential  stresses  are  equal,  and  the  sum  of 
the  intensities  of  the  normal  stresses  equals  the 
intensity  of  the  initial  stress. 

Let  BB  (fig.  12)  be  inclined  at  the  angle  S, 
and  DB  at  the  angle  0,  where 


Fig.  12. 


But 
therefore 


/I  '"' 


On  BB  pn  =  p  cos'  0,    pt=  p  sin  0  cos  0. 

On  BD         p\  =■  p  cos'  ^,    pt^p  sin  ^  cos  0. 


sin  0  =  cos  ^,    and    cos  0  =  sin  0  ; 

pt  =  p'u    or  the  tangential  component  stresses 

have  the  same  intensity  on  both 
planes. 


Also      Pn  -^  p\-p  (cos'  0  +  cos'  ^) 

=  p  (cos*  0  +  sin*  0)  =  J? ; 

or  the  sum  of  the  intensities  of  the  normal  component  stresses 
equals  the  intensity  of  the  primary  stress. 
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There  are  therefore  at  one  point  0  (fig.  13)  four  planea 
BB,  BD,  CCy  and  ££,  two  inclined  on  each  side  of  OX,  upon 
which  the  tangential  stress  X 

has  the  same  intensity. 

Grouping   together  the  ^.-^ 

pair  of  planes  BB  and  JSJS,        /  ^' 
the  one  inclined  at  0  on  the    '/ ' 
one  aide  of   OX.  and  the^^*'-.. 
other  at  ^  upon  the  oppo-  ''^--, 

site  side,  and  therefore  at 
8  +  ^,  or  90°  to  each  other,  we  find 
that  ai  any  paint  two  planes  being 
eh€sm  at  right  angles  to  each  other,  the 
tangential  or  shearing  stresses  are  of 
equal  intensity,  and  the  sum  of  the  in- 
tensities of  the  nomud  stresses  is  equal 
to  the  intensity  of  the  primary  stress. 
For  all  planes  such  as  BB,  DD, 
&a,  that  which  is  inclined  at  45° 
sustains  the  tangential  stress  of  great- 
est intensity,  for 

j?i  =  J?  sin  6  cos  fl  =  ^  sin  2ft 

Therefore  pt  is  greatest  when  sin  2fl  is  greatest, 

when         sin  2Q  =  1,       when       20  =  90°,       or       fl  =  45^ 

The  tangential  stress  on  a  plane  such  as  BB  is 
called  a  shearing  stress.  Many  substances  fracture 
under  a  shearing  stress  very  readily.  Notably  cast 
iron  under  a  strain  of  compression  fractures  by  shear- 
ing along  an  oblique  plane,  the  one  portion  sliding 
upon  the  other  (fig.  14).  The  resistance  then  which 
cast  iron  offers  to  shearing  is  that  which  must  be 
considered  in  designing  short  pillars  to  bear  great 
loads.  The  planes  upon  which  the  intensity  of 
the  shearing  stress  is  greatest,  that  is,  planes  in- 
clined at  45°  to  the  direct  thrust,  are  those  upon 
which  it  will  shear.  As  the  texture  of  the  material 
is  never  homogeneous  it  may  shear  along  planes . 
more  or  less  inclined  than  45^,  also  the  toughness 
of  the  skin  will  cause  great  irregularity. 

Brick  stalks  give  way  by  the  mortar  shearing,  and 
the  upper  jwrtion  sUding  down  an  oblique  section  like 
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Internal  Stress  at  a  Point  in  a  Solid  in  a 
Compound  State  of  Strain. 

A  solid  is  in  a  compound  state  of  strain  yih&n  subjected  to  two 
or  more  simple  stresses  in  different  directions  simultaneously. 
We  proceed  to  consider  a  solid  in  such  a  state  of  strain 
without  inquiring  how  it  was  brought  into  that  state  ;  all 
its  parts  being  supposed  to  be  at  rest,  and  all  the  parts  into 
which  it  may  be  divided  in  equilibrium  under  the  stresses 
exerted  among  each  other,  due  to  their  elasticity,  and  those 
exerted  at  the  external  surface:  but  at  the  outset  we  do  not 
regard  those  external  stresses. 

Upon  any  plane  passing  through  a  point  within  the  solid, 
the  stress  at  that  point  is  definite  in  intensity  and  direction  ; 
for  if  along  that  plane  the  solid  were  divided  into  two  parts, 
the  mutual  pressures  between  the  cut  surfaces  at  that  point 
(no  matter  how  complicated)  can  be  compounded  into  one 
force,  definite  in  amount  and  direction.  Along  this  piano 
the  intensity  and  direction  of  the  stress  varies,  and  at  the 
point  will  only  be  constant  over  a  very  small  part  of  the 
surface  round  it.  If  the  stress  be  stated  in  lbs.  per  square 
inch,  the  total  stress  on  this  small  surface  which  we  are 
considering  would  be  a  mere  fraction  of  the  intensity.  It 
will  be  convenient  to  consider  the  intensities  of  these 
stresses  to  be  expressed,  say,  in  lbs.  per  millionth  part  of  a 
square  in.,  so  that  in  the  diagrams  two  or  three  arrows  {eouch 
representing  the  intensity)  may  be  drawn  to  represent  the 
total  amount  of  stress  upon  such  small  planes,  without  leading 
us  to  the  supposition  that  they  are  of  a  few  square  inches  in 
extent.  And  yet  whatever  results  we  arrive  at  are  equally 
true  for  intensities  expressed  in  the  usual  units,  for  the 
intensity  at  a  point  on  a  plane,  upon  which  the  intensity  varies, 
can  be  expressed  to  any  degree  of  accuracy  in  lbs.  per  square 
inch.  Thus,  at  the  point,  the  intensity  of  the  stress  in  lbs.  per 
square  inch  equals  roughly,  nearly,  more  nearly,  &c. 

Amoimt  of  stress  on  the  square  inch  surrounding  point, 

roughly. 
10  times  amount  of  stress  on  the  tV^^  ^^  ^  square  inch 

surrounding  point. 
100  times  amount  of  stress  on  the  T^th  of  a  square  inch 

surrounding  point. 
1,000,000  times  amount  of  stress  on  the  jirdhnnr^^  ^^  '^ 

square  inch  surrounding  point,  &c.,  &c. 
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Let  OAOB  (fig.  15)  be  a  small  rectangular  parallelepiped 
at  the  point  0  in  a  solid  in  a  state  of  strain. 

Let  q  =  intensity  of 
stress  on  the  faces  OA  and 
(fB  at  an  obliquity  a. 

Let  p  =  intensity  of 
stress  on  faces  OB  and  CfA 
at  an  obliquity  )3. 

The  nonnal  components 
are — 


;>,=;) cos /3,   ^„  =  jcosa. 

The  two  sets  of  forces 
jp»  directly  balance  each 
other,  and  may  be  removed, 
and  also  the  two  sets  ^», 
leaving  the  parallelepiped 
in  equilibrium  under  the 
action  of  the  tangential 
components. 


inXerLSVties  and.  ohHqvatus  atO  nf 
Stresses  upon  OA  and  OB 


FLR  II  fl'PCc^fi 


qrt- 


ifvr 


W^  > 


pt  ^p  sin  j3,    qi  =  q  sin  a. 

The  anaoimt  of  tangen- 
tial stress  on  each  of  the 
faces  OA  and  ffB  is  qt .  OA, 
Also  the  amount  on  each 
of  the  faces  OB  and  ffA  is 
Pt .  OB. 

The  two  forces  qt .  OA 
form  a  couple  with  a  lever- 
age OB  tending  to  turn  the 
parallelepiped  in  the  direc- 
tion in  which  the  hands  of 
a  watch  turn,  while  the  two 
forces  Pt .  OB  form  a  couple 
with  a  leverage  OA  tendmg 
to  turn  it  in  the  opposite 
direction.  Since  the  paral- 
lelepiped is  in  equilibrium 
under  these  two  actions 
alone,   the    moments   of   these 

Force.        Leverage. 

qt^OA  y  OB    = 


-< qn 

-4 grt 

■^ qn. 


Normal  camporvmis 


o — mnr^B 

Anwmtvts  of  tangenbJal  stress 


qt\ 
O 


PSiji(3 


I 

I 


9t 
qt 


r>tPtptPbB^^*^ 

ImensiUtJ  of  (joAgcftuat 
componenid 

Fig.  15. 

two   couples   must  be  equal. 


Pt 


Force. 

OB  y 


Leverage. 

OA. 
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Now  the  area  OA  multiplied  by  the  length  OB  gives  the 
volume  of  the  parallelepiped,  and  the  area  OB  multiplied  by 
the  length  OA  also  gives  the  volume. 


qt-  V^jpt'V, 


9t  =  Pt- 


Hence,  at  a  point  within  a  solid  in  a  state  of  strain,  the 
tangential  components  of  the  stresses  upon  any  two  planes 
through  it  at  right  angles  to  each  other 
are  of  an  equal  intensity. 

Cor, — If  it  be  possible  that  the 
stress  upon  any  plane  through  a  point 
be  wholly  normal,  then  will  the  stress 
be  wholly  normal  upon  another  plane 
at  right  angles  to  that  plane. 

At  a  point  within  a  solid  in  a  state 
of  strain  the  directions  and  intensities 
of  the  stresses  upon  two  planes  at  right 
angles  to  each  other  beijig  given,  to  Jind 
the  direction  and  intensity/  of  the  stress 
upon  any  third  plane  (fig.  16). 

Let  q,  the  intensity  of  the  stress 
at  0  on  the  plane  AA\  be  inclined  to 
the  normal  at  the  angle  a. 

Let  py  the  intensity  of  the  stress 
at  0  on  the  plane  BB  be  inclined  to 
the  normal  at  the  angle  /3. 

These  two  planes  being  inclined  to  each  other  at  a  right 
angle,  it  is  required  to  find  the 
intensity  and  direction  of  the 
stress  on  a  third  plane  CC" 
through  0  inclined  at  any  angle 
e  to  AA, 

Consider  a  small  triangular  ..^ 
prism  OAB  at  0  (fig.  17)  bounded 
by  portions  of  these  three  planes. 
It  is  in  equilibrium  under  the 
stresses  q  on  the  face  OA,  p  on 
the  face  OBy  and  the  required 
stress  r  on  the  face  AB. 

It  is  to  be  borne  in  mind 
that  P  the  total  stress  (fig.  17) 
taken  as  acting  at  the  middle 
of  OB,  Q  on  OA,  and  R  on  AB,  intei-sect  at  a  point ;  and  in 


Fig.  16. 


P  P   P  PkO^ 
J?'ig.  17. 
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constmctmg  the  parallelogram  of  forces,  later  on,  this  point 
of  intersection  is  taken  as  if  it  were  at  0. 

Choosing  OX  and  OY  along  OA  and  OB  as  rectangular 
axes,  and  resolving  p  and  q  into  components  normal  and 
tangiential  to  the  planes  they  act  upon,  we  have 

Pm^P  cos  ^,  normal  to  OB,     ^«  »  y  cos  a,  normal  to  OA, 
and 
Pt  -  p  sin  /3,  tangential  to  OB,    ^^  »  ^  sin  a,  tangential  to  OA, 


Fig.  18. 

Since  the  intensities  of  the  tangential  component  stresses 
upon  the  two  planes  OA  and  OB  must  be  equal,  one  symbol  t 
is  put  for  both  upon  the  diagram  (fig.  18) 

t  ^pf  =  qt  =p  sin  /3  -  2  sin  o. 

Note  that  OA  »  AB  sin  0,  and  OB  =  AB  cos  0. 

Lay  off       OD  =  force  parallel  to  the  axis  OX 

=  amount  of  normal  stress  on  OB  +  amount  of 
tangential  stress  on  OA 

=  pn.OB-*^t.OA^pn.AB COS  0-^t,ABQm  9 
=  AB  (pn  COB  ff  +  ^  sin  6). 

D 
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Lay  oflf      OE  =  force  parallel  to  OY 

»  amount  of  normal  stress  on  OA  +  amount  of 
tangential  stress  on  OB 

^  qn.  OA  ■¥  t.  OB '^  qn.AB  sin  e  +  t.AB  COS  e 

«  AB  (qm  sin  0  +  ^  cos  9). 

And  completing  the  parallelogram,  we  have  for  equilibrium 

BO  =-  amount  of  stress  on  AB  in  direction  and 
magnitude, 

since  BO"  =^  OJJf  +  OE^ 

=  AB^  { (jp„  cos  e  +  ^  sin  9f  +  (y^  sin  0  +  ^  cos  Of } 
-  AB'[p^^  cos*  9  +  2pnt  sin  e  cos  61  +  ^»  sin*  9 
+  q^  sin*  6  +  2qnt  sin  0  cos  ©  +  ^  cos*  0}. 

Adding  1st  and  4th  terms,  2nd  and  5th,  3rd  and  6th  within  the 
brackets,  and  noticing  in  adding  last  pair  that  sin*  0  +  cos*  0  «  1, 
we  have 

jBO*  =  ^lB*{jp«*  cos*  0  +  qn^  sm*  0  +  2^(^«  +  qn)  sin  0  cos  0  +  ^'}. 

Now  the  intensity  of  the  stress  upon  AB  equals  the  total  stress 
upon  it  divided  by  the  area  of  the  plane  AB, 

T>Q 

/.    T  =  -7o=  \/{i?n*co8*0  +  2»»*8in*0  +  2^(p„  +  j„)sin0cos0  +  ^*}; 

1         i.       xr^Ti     ^-0     OE     o'^  sin  0  + <  COS  0    .         ^^^ 

Also      tan  XOB  =  -=777  =777^=  — s — .    ■    n  gives  XOB. 

DO     OB    2>«  cos  0  +  <  sm  0  ^ 

Hence  the  obliquity  of  the  stress  r  to  the  plane  AB  is 

7  =  NOB  =  XOB  -  0. 

Thus  we  have  found  r  and  7,  the  intensity  and  direction  of 
the  stress  upon  GC  in  terms  of  jp,  j,  a,  and  j3.  Hence,  for  a 
body  in  a  possible  state  of  strain,  if  at  any  point  the  stresses 
be  given  upon  a  pair  of  rectangular  planes  through  it,  the 
irUerTud  stress  at  that  point  is  known.  For  the  same  point  the 
internal  stress  might  be  known  from  having  the  stresses  on 
different  such  pairs  of  rectangular  planes.  These  are  called 
equwcUerU  sets  of  stresses.  By  a  more  elaborate  process  we 
might  show  that  the  internal  stress  at  a  point  is  known  if  the 
stresses  on  any  pair  of  planes,  not  coincident,  be  given. 
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For  some   position  of  the  plane  CG'  the  stress  OB  will 
coincide  with  the  normal  ON,  and  we  shall  have 

e  =  XON^XOR. 

^     9,1  sin  9  +  ^  cos  0  sin  0     ^n  sin  0  +  <  cos  fl 

Pn  COS  0  +  ^  sm  0  cos  0     p,»  cos  0  +  ^  sm  0 

and  clearing  of  fractions 

|7»  sin  0  cos  0  +  ^  sin'  0  =  ;»  sin  0  cos  0  +  ^  cos*  0. 

/.     (pn  -  S'li)  sin  0  cos  0  =»  ^  (cos*  0  -  sin'  0). 

.     PlZJl  2  sin  0  cos  0  =  ^  (cos'  0  -  sm'  0). 


^=^  sin  20  =  ^  cos  20. 


sin  20 


=  t. 


cos  20       'pn-qn 


or    tan  20  = 


2t 


Pn-qn 


Xr 


Fig.   19. 


Two  values  of  0  diflfering  by  a  right  angle  will  satisfy  this 
equation ;  that  is,  there  are  two  planes 
CC"  and  FF'  inclined  at  an  acute  angle 
0,  and  an  angle  90  +  0  respectively  to 
AA'y  and  therefore  at  right  angles  to  each 
other,  upon  which  the  stresses  are  wholly 
normal,  the  value  of  0  being  such  that  the 
tangent  of  twice  0  equals  the  ratio  of  sum 
of  the  common  intensity  of  the  tangential 
stresses  upon  AA'  and  BB'  to  the  differ- 
ence of  the  intensities  of  the  normal 
streeses  thereon  (fig.  20). 

Now  if  we  know  the  internal  stress 
at  0  from  having  the  stresses  upon  the 
pair  of  rectangular  planes  AA'  and  BB' 
given,  we  may  calculate  the  stresses  upon 
the  pair  of  rectangular  planes  CC  and 
FF^,  and  so  express  the  internal  stress 
at  0  by  means  of  this  equivalent  set. 
Of  all  the  equivalent  sets  at  0  this  is  the 
simplest  by  means  of  which  to  express 
the  internal  stress,  as  the  intensities  only 
of  the  stresses  upon  GO'  and  FF'  require 
to  be  specified,  being  normal,  and  the  posi- 
tion specified  of  one  only  of  the  planes  since  they  are  rectangular. 

2  D 


'3f 

Fig.  20. 
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Let  AA'  and  BR  be  the  pair  of  rectangular  planes  through 
0  upon  which  the  stresses  are  wholly  normal,  they  are  called 
the  planes  of  principal  stress,  the  stresses 
themselves  the  principal  stresses  at  the  point 
0,  and  the  axes  OJC  and  OY  the  axes  of 
principal  stress  at  that  point  (fig.  21). 

If  the  stress  be  obUque  upon  a  plane 

through  a  point  within  a  solid  in  a  state  of  J9'— tjj ^ y 

strain,  and  another  plane  be  drawn  through 

the  point  parallel  to  the  stress  thereon,  then  ^ 

will  the  stress  upon  the  second  plane  be  Fig.  21. 

parallel  to  the  first  plane. 

At  the  point  0  (fig.  22),  let  p  be  the  stress  on  the  plane  BR. 
Draw  AA^  parallel  to  p ;  then  will  q  be  parallel  to  BR. 

Consider   the   equilibrium   of   the  parallelepiped   OAO'B 
at  0. 

P  and  P'  (the  amount  of  the 
stress  on.  the  two  faces  OB  and 
Aff)  are  equal  and  in  one  straight 
line,  being  drawn  parallel  to  OA 
through  E  and  F,  the  middle  points 
of  those  faces.  Therefore  they 
are  in  equilibrium,  and  may  be 
removed,  leaving  Q  and  Qf  in  equi- 
librium themselves.  Hence  Q  and 
Q^  are  in  one  straight  line,  and  as 
this  straight  Une  passes  through 
C  and  D,  the  middle  points  of  the 
faces  OA  and  BO^,  it  is  parallel 
to  OB ;  that  is,  g  is  parallel  to  BR. 

These  are  called  a  pair  of  con- 
jugate stresses.  Being  in  equilibrium 
independently  of  each  other,  these  Fig.  22. 

stresses  can  be  considered  separately. 

Cor. — ^The  principal  stresses  are  also  conjugate. 

In  the  following  examples  the  stresses  are  positive. 

EXAKPLBS. 

60.  A  short  pillar  2  square  feet  in  area  bears  a  load  of  36  tons :  find  the  inten^^itv 
of  the  stress  upon  a  plane  section  of  it  inclined  at  20^  to  the  axis,  also  the  intensi- 
ties of  the  normal  and  tangential  component  stresses  on  it. 
80640 


j>  p  V  V 


P  - 


288 


=  280  lbs.  per  square  inch  on  oblique  plane. 


intensity  »  j?  cos  9  «  263*1  lbs.  per  sq.  inch, 
Pn  -  p  008*  B  =  247*3 
pt  t=psin0co69s9O 


it 


tf 


ft 


tt 
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51.  Find  greatest  intensity  of  shearing  force  on  a  plane  section  of  pillar  in  last. 
It  will  be  upon  a  plane  inclined  at  46^ 

1  1         D 

^  =  j>  sin  45®  coe  46"  =  j> .  —  .  --  =^  =  140 lbs.  per  sq.  inch. 

52.  A  stone  obelisk  weighing  200  tons,  and  covering  an  area  of  10  square  feet, 
stands  above  a  slate  formation  inclined  to  the  horizontal  lO*':  find  the  intensity  of 
the  gbess  normal  and  tangential  to  the  beds. 

p»  =  301-8  lbs.  per  sq.  inch,      pt  ^  63-2  lbs.  per  sq.  inch. 

63.  At  a  point  wiUiin  a  solid  the  stress  on  a  plane  SB*  through  it  is  90  lbs.  per 

square  inch,  and  inclineid  to  the  nonnal 
at  an  angle  of  20%  while  the  normal  com- 
ponent oi  the  stress  on  another  plane 
through  it  {AA'  at  right  angles  to  BB)  is 
60  lbs.  per  square  inch.  Find  the  total 
stress  upon  this  other  plane  (fig.  23). 

MJ07         Given  stress  on  BB* 

J)  »  90    and    /3  »  20% 
normal  component 

j9n  «=  90  .  cos  20®  a  84*41, 
y        .  tangent  component 

Yig^  23.  pi  =  90  .  sin  20®  =  30'78. 

Let  9  be  the  required  stress  on  AA'  and  a  its  obliquity, 
ita  Donusl  component        qm  ~  60,    and    qt  -  pt  =  80*78. 
Hence  ^  =  ^i.'  +  qt^  =  4647-4,        .-.     q  «  67-4  lbs.  per  sq.  inch, 

also 


COS  a 


^  =  -89, 


a  =  27®7. 


The  total  stress  on  A  A'  is  67*4  lbs.  per  square  inch,  and  is  inclined  at  27®  7'  to 
the  normal. 

54.  AA'  and  BB'  are  a  pair  of  rectangular  planes  through  appoint  within  a  solid, 
the  stress  on  BB*  is  3280  lbs.  per  square  inch,  and  its  obliquity  is  10®.  The  normal 
component  stress  on  AA'  being  2000  lbs.  per  square  inch,  find  the  intensity  and 
obHqmty  of  tlie  total  stress  upon  it. 

q  a  2080  lbs.  per  sq.  inch.        a  «  16®  67'. 

55.  In  last  find  the  stress  on  CO'  a  third  plane  through  the  point  inclined  at  an 
angle  of  30^  to  BB',  See  diagram  to  general  proposition,  page  83,  which  is  drawn 
to  scsle  for  this  example  (fig.  18). 

f»  «  3280  cos  10®,    qm  «  2000,    t  =  3280  sin  10*"    or    2080  sin  16^ 
«  3230-1  «  669-6. 
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Lay  off  along  OX  tbe  total  amount  of  atrees  parallel  to  its  direction. 

OD  B  ami.  of  nonnal  atreas  on  0  J  +  amt  of  tangent  streea  on  OA 

spn'OB-^t.OAapn'ABooBe  +  t.ABme 

=  .^  (l^  cos  0 +>  sin  0)  -  .<1B  (3230-1 X  000  30"*  +  669-6  ain  SO"") 

=  AB  (2797-4  +  284-8)  »  8082-2  AS. 

Lay  off         0£  ts  total  atreiM  parallel  to  azia  OT 

s  amt.  of  normal  atreaa  on  OA  +  amt.  of  tangent  atreaa  on  OB 

^  qn*OA-\-i.OB  =  qn,  AB  ain  0  +  < .  AB  coe  9 

m  ABignnxLe-k-iw^ff^-AB  (2000  ain  80^  +  669-6  ooa  30*^ 

s  AB  (1000  +  404-6)  »  1404-6  AB  ; 

now  02?  m  OK*  +  0-B»  =  11472700  AB*. 

.*.    Oi{  e  3387  AB  total  atreaa  on  AB, 

.  total  Btreea  on  ^^     02J     ««-».,,  .    , 

and  r  « ;— -— —  =  -— -  a  3387  lbs.  per  aq.  inch. 

area  of  ^^  AB  '^  ^ 

Alao     tan  JC0i2  =  —  b =  •4667. 

-aim/     wix     *^*       ^^     8082-2 

.-.    Z0J2  »  24°  30'    and    7  »  XOB  -  80  -  -  d""  80*. 

The  intensity  of  the  stress  on  CC  is  3387  lbs.  per  square  inch,  and  is  inclined 
at  an  obliquity  <n  6**  30'. 

66.  In  example  63,  find  the  intensity  and  obliquity  of  the  stress  on  a  third  plane 
through  the  point  inclined  to  BBf  at  6°. 

r  e  93-8  lbs.  per  sq.  inch,    y  =  17*28'. 

of  strain  hei] 
__  ^      ,         19 

'.  on  therectantnUar  i>lane.^L^'.    Find  the 
of  the  planes  of  principal  stress. 

ipt  =  240  sin  8''    s  33-4, 

I  qt  »  193  sin  lO""  =  33-4. 
These  must  be  equal  or  the  stresses  as  given  are  impossible. 

ihi  B  240  cos  8<*  «  237-6,      qn  -  193  cos  10**  «  190. 
Let  0  be  the  inclj^tion  of  the  planes  of  principal  stress  to  the  plane  BB^. 

-^                                                                  2t 
#--*»v.>x  tan  26  = =  1*4034. 

% 

\ 

\  .-.    2«  =  64*^32'    or    234**  32', 

"'\  .-.      e  =  2n6'    or    117*16'. 

I 
I 

• 

If  BBf  be  the  plane  upon  which  the  giyen  stress  is  240, 
/     and  OX  the  normal  to  it,  then  C(T  and  I) If  are  the  planes 
***<     of  principal  stress  whose  normals  ON  and  OM  make  27*  16' 
*'    andll7°16'with(?j:respectLYely. 


67.  The  internal  stress  at  a  point  within  a  solid  in  a  state  of  atrain  being  giyen 
240  lbs.  per  square  inch,  of  obliquity  8°  on  one  plane  BBf  through  it,  and  193  lbs. 
per  square  incn,  of  obliquity  10",  on  the  rectangular  plane  AA'.    Find  the  position 
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§8.  Find  tiie  principal  rtrees  in  flzample  67 ;  Uiat  is,  find  the  itroM  upon  a 
thud  plane  CC,  inelined  at  2V 16'  to  BBT. 

OD  ^  Pm»  OB +  t  .OA  mitB{pnCtm9-{'tmJk9) 

s  AB  (237-6  COB  2r  16'  +  33'4  am  2r  16')  »  226-6  AB. 
OB^  qn^OA-^-i.OB  m  AB{qnnike  +  tcM9)  ^  116*7  JB. 
OB*  ->  OD*  +  OJf*  B  64910  ^  J*.     Oi{  »  264-8  AB. 

r  =  -j=  B  264*8  Iba.  per  aq.  in., 
AB 

and  is  of  coorae  normal. 

In  finding  the  other  principal  itreaa — ^that  is,  on  third  plane  32/,  inclined  at 
uriG'  to  BB^f  we  may  lue  the  limctionB  of  thia  angle  and  proceed  aa  ahoye, 
obaerring  signs ;  hut  it  is  hotter  to  take  the  functions  of 

BOX^  62^44', 
▼hen 

OA  =  ^^  Bin  62^44', 
and 

OB^  ABeoB  62^  ^A\ 

OD  =  pn-OB^i.  OAy  aince  t  acta againatj^ 

«  u<J9  (i^.  cos  62'' 44'-  i  Bin  62*'44') 

=  AB  (108*86  -  29*69)  «  79*17  AB. 
OB  ^  qn.OA-t.  OB,  since  t  acts  against  ^m  ^<-^ 

^  ABisntan  62*^44'-  t  cos  62*^44')  ^^,_> 

»  ^i?  (168-89  -  16*3)  =  163*6  AB. 
80^  B  013^  +0B*^  29868  ^2^. 
«0  s  172*8  ^B. 


t  = 


AB 


172*8. 


Fig.  26. 


The  principal  stresaes  are  264-8  and  172*8  Ihs.  per  aquare  inch* 

59.  In  Ex.  67  find  the  atreas  on  a  plane  GO  inclined  at  30®  39^  to  BB*. 
Directly  from  data  as  given  in  67, 

OD  ''Pn-OB  +  t.OA  B  AB{pnCoa9-^tane) 

=  AB  (237*6  COB  30'' 39^+  33*4  sin  30''  SO*)  e  221  AB. 

OB  =  qn-OA  +  t.OB  s  AB  {gnanB-i-tcoBe) 

B  AB  (190  sin  80"  39'+  33*4  cob  30"  390  »  126*69  AB. 
OB?  =  01^ -V  OE^  ^  64792  ABl^.    OB  »  264*6  AB. 

OB 
r  -  -j^  =  264*6  Ihs.  per  square  inch. 
AB 

OE 


Also    tan  XOB  =  ^^  -  '6^73. 


.*.    XOB  =  29'  34' 
7  =  «  -  XOB  =  30" 39'-  29" 34'  =  1"6',  ohliquity  of  r  upon  Off. 
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To  find  the  streas  upon  OG  by  finding  the  pxinoipal  streseee,  flist  as  in  68,  and 
then  finding  the  strMs  upon  OG  from  these. 

The  plane  of  greatest  principal  stress  OCT  is  inclined  to  Bff^  the  given  plane,  at 
2T 16' ;  hence  Gff  will  be  inclined  to  0(f  at  8^  23*.  Hence  we  haye  the  prinoipal 
stresses  264-8  and  172*8  to  find  the  stress  upon  Gff  inclined  at  3""  23'. 

Since  there  are  no  tangential  stresses  on  CC  and  BIf  we  have 

OD  ^p.OB^p.ABoMB  »  ulB.  264-8  cos  3''23'  »  2643 .  AB. 

OB  <^  q.OA^q.ABaji$  =  AB  172-8  sin  3''28'  =  10-2  .AB. 

OB*  ^  OIJI^+OB*  =  64764  AB*.     OB  =  264-6  AB. 

OB 
r  8s  --—  a  264-6  lbs.  per  square  inch. 
AB 

OB 
tan  XOB  »  -^  «  -04011.    XOB  «  r  18'. 
0I> 

y  -  e-Z(?-B  =  3*»23'-2°18'  =  l«6',obliqnityof  ron(7^. 

60.  At  a  point  within  a  solid  in  a  state  of  strain,  the  stresses  upon  a  pair  of 
rectangular  pmnes  through  it  are  given — on  BB  the  intensity  of  the  normal  com- 
ponent stress  is  40,  on  AA'  the,intensity  of  the  normal  component  stress  is  80,  and 
the  tangential  component  stresses  are  each  of  intensity  10.  Find  the  obUquity  to 
BB  of  the  planes  of  principal  stress,  and  find  the  principal  stresses. 

tan  20 -2.      .*.    B^ZViSf    and    12P43'; 

iOD^Z9'2Sl  AB) 
for  9  b    31*^43' J  \     .-.    r  =  46-2, 

\0B  ^  24-277  AB) 

(OJD  e  12-622  ulB) 
for  9  e  121*^43']  I     .-.     s  =  23-8. 

lO^»  20-26    AB) 

63  In  60  find  the  stress  on  a  plane  inclined  at  46"*  43'  to  BB.  Deducting 
31°  43',  we  find  the  plane  to  be  inclined  at  16°  to  the  phme  of  greatest  principal 
stress. 

Using  results  of  60,  and  t  being  then  zero,  r  «  46  and  ^  =  7°  8'. 
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rankike's  method  of  the  ellipse  of  stress. 

The  preceding  method  of  finding  the  stress  upon  any  particular 
plane  through  a  point  at  which  the  state  of  strain  is  known,  is 
too  tedious  to  be  readily  remembered  or  applied,  and  becomes 
intricate  when  the  stresses  are  some  thrusts  and  others  tensions. 
We  now  proceed  to  a  general  method.  Having  already  proved 
that  there  is  a  pair  of  principal  stresses  at  a  point,  we  proceed, 
upon  the  supposition  that  these  are  given,  to  find  the  stress  on 
a  third  plane  through  the  point. 

DmECT  Problem,  the  Principal  Stresses  given. 

Equal-like  principal  stresses  (fig.  26). — If  the  pair  of  principal 
stresses  at  a  point  be  like  (both  thrusts  or  both  tensions),  and 
be  of  equal  intensity,  the  stress 
on  any  third  plane  through  the 
point  is  of  that  same  intensity, 
and  is  normal  to  the  plane. 

Let  AA'  and  BB'  (fig  26) 
be  the  planes  of  principal 
stress  at  the  point  0,  and  let 
the  intensities  of  the  principal 
stresses,  p  and  g,  be  equal  and 
alike  (both  thrusts). 

CO'  ia  any  third  plane 
through  0,  inclined  at  6  to 
AA\ 


0 


PPPP 


Fig.  26. 


OAB  is  a  smaU  triangular  prism  at  0,  having  its  faces  in 
those  planes.  This  prism  is  in  equilibrium  under  the  three 
forces — the  total  thrusts  upon  OA,  OB,  and  AB, 

The  three  total  pressures  P,  Q,  B  on  the  faces,  if  represented 
by  straight  lines,  intersect  at  the  middle  point  of  AB.  The 
parallelogram  of  forces  is  however  drawn  from  the  point  0. 

Lay  off      OB  «  total  stress  parallel  to  OX  -  p .  OA, 
and  OB  «  total  stress  parallel  to  OY  =  q .  OB, 

Complete  the  parallelogram. 
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Then  MO  represents  the  total  Btreas  on  AB  in  direction  and 
amount. 

^      p.„     0£    q.OB     OB 
"^^^^'03-^02' OA- 


.:    BOD=OAB=e; 
Hence  SO  m  normal  to  AB. 


OS  is  upon  0^. 


Now 


SO"  =  01/'  +  OE*  =  p-  .OA'  +  g* .  OB' 

=  f  (OA*  +  OB*)  "f.  AB',  a&  p  = 
BO^p.AB. 

amount  of  strees  on  AB     SO 


area  of  AB 


AB 


"P  OT  q. 


Cor. — Every  plane  through  0  is  a  plane  of  principal  stress 
Each  point  in  a  fluid  is  in  l^is  state  of  strain. 

Eqiud-uidike  principal  stresses  (fig.  27). — If  the  pair  of 
principal  stresses  at  a  point  be  unUke  (one  a  thrust  and  the 
other  a  tension),  and  be 
of  equal  intensity,  the 
stress  on  any  third  plane 
through  the  point  is  of 
that  same  intensity,  and 
is  inclined  at  an  angle  to 
the  normal  to  the  plane 
of  principal  stress,  equal 
to  that  which  the  nor-  ' 
mal  to  this  third  plane  q 
makes  therewith,  but  ' 
upon  the  opposite  side. 

Let  AA\nd  BB' he 
the  planes  of  principal 
stress  at  the  point  0 ;  p  and  q  the  intensities  of  the  principal 
stresses  of  equal  value,  p  being  a  thrust  and  g  a  tension ;  and 
CC  any  third  plane  through  0  inclined  at  fl  to  AA'. 

OAB,  a  small  triangular  prism  at  0  bounded  by  these 
three  planes,  is  in  equilibrium  under  the  three  forces,  viz., 
the  amoimts  of  stress  on  its  faces  OA,  OB,  and  AB. 

Lay  off  OD  -  total  stress  parallel  UtOX^p.OA, 
and  OE  -  total  stress  parallel  to  0  F  in  the  direction  of  q 

=  q.OB. 


Fig.  27. 
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Complete  the  parallelogram  ODRE,     Then  RO  represents 
the  total  stress  on  AB  in  direction  and  amount. 


tan -BOD  = 


OE     q.OB     OB 


OD    p.OA 
ROD  =  OAB  =  ft 


OA 


tan  OAB\ 


That  is,  RO  is  incUned  at  the  same  angle  to  the  axis  OX  as 
ON  is,  bat  on  the  opposite  side.  Hence  the  inclination  of  RO 
to  the  normal  ON  is  2ft 

Again  RO"  =  OBf  ^  OE^  ^f.OA^  +  ^.OB^ 

^p'(OA*  +  OB*)»f.AB^; 

^^  .  „  amount  of  stress  on  AB     RO 

.*.    RO^p.AB,    r- T—T-^ =  -7-s  =  Porg. 

-^  areaof-4-B  AB    ^       * 

Consider  the  triangle  of  forces  OER,  we  have  OE  drawn 
from  0  in  the  direction  of  q,  then  ER  drawn  from  E  in  the 
direction  of  p ;  hence  RO,  taken  in  the  same  order,  is  the 
direction  of  r. 

If  9  be  greater  than  45®,  r  is  like  q. 

If  0  equal  45°,  r  is  entirely  tangential  to  AB. 

If  fl  be  less  than  45®,  r  is  like  p.  PPPP 

Hence,  if  the  principal  stresses  at 
a  point  be  equal  and  unlike  the  stress 
on  a  third  plane,  is  of  that  same  in- 
tensity, is  Like  the  stress  on  the  plane 
it  is  least  inclined  to,  and  its  direction 
is  inclined  to  the  cms  at  the  same 
angle  as  the  normal  is,  but  upon  the 
opposite  side.  If  the  new  plane  be 
inclined  at  45",  the  stress  is  entirely  •*; 
tangentiaL 

Uncgtud  principcU  stresses  (fig.  28). 
—The  principal  stresses  at  a  point 
within  a  solid  in  a  state  of  strain 
being  given,  to  find  the  intensity  and 
obliquity  of  the  stress  at  that  point 
on  a  third  plane  through  it. 

AA^  and  BB'  are  the  planes  of 
principal  stress  a,t  0;  p  and  q  are 
the  principal  stresses.  Let  p  be 
the  greater,  and  let  them  be  both 
positive,  say  both  tensions.  It  is 
required   to    find   r,   the   intensity  of   the  stress  upon   CC\ 


V 


44 


ELLIPSE  OF  8TRBS& 


and  7,  the  angle  it  makes  with  ON,  the  normal  to  CC\ 
0  is  the  inclination  of  (7(7'  to  AA\  the  plane  of  greatest 
principal  stress. 

Of  two  unequal  quantities  the  greater  is  equal  to  the  sum 
of  their  half  sum  and  their  half  difference^  while  the  lesser 
equals  their  difference. 


Therefore 


p^q     p^q 


^,  an  identity, 


and 


p  +  q     p  "  Q 
q  =^^-2"^  - ^-2"^  ^  identity. 


We  may  look  upon  the  plane  AA'  (fig.  29)  as  bearing  two 
separate  tensions  of  intensities  ---—  and  "^-^  in  lieu  of  the 
tension  of  intensity  p  \   and  on  the  plane  BR  as  bearing  a 


X 


Ir 
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Fig.  29. 

tension  of   intensity  ^-5-^  and  a   thrust   of   intensity  ^ 

in  lieu  of  the  tension  of  intensity  q.     We  may  now  group 
these  together  in  pairs,  thus :  the  tension  on  A  A'  of  intensity 

along  with  the  tension  on  BB'  of  intensity      c\   t  ^^^ 
It  z 

the  tension  on  AA^  of  intensity  ^—^  along  with  the  thrust 
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on  BS^  of  intensity  ^^.    Then  find  separately  for  each  pair  the 

strees  upon  CC\  and  finally  compound  these  two  stresses  on  CC 
by  means  of  the  triangle  of  forces.    The  first  pair  is  a  pair  of 

eqwd-like  principal  stresses  (both  tensions  of  intensity  - — ^). 

So  the  conaequent  stress  on  CO'  will  be  a  tension  of  intensity 

^4^,  and  normal  to  CC  (fig.  30). 

The  second  pair  is  a  pair  of  equal- 
vtdike  principal  stresses  of  intensity   *<^ 

(a  tension  on  A  A'  and  a  thrust 

on  BB^y  so   the  consequent  stress 

on  CC"  will   be  of  intensity  ^ 

and  inclined  at  an  angle  0  upon  the  ^^' 

side  of  OX  opposite  from  that  upon  which  ON  lies. 

The  diagram  shows  these  partial  resultant  stresses  on  ABy  a 
veiy  small  part  of  C(fy  at  0.  To  find  the  total  resultant  stress 
upon  CC\  it  remains  to  compound  these  by  the  triangle  of 

forces.     From  0  (fig.  31)  lay  off  0M=^^—^  =  the  intensity  of 


yns 


Fig.  31. 


the  first  partial  stress  and  in  the  direction  thereof,  i.e.,  along  ON. 

the  intensity  of  the  second  partial 


From  M  draw  MR  = 


v-^ 


stress  and  in  the  direction  thereof,  ic.  parallel  to  08,  whicli 
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direction  is  most  conveniently  found  by  describing  from  M  as 
centre  with  radius  MO  a  semicircle  QOPy  and  joining  QMP. 

Then  will  OR,  the  third  side  of  the  triangle  OMR,  taken  in 
the  opposHJU  order  (see  arrows)  be  the  direction  and  intensity 
of  the  resultant  stress  r  on  GC\ 

The  preceding  construction,  as  shown  on  last  figure,  is 
.geometrically  all  that  is  required,  'p  and  q  being  given  to 
find  r  \  the  text  and  figures  given  before  being  the  develop- 
ment and  proof. 

From  the  construction  note  that 

MP^Mq^OM^^-^\ 


also 


«i2-if«  +  iO-^  +  ^^=i,, 


and  PJ2  =  JfP-Jfi2-^^-^^  =  y; 

RMN^  29 ;  ROM^  y,  the  obliquity  of  r. 

Normal  and  tangential  components  of  r,  the  stress  on  the 
third  plane  CG\ 

Drop  RT  perpendicular  to  ON,  ?. 

The  tangential  component  of  r  is  ^^a 

Tt^RT 
-  MR  sin  RMT 


p-q 


sin  20 


=  (jP  -  y)  sin  fl  cos  <l, 
since  sin  20  =  2  sin  0  cos  0. 


Fig.  32, 


Cot, — If  Diy  be  the  plane  at  right  angles  to  CC\  its 
inclination  to  the  axis  OX  being  0'  =  (0  +  90°),  the  sine  of 
which  equals  cos  0,  and  the  cosine  of  which  equals  -  sin  0 ; 
the  value  of  n  for  DIX  will  be  the  same  as  above,  that  is, 
the  tangential  components  of  the  stresses  on  any  pair  of 
rectangular  planes  is  the  same.  This  we  arrived  at  by  the 
general  method  at  page  32,  which  compare.     See  also  fig.  13. 
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The  normal  component  of  r  is 

r^^OT^OM-MT 

=  OM-  MB  cos  RMT  ^OM^-MR  cos  BMN 

(These  two  angles  have  the  same  cosine, 
but  of  opposite  sign.) 

=  OM  +  MR  cos  20 

^P±^  (cos*  0  +  sin'  fl)  +^^(cos»  9  -  sin»  9) 
2  iu 


.,(eii,£^).,i..,(£li.£^») 


=  COS 


=  p  .  COS*  0  +  J .  sin*  ft 

C4>r. — ^If  Sn  be  the  normal  component  of  stress  on  DI/  the 
plane  at  right  angles  to  CC\  whose  inclination  to  OX  is 
«'  =  (»+  90^),  then 

s„  -  jp  cos*  O'  +  g  sin*  0'. 
But      cos  0'  =  -  sin  0,  and  sin  ^  =  cos  0 ; 

.-.     Sn  =p  sin*  B  +  q  cos*  ft 
Now,         Tn-p  cos*  0  +  g  sin*  ft 

and  adding,  we  get 

Sii  +  ^n  =  i>  (sin*  0  +  cos*  6)  +  J  (sin*  0  +  cos*  6)  =  ^  +  j'. 

That  is,  the  sum  of  the  normal  components  of  the  stresses  on 
any  pair  of  rectangular  planes  is  equal  to  the  sum  of  the 
principal  stresses.  From  these  two  corollaries  verify  Ex.  58, 
where  principal  stresses  are  found ;  and  Ex.  57,  where  the 
normal  components  on  a  pair  of  rectangular  planes  are  found. 
Verify  Ex.  60,  which  could  have  been  solved  by  these  two 
corollaries  arithmetically. 

As  CC  moves  through  all  positions,  M  moves  in  a  circle 
round  0,  and  R  moves  in  a  circle  round  -Jf,  OM  and  MR 
keepii^  equally  inclined  to  the  vertical  on  opposite  sides  of 
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it.  The  diagram  shows  their  positions  for  eight  positions  of 
the  plane  GO',  The  locus  of  i2  is  an  ellipse,  the  major  semi- 
axis  being 

and    the    minor   semi- 
axis  is 

"2  2     "^■ 

The  moving  model, 
figure  49,  shows  these 
positions  nicely. 

This  is  called  the 
ellipse  of  dress  for  the 
point  0  within  a  solid 
in  a  state  of  strain.  Its 
principed  axes  are  the 
normsds  to  the  planes 
of  principal  stress,  the 
principal  semi-axes  be- 
ing equal  to  the  inten- 
sities of  the  principal 
stresses.  The  radius- 
vectors  ORt,  ORzy  &c., 
are  the  stresses  in  direc- 
tion and  intensity  upon 
the  planes  at  0  to  which 
OM2,  OM2,  &c.,  are  re- 
spectively the  normals. 

The  ordinary  tram- 
mel (fig.  34)  for  con- 
structing ellipses  con- 
sists of  a  piece  like  PRQ, 
whose  extremities  P  and 
Q  slide  in  two  grooves, 
XOX'  and  YOY\  at 
right  angles  to  each 
other,  while   the  point 


yr 


Fig.  33. 


R  traces  an  ellipse  whose   semi -axes  are  PR  and   QR. 
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When  Q  arrives  at  0,  ^  is  at  -4  and  OA  «  QB  -|);  when 
P  arrives  at  0,  ^  is  at  ^  and  OJ?  -  Pi?  -  g  (page  46> 
Taking  0  as  origin,  the  coordinates  of  B  are 

and      y  1  mB  =  PB  sin  fl  =  j  sin  6 ;  /.  -  =  cos  0,  and  -  ■>  sin  6 ; 


P  ^ 


3^       «• 

..  -T  +  ^  =  cos'fl  +  8in*e  =  1, 
f    9 


the  ordinary  equation  to  an  ellipse  in  teims  of  the  semi-axes 
P  and  q. 

Jt  p  and  q  are  both  thrusts,  it  is  convenient  to  consider  a 
thrust  positive,  and  the  proof  is  exactly  the  same,  all  the  sides 
of  OMB  representing  the  opposite  kind  of  stress  from  what 
they  did  iq  the  last  case. 

When  p  and  q  are  unlike,  the  kind  of  stress  of  which  the 
greater  p  consists,  is  to  be  considered  positive. 

Thus,  it  p  >  q,  and  p  a  tension  while  ^^  is  a  thrust,  the 
preceding  proof  will  hold  if  ^  be  considered  to  include  its 
negative  sign ;  but  in  this  case  if  (-  g)  be  substituted  for  g, 
we  have  arUh/metically 

OM^^.    and    MR=P±^ 

SO  that  now  OM  <  MB  (see  fig.  36). 

It  is  important  to  notice  tiiat  although  OM  is  always 
positive,  that  is  like  p  the  greater  principal  stress,  yet  MB  is 
now  positive  or  n^ative  according  as  ©  is  less  or  greater 
than  45**,  and  r  =  OM  is  positive  or  negative  according  as  9 
is  of  a  lesser  or  greater  value  than  that  shown  on  figure  36. 
Hence,  the  proposition  is  proved  generally. 

An  advantage  of  this  geometrical  method,  the  ellipse  of 
stress,  is  that  we  are  now  in  a  position  to  examine  the  value 
and  sign  of  r,  the  stress  upon  a  third  plane  CC\  and  of  its 
normal  and  tangential  components  for  special  positions  of 
that  plane.  OM  is  always  normal  to  CC\  while  MB  generally 
is  resolvable  into  two  components,  one  tangential  to  GO'  and 
the  other  normal,  which  last  has  to  be  either  added  to,  or 
subtracted  from,  OM  to  give  the  total  normal  component 
according  as  OMB  is  an  obtuse  or  an  acute  angle. 
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(a)  PosUums  of  CC  for  which  r  the  stress  upon  it  will  harr 
the  greatest  or  least  vaius. 

Since  OM  and  MB  are  constant,  OB  increases  as  the  angle 
0MB  increases,  is  greatest  when  0MB  ^  180^  and  OM  and 
MB  are  in  one  straight  line,  and  a  continuation  one  of  the 
other,  when 

OB^OM-^MM;    r=^^  +  ^-^=j»; 

and  OB  is  least  when  z  0MB  is  zero,  and  OM  and  MB  again 
in  one  straight  Une,  but  MB  lapping  back  on  OM,  when 

Hence  the  planes  of  principal  stress  are  themselves  the  planes 
of  greatest  and  least  stress. 

(b)  Position  of  CC  for  which  the  intensity  of  the  shearinf/ 
stress  has  the  greatest  value. 

As  OM  is  always  normal 
to  CC  it  does  not  give  any 
tangential  component,  where- 
as MB  assumes  all  positions 
as  CC  changes^  and  will  give 
a  component  tangential  to  CC\ 
which  will  be  the  greatest 
possible  when  MB  is  alto- 
gether tangential  to  (7(7.  Hence 
the  position  of  CC\  which 
makes  MB  parallel  to  CC", 
is  that  for  which  the  shear- 
ing stress  has  the  greatest 
possible  intensity  (fig.  35). 

Hence  intensity  of  shearing  stress  =  MB 


-e^'i 


Fig.  35. 


And  since  MB  is  parallel  to  CO'  and  OM  normal  to  it, 

.-.     Oi!fK  =  90°, 
and  the  triangle  MOP  being  isosceles,  we  have 

e  =  inclination  of  CO'  -  MOP  =  45°. 
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And  we  know  that  the  tangential  stress  is  the  same  ou 
the  section  perpendicular  to  CC ;  that  is,  the  planes  of 
greatest  tangential  stress  are  the  two  planes  inclined  at  45* 
to  the  axes. 

We  saw  (fig.  14)  that  cast  iron  subjected  to  a  simple  thrust 
would  give  way  by  shearing  along  the  plane  inclined  at  45^  to 
the  thrust.  We  now  infer  that  if  it  be  in  a  compound  state 
of  strain  it  will  most  readily  give  way  by  shearing  along  a 
plane  inclined  at  45^  to  the  planes  of  principal  stress. 

(c)  Position  of  CC  for  which  the  toted  stress  r  upon  it  will 
he  entirely  tangential. 

When  q  is  like  p,  it  is  impossible  for  the  stress  to  be 
entirely  tangential  to  CC\  because  OM  >  MB,  and  however 
acute  OMS  may  be,  the  normal  component  of  MR,  which  han 
to  be  subtracted  from  OM  to  give  the  total  normal  stress, 

pppp 


^— r- 


? 


iiiii 


TTT 


— *-a 

vmuc 


Fig.  36. 


cannot  be  greater  than  MM  itself,  and  consequently  is  always 
less  than  OM,  and  so  there  will  always  be  a  remamder ;  that 
Is,  for  all  positions  of  CG'  there  is  a  normal  component  stress, 
and  the  total  stress  can  never  be  entirely  tangential. 

But  when  q  is  unlike  p,  then  OM  <  MB,  and  for  the  par- 
ticular position  of  CC  (fig.  36),  when  the  angle  0MB  is  of 
such  an  acuteness  that  the  normal  component  of  MB,  which 
has  to  be  subtracted  from  OM  to  give  the  total  normal  stress, 
is  exactly  of  the  same  length  as  OM]  then  the  total  normal 
stress  will  be  zero,  and  the  total  stress  r  entirely  tangential. 

E  2 
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This  occurs  when  -B  is  in  one  straight  line  with  CC\ 
ROM  is  then  a  right  angle,  making  MO  the  normal  com- 
ponent of  MBy  equal  and  opposite  to  OM,  which  it  destroys, 
leaving  the  total  stress  OR  tangential  to  GC  \  its  magnitude 
is  found  thus: 

OR  -  MR  -  OiP  (Euc.  I.  47), 

i,e,,  the  stress  on  CC^  is  the  geometrical  mean  of  the  principal 
stresses.    Also 

20  =  RMN;      .-.    cos  2fl  =  cos  iZAOT, 

cos  20  =  -  cos  RMO  =  -  :^  =  -  ^H?, 

MR       p  +  q' 

which  determine  0,  the  position  of  CO'  for  which  the  total  stress 
is  tangential 

Here  we  must  guard  against  supposing  that  the  above  is  the 
position  of  CO'  for  which  the  tangential  stress  has  the  greatest 
intensity ;  for  case  (b)  holds  for  all  conditions  of  p  and  q ; 
that  is,  the  tangential  stress  on  CO'  when  inclined  at  45°, 
althoi^h  only  a  component  of  the  total  stress,  will  be  of  greater 
intensity  than  the  total  tangential  stress  in  case  (c). 

(d)  Position  of  CC  for  which  y,  the  obliquity  of  the  stress 
thereon,  is  the  greatest  possible. 

When  q  is  unlike  p,  case  (c)  is  the  solution,  for  in  it 
y  =  RON  =  90°,  the  greatest  possible. 

When  q  is  like  p,  OM  >  MR ;  and  the  obliquity  of  OR,  the 
stress  on  CO'  is  greatest 

when  y  =  ROM  is   the  „^.  ^'■"^^. 

greatest   possible  of  all  /^y^  ■ 

triangles  constructed  /  y^       ^.         ,.-2*-.  ^, 

with   OM  and  MR  for       /X       o    :    ^^-^^  V* 

two  of  their  sides.    This    q^       n'/f     ;X''''"7%.    -''^ 
occurs  when  ORM  is  a  7^  Am  A       /    /'t^ 

right  amrle.  / X   r  i '    A^y^ 

For  suppose  the  tn-        //         \U^  "- 

angle   OMR  constructed   ^>^  ^  ---^- 

with  ORM  not  a  right  f 

angle;   then   drop   MR!  ^«- ^7. 

at  right  angles  to  OR.     It  is  evident  that  MR!  is  less  than  MR. 

Now  sin  50J!f  =  -=r=jr  is  greatest  when  MR!  is  greatest ;  that 
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is,  wheal  MR  ^  MB ;  that  is,  when  OEM  is  a  right  angle,  and 
BOMis  greatest  when  its  sine  is  greatest 
In  this  case  the  intensity  of  the  stress  is 


')' 


pq. 


and 

a  geometrical  mean  between  the  principal  stresses. 
Also  20  »  BMN;  cos  29  -  cos  EMIf 

co8  2fl  =  -cosi?0if--^-=-^^,    . 

OM      p  -^  q 

which  determines  9,  the  position  of  CC^  for  which  the  stress  has 
the  greatest  obliquity  possible. 

Note  that  these  values  of  r  and  cos  20  are  the  same  as 
those  of  (c),  and  that  whether  p  and  q  are  like  or  unlike.  But 
this  is  not  the  case  with  y,  the  obliquity,  which  is  90^  when 

p  and  g  are  unlike,  and  has  for  its  sine  when  p  and  a 

^  p  +  q  x-  ^ 

are  alika 

EXAKPLES. 

62.  At  a  point  within  a  solid  in  a  state  of  strain  the  pxincipal  stresses  are 
tensioas  of  256  lbs.  and  171  lbs.  per 


square indi.  _Find  the  stress  on  a  plane 

.test 

68) 


— erZT 


inclined  at  27^  to  the  plane  of  greatest 
prindpsl  stress  (conTerBe  of  £z.  i 


(%  88). 
Data, 

^b255,    9^171,   and   0^ 

henee 

^«213,    and    ^ 


27* 


42. 


QmMtruetton.—OX  and  OT,  the  axes 
of  principal  stresses ;  draw  ON  the  nor- 
mal to  CCr,  making  XOIf^  $  -  27^ 

Uf  off  along  it  OJTs^^  «  213. 

From  M  as  centre  with  radios  MO,  de« 
KribeseiiiicircleP(7QandjoiaPJrQ;  lay 

off  from  Jf  towards  F,  JCi2r=^Zj.  42. 

This  oonstrnction  makes  MR  to  be  in- 
dined  to  OX  St  an  angle  0  s  2r,  but 
open  the  opposite  side  of  it  from  OM, 


Fig.  38. 


lookbg  upon  the  principal  stresses  as  a  pair  of  like  principal  stresses,  tensionH 
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of  intenrities  218,  together  with  a  pair  of  unlike  principal  Btreasee,  a  tension  and  a 
thruBt  of  inteniities  42.  Then  OJT  represents  a  tension  213  upon  plane  CCT  due  to 
first  group,  and  MB,  the  tension  42  upon  C(T  due  to  second  group ;  hoice  OE^  the 
third  side  of  the  triangle,  taken  in  the  opposite  direction,  represents  the  total  stretw 
upon  C(T  in  direction  and  intensity. 

0J2>  =  0 Jf *  +  jrJ2>  -  20Jr .  Jffi  cos  OUB, 

but  cos  OUB,  B  -  cos  RMN=  -  cos  29 ; 

.-.    {>J2>  =  t?JP  +  Jf JP  +  20ir.  Jf£  cos  29 ; 

fS  »  45369  +  1764  +  17892  cos  64"  »  67649 ; 

r  •  240  lbs. 

sin  ROM     MR 


Also 


sin  y      

5n25  "  sin  OMR  *  ~  * 

sin  7  «  ^  X  sin  54'' »  -14158 ; 


7  =  8"  8'; 


and  figure  shows  that  r  is  upon  the  same  side  of  the  normal  as  OX.    Also  t *  is  a 
tension,  since  OR  is  like  OM. 

63.  In  Ex.  62  find  the  intensity  of  the  tan- 
gential stress  on  that  plane  through  the  point 
upon  which  the  tangential  stress  is  of  greatest 
intensity  (fig.  39). 

The  plane  is  that  which  is  inclined  at  45° 
to  the  axes  of  principal  stress. 

Since  OMR  is  90^  MR  is  the  tangential 
component  of  OR, 


U^MR  = 


P-9 
2 


42  lbs.  per  square  inch. 


64.  In  Ex.  62  find  the  obliquity  to  the  plane 
of  greatest  principal  stress  of  that  plane, 
through  the^  point,  upon  which  the  stress 
is  more  oblique  than  upon  any  other ;  also 
find  the  stress  (fig.  40). 

OM  and  MR  being  constant,  the  angle 
MOR  has  its  greatest  yalue  when  MRO  is 
a  right  angle. 

Ootutruetion, — Upon  OM  describe  a  semi- 
circle ;  from  M  as  centre,  with  radius  MR, 
describe  an  arc  cutting  the  semicircle  in  R ; 
join  OR. 

cos  29  s  cos  RMNss  -  cos  OMR 

OM^"  p-{-q^     213 

«- -19718; 

.'.    29  a  101^22'     obtuse,     cosine 
negative ; 

9-60*  41',  obliquity  of  CC, 

f^^OR^^OM^-'MR' 

fp-q 


Fig.  39. 


being 


-('-?)■-('-?)' 


p.q 


Fig.  40. 


r  s  ^p .  q  =  V^43605  e  208-8  lbs.  per  square  inch  of  tension  like  OM. 
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MX 


altOlf'-  ^  =  -19718 ;      .-.    7  -  11" 22",  obliquitj  of  r. 

ti.  Tbe  principal  Mrtosea  at  a  point  being  a,  teniion  ol  300  Iba.  and  a  thniit  of 
l60]l».perBqiiftreinoli.  ^         ,.  .. 

fad  (a)  the  intanntj.  obliquity,  and  kind  of  streaa  on  a  plane  Uuough  tlw 
point,  iocUned  at  30°  to  the 
plue  of  greateat  principal 
itrm  ;  [i)  find  the  mtennty 
i>(  tmgBDtial  Btren  on  tbe 
pIuM  upon  vhich  that  itreBs 
i*  gnatort :  and  (c)  find  the 
indination  to  the  plane  of 
ETtateat  principal  Btreu  of 
Ihtl  plane  open  which  the 
iUtm  ii  entirely  tangential 
■nd  tbe  inlenaity  thereof. 

pm  300;    9  —  -  160, 

eonddaiB^ateD- 


uidC— I  =  230  tenaion  likej>. 

(a)  (AtufnirtiM.  — Draw  ^' 

OJf  at  80°  to  OJ  (fig.  *1). 

Uy  off  Olf-  70.      Fram  Jf  aa  centra,  with  ndius  MO,  deBoribe  eanicirde  FOQ. 
Lay  OB  MFS  =  230.     Then  OS,  the  third  aide  of  tbe  triangle  CMS,  taken  in  the 
opponte  ordet,  ii  tbe  atreea  on  CC  in  direction 
and  inteniity. 

OS'  =  0M^  +  XS'-20M.  MRaoe  OMK 
=  OM*  +  MJP  +  20M .  MS  cm  26, 
r>  -^  iSOO  4  62900  +  16100  =  73900, 
r  ^  272  lbs.  per  square  inch ; 
.  liny      mn  JiOJf     Jf^^ 
niM^'iin  £M0'  OR 


<-46°;   r,-Jffl-2; 
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liiflf^2$,  co82eBCOfi2irif«-oo0iBJfO»- 


MM 


230 


«  -  -3044 ; 


2$  s  lor  44' ;    0  B  63°  62',  obliquity  of  plane  upon  whioh  the  stress  is 

entiiely  tangential. 

f*  .  Oi;>  •  JTi^s  -  Om  »  62900  -  4900  B  48000,  rB219, 
or  r  =  s/pTq^  \/(300  x  160)  =  219  lbs.  per  squaxe  inch. 

Note  that,  though  r  is  entirely  tangential,  it  is  less  than  n  was  in  (3). 

66.  At  same  point  as  in  Ex.  66,  find  intensity,  kind,  and  obliquity  of  a  stress 
on  a  plane  inclined  at  86**  to  the  plane  of  greatest  principal  stress  (fig.  43). 

Since  •  >  63°  62',  >  the  obUquity 
of  plane  upon  which  the  stress  was 
wholly  tangential,  OR  will  make 
with  ON  an  angle  greater  than  90°, 
and  0 J?  will  be  unlike  OJT,  and 
therefore  a  thrust. 

Jthi,  r  m  161-6  lbs.  per  sq.  in. ; 

7  B  166°  41'. 

67.  The  principal  stresses  on 
AA'  and  JBB^  are  tturusts  of  60  lbs. 
per  square  inch.  Find  direction  and 
mtensity  of  the  stress  on  a  third 
plane  CC  inclined  at  66°  to  AA', 

Am,  A  thmst  of  60  lbs.  per 
square  inch  normal  to  CC. 

68.  The  principal  stresses  on  AA'  and  US'  are  of  the  equal  intensity  of  34  lbs. 
per  square  inch,  being  a  thrust  on  AA*  and  a  tension  on  3S^.  Find  the  direction 
and  intensity  of  the  stress  on  a  third  plane  CC  inclined  at  66°  to  AA\ 

Ant,  A  tension  of  34  lbs.  per  square  inch,  its  direction  being  inclined  at  65° 
upon  the  other  side  of  OX  from  that  to  which  ON  is  inclined. 

69.  The  principal  stresses  on  AA'  and  BS^  at  a  point  ()  are  a  thrust  of  94  lbs. 
and  a  thrust  of  26  lbs.  Find  kind,  intensity,  and  obliquity  of  a  stress  on  a  third 
I^ane  CC  inclined  at  65°  to  AA'.    Using  results  of  Exs.  67  and  68, 

r  a  46*2  lbs.  per  square  inch  thrust,        y  a  34°  19^. 

70.  Two  unlike  principal  stresses  are :  on  AA'  a  thrust  of  146  and  on  BB  a 
tension  of  96  lbs.  per  square  inch.  Find  the  stress  on  CC  a  third  plane  inclined 
to  AA'  at  60°. 

|i=146,     and    9096. 

Half  sum  —~  is  a  thrust  like  j9, 
half  diff.  ^-^  is  a  tension  like  7,  since  9  >  45°  (see  fig.  27). 

it 

Ant,  r  =■  119-22  lbs.  per  square  inch  thrust,     y  ts  88°  5'. 

71.  At  a  point  within  a  solid  the  principal  stresses  are  thrusts  of  248  lbs.  and 
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172  lbs.  per  sqiiare  inch.     Find  the  normal  and  tangential  component  streaaea  on  a 
plane  inclined  at  15®  to  the  plane  of  greateat  principal  atreaa. 

n  =  (p  -  ^)  ain  (^  coe  9  r=  19  Iha.  per  aquare  inch, 

Tn^p  -  ooa^9  +  q  ain'9  »  243  Iha.  per  aquare  inch. 

Then  two  resulta  may  he  obtained  with  leaa  lahour  from  the  formulas 


n  =  — -^8in2^; 


^+J?+^^eoa2«. 


Inverse  Problem,  to  fikd  the  Principal  Stresses. 

Given  the  intensities,  obliquities,  and  kinds  of  the  stresses 
upon  any  two  planes  at  a  point  within  a  solid,  find  the  principal 
stresses  and  their  planes. 

In  the  general  problem  we  know  of  the  triangle  OMU 
(fig.  31),  the  parts  OR  and  y 
for  two  separate  positions  of 
the  plane  CC\  and  we  also 
know  that  OM  and  MR  are 
the  mjne  for  both. 

If  the  two  given  stresses 
be  alike  and  unegtuU  (fig.  44). 
Let  r  and  r  be  their  inten- 
sities, and  y  and  7'  their 
obUquities  upon  their  re- 
spective planes  CC  and  BI/, 
Let  r  be  greater  than  /. 
Note  that  it  is  not  necessary 
to  have  given  the  inclina- 
tion to  each  other  of  CC 
and  BIT. 

Choose  any  line  ON  and 
draw  OR  =  r,  and  making 
the  angle  NOR  =  7,  also 
draw  OR  =  r',  and  making 
the  angle  NOR^  =  7'.  Join 
RS^,  and  from  S  the  middle 
point  of  RR'  draw,  at  right 
angles  to  it,  SM  meeting  ON 
atJf.   Then  will  iffi  =  iff?. 


Fig.  44. 


Thus  we  have  found  OM  and  MR  to  suit  both  data,  and 
comparing  the  construction  of  the  direct  problem  (figs.  28,  29), 

we  have  ^,^    v -^  0  ,      ^rr^     P "  9 

OM  =  ^-^,     and     MR  =  ■-^, 

and  therefore 

p^OM-^MR;      q^OM-MR. 
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Consider  the  triangle  OM'R  alone,  and  consider  ON'  the- 
normal  to  BU :  then  ICWN'  =  W ;  hence  OX,  drawn  parallel 
to  M'T  (the  bisector  of  KM'IT),  is  the  axis  of  greatest  principal 
stres&  Thus  we  have  found  the  principal  stresses  p  and  q,  and 
the  position  of  their  axes  OX  and  OF  relative  to  DI/,  one  of  the 
given  planes. 

Since 


RMR  =  BfMN-  RMN'^  2d'  -  2(9 ; 


RMS'^O'-e, 


the  inclination  to  each  other  of  CC  and  DIf\  hence  if  the  other 
triangle  OMR  be  moved  round  0  through  this  angle,  it  and 
consequently  CC\  to  which  ON  is  the  normal,  will  also  be  in 
their  proper  positions  with  respect  to  the  axes  OX  and  OY. 

This  triangle  might  be  further  turned  round  0  till  ON  is 
inclined  at  an  angle  XON  =  0  on  the  other  side  of  OX,  when 
C(f  would  again  be  in  a  position  for  which  the  stress  would  l>e 
the  same  as  given.  This  would  increase  the  relative  inclination 
of  Diy  and  CC  by  twice  XON  or  by  2fl.  Adding  this  to  »'  -  « 
gives  ^  +  ft  That  is,  the  inclination  of  CC"  and  BIX  to  each 
other  is 

(d'-e)-^Jf5^  on  diagram, 
or 

(0'  +  e)  =  NMS  on  diagram, 

according  as  they  lie  on  the 
same  or  on  opposite  sides  of 
OXy  the  axis  of  principal  stress. 

If  the  two  given  stresses  Fig.  45. 

l)e  unlike  and  unequal  (fig.  45), 

considering  r  the  greater  as  positive,  /  will  be  negative.  Follow 
the  same  construction,  only  ORf  =  /  must  be  laid  ofif  from  0  in 
the  opposite  direction.  Complete  the  figure  as  before,  and  we 
have  from  either  figure 

Trigonometrically 


Similarly, 


MR"  ^OM^-^OB?-  20M.  OR  cos  MOR 
^  03P  +  r^  '  20M.r  cos  y, 

MR''  =  GAP  +  /»  T  20if .  /  cos  y' 

from  figs.  44  and  45  respectively. 


DmCRSE  PBOBLEM.  59' 

Subtracting,      0  =  r*  -  r^  -  20M(r  Qoay  T^^  cob  7'), 

and  therefore      ^-J^  =  OJf  =  — ^^^^ y-,  (A> 

2  2  (r  cos  7  -  r  C08  7  ) 

/  to  include  its  sign ; 
also       ^^  ^MR^  -/(OiP  +  r«  -  20Jtf .  r  cos  7)  1  ,gv 

or,  =v^(0iP+/*-20if./co8  7')  J 

a  known  quantity  when  the  value  of  QM  is  substituted  from 
equation  (A). 

p  and  q  are  now  obtained  by  adding  and  subtracting  equa- 
tions (A)  and  (B). 

From  R  drop  RL  perpendicular  to  ON,  then 

ML^OL-OM\    MR.Qo&NMR^OR.Qo&ROM-OM, 

^co8  2e  =  rcos7-^; 

.,    cos2e.?!1^21XrXZi.  (C) 

This  gives  twice  the  obliquity  of  the  axis  of  greatest  principal 
stress  to  the  given  plane  CG\  and  similarly  for  DIX 

cos2y=^^^^^-^"^. 

These  three  equations  (A),  (B),  and  (C)  are  the  general 
solution  of  the  inverse  problem  of  the  ellipse  of  stress.  (A) 
and  (B)  give  the  intensities  of  the  principal  stresses,  which  will 
come  out  with  signs  showing  whether  they  are  like  or  unlike  r, 
the  greater  of  the  given  stresses. 

In  some  particular  cases  the  construction  gives  a  much 
simpler  figure  from  which  the  equations  (A),  (B),  and  (C).in 
their  modified  form  are  readily  calculated. 

Particular  case  (a)  (figure  46).  Given  the  intensities  and 
common  obliquity  of  a  pan-  of 
conjugate  stresses  at  a  point ;  find 
the  principal  stresses,  and  posi- 
tion of  the  axes  of  principal 
stress.  (Note — ^There  are  more 
than  sufficient  data.) 

In  this  case  7  =  7',  and  -B, 
S,  and  K  are  in  one  straight  Fig.  46. 

line  with  0. 

Draw  any  line  0N\  draw  OR,  making  NOR  =  7  =  7';  and 
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lay  off  05  =  r  and  OSf  =  /  in  the  same  or  opposite  directions 
according  as  it  is  like  or  unlike  r ;  and  from  8^  the  middle 
point  of  RRy  draw  8M  at  right  angles  to  it,  meeting  ON  at  M, 
Join  MtQ  B  and  R. 


Then 


OM  cos  MOS        cos  MOS 


2         2cosy  ^    ^ 

Again     MR  ^  MS^ -^  BS"  ^  (OJP  -  O/S*)  +  BS" 

=  oiP-^iOS^-BS*)  =  oiP.  j^^J-  ^!:^'J} 


OJP-r/ 


/  r  +  /  Y    ^ . 
\2  cos  7/ 


ari.^ss^.JK^J.^j.  (B) 


(C) 


^     2rcosy-^-y 

and      cos  29  « — - — - 

p-g 

as  in  general  case, 

NON'^V  +  e  =  NMS^MSO  +  M?5=  ~  +  7. 

Hence,  the  angle  between  the  two  normals  to  the  sections 
CC  and  DI/  (or  the  obtuse  angle  between  CC  and  JJiy)  exceeds 
the  obliquity  by  a  right  angle.  This  we  know  ought  to  be  the 
case  from  the  definition  of  conjugate  stresses. 

It  may  be  easier  to  calculate  cos  2©  =  -  cos  BMO  in  terms 
of  the  sides  of  the  triangle  OMB  when  these  have  been  already 
found. 

From  M  as  centre  with  radius  MB^  describe  the  semicircle 
HRBN;  then  (fig.  46) 

Off=  OM-  MB  =  y,       0N=  0M-\-  MB  ^p. 
But 

OiV^xOJT=05xOJ2'(Euc.  iii36),  and  i^y-r/  (BO 
may  be  used  instead  of  (B). 
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Particular  case  (J)  (fig.  47).  Given  the  intenaitieB  and 
obliquities  of  the  stresses  on  a  pair  of  redangviar  planes, 
find  the  principal  stresses 
and  the  position  of  the  axes 
of  principal  stresa  (Note 
— ^^fiiere  are  more  than  suffi- 
cient data.) 

If  r  and  /  be  like 
stresses,  draw  any  line  ON. 
Draw  OB  =  r,  making 
XOB  =  7,  also  our  =  r' 
uiaking    NOBT  =  /. 

Complete  the  figure  as 
Lef ore- 


Pig.  47. 


The  given  planes  being  at  right  angles  are  necessarily 
inclined  upon  opposite  sides  of  the  axis  of  principal  stress*; 
hence 

NMS  -  inclination  of  given  planes  =  90°, 
and  USSr  is  parallel  to  ON, 

Therefore        ifiS  =  ^Z  =  r  sin  7  =  ISK^r'  sin  7', 
or  r  sin  7  =  /  sin  7^ 

That  is,  the  tangential  components  of  r  and  /  are  equal. 


OM^\{pL^OK)\ 


=  J(rcos7  +  /cos7').  (A) 


That  is,  the  sum  of  the  principal  stressses  is  equal  to  the^sum 
of  the  normal  components  of  r  and  r'.     (Compare  page  47.) 


JfiP  =  iiiS^»  +  MSi' 


-( 


OL  -  OKV 


J 


+  MS' 


(r  cos  7  -  /  cos  7') 


/\% 


+  r'  sm'7 ; 


2 
tan  29  = 


=    / j"'  ^^^  '    /   ^^^  '  '  +  r«  sm 


\{t  cob  7  -  /  cos  yj 
4 

EL  RL 


in'7> . 
r  sinj[7 


(B) 


ML     i(C>i  -  Oif)     i  (r  cos  7  -  /  cos /) 

_^i«£J^_,.  (C) 

r  cos  7  -  r  cos  7 


«^ 
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Putting  Tt  =  MS  =  r  sin  y  =  r'  sin  y'  =  the  common  value 
of  the  tangential  components  of  r  and  r  ;  also 

r„  =  Oi  =  r  cos  7  =  norm.  comp.  of  r, 

Tn  =  OK  =  /  cos  7'  =  norm.  comp.  of  /, 

the  equations  become 


2 


■i\ 


(Tn  -  /„)• 


+  r,' 


and 


tan  20  = 


2r^ 


r«  -  r' 


(Compare  (Ci)  with  page  35.) 

When  r  and  /  are 
unlike  stresses,  con- 
sider r,  the  greater, 
as  positive ;  then  must 
OS^  be  laid  off  in 
the  opposite  direction 
from  0  (fig.  48). 

the    conmion   tangen-     \ 
tial   component    of   r 
and    / ;    hence    EBf 
and    KZ    bisect    each     ^ 
other  at  fi'  or  M,  which 
coincide. 

«  +  o'     r  cos  7  -  r'  cos  V 
.-.     OM^i(OL-OK)',    -^^ ^^"2 


Fig.  48. 


or 


Jffp  =  ilfi' 


,  ,  ^.  =  (^-^V  i2Z«. 


(A.) 
(B.) 


(C.) 


(A.) 


=      I  (('•COB  7+^/ COS/)'  ^  ^  ^,^j  (g^-, 


tan  20 


.RL 


llL'  \LK'  \{pL  ■>r  OK) 

2r  Bin  7 

1 >• 

r  cos  y  +  r  C08  7 


(CO 


HOTIKG   MODEL, 


These  three  equations  (A,),  (B,),  and  (C)  are  identical  with 
(A),  (B),  and  (C)  with  (-  ■/)  substituted  for  /. 


;  The  above  diagram  represents  the  klnematical.  model  in  the 
Engineering  Laboratory  of  Trinity  College,  Dublin,  devised  by 
Professors  Alexander  and  Thomson  for  illustrating  Eankine's 
Method  of  the  Ellipse  of  Strees  for  Uniplanar  Stress,  On  the 
left  hand  of  the  diagram,  ON  is  a  T  square,  pivoted  to  the 
blackboard  at  O,  and  MR  is  a  pointer  pivoted  to  the  blade  of 
the  T  square  at  M.  On  the  pivot  M  a  wheel  is  fixed  at  the 
back  of  the  blade,  and  round  the  wheel  an  endless  chain  is 
wrapped,  which  also  wraps  round  a  wheel  fixed  to  the  board  at  0. 
The  wheel  at  f  is  of  a  diameter  double  that  of  the  wheel  at  M. 
Hence,  when  the  blade  of  the  T  square  is  turned  to  the  right 
the  pointer  MB  automatically  turns  to  the  left,  bo  that  the 
angle  SMN  is  always  equal  to  29  when  PON  equals  9 ;  or,  in 
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other  words,  the  bisector  of  RMN  is  always  parallel  to  OP.  A 
cord  is  fastened  to  the  pointer  at  R,  it  passes  through  a  swivel 
ring  at  0  and  is  kept  tight  by  a  plummet.  It  is  easily  seen 
that  the  point  R  describes  an  ellipse. 

CC,  the  head-stock  of  the  T  square,  represents  the  trace  on 
the  blackboard  of  any  plane  through  0  normal  to  the  board, 
and  the  vector  of  the  ellipse,  consisting  of  the  segment  RO  of 
the  cord,  represents  the  stress  on  the  plane  CO  in  intensity 
and  direction.  The  angle  PON  =  6  is  the  position  of  the  plane 
GO  relative  to  the  plane  of  greater  principal  stress  AA,  while 
RON  "  y  is  the  obliquity  of  the  stress  r  upon  CC. 

The  model*  shows  clearly  the  intei-esting  positions  of  the 
plane  00  \  thus  00  may  be  turned  to  coincide  with  A  A,  when 
the  cord  RO  will  be  found  to  be  normal  to  00  and  to  be  of  a 
maximum  length.  On  the  other  hand,  if  00  be  turned  to 
coincide  with  BB  the  cord  RO  is  again  normal  to  00,  but  of  a 
minimum  length.  Again,  when  00  is  so  placed  that  the  angle 
RMO  is  a  right  angle,  the  component  of  RO  parallel  to  (7C7  is  a 
maximum ;  and  lastly,  if  it  be  turned  till  MRO  is  a  right  angle, 
then  ROM,  the  obliquity  of  the  cord,  is  a  maximum. 

The  auxiliary  figure  (see  figs.  50  and  62)  on  the  right  of 
the  diagram  is  for  solving  the  general  problem  of  imiplanar 
stress  at  a  point,  viz.  given  the  stress  in  intensity  and  obliquity 
for  two  positions  of  00 y  to  find  the  stress  for  any  third  required 
position  of  00.  On  the  auxiliary  figure,  the  J  squares  for  all 
positions  of  00  are  superimposed  upon  each  other  and  are 
represented  by  one  T  square  fixed  to  the  board,  and  only  the 
pointer  MR  turns. 

In  solving  questions  on  the  stability  of  earthworks,  some 
linear  dimension  upon  the  auxiliary  figure  represents  the 
known  weight  of  a  column  of  earth,  while  another  dimension  is 
the  required  stress  on  a  retaining  wall  or  on  a  foundation,  &c. 
Gener«dly  two  angular  quantities  also  are  known,  such  as 
KON  =  ^  the  maximum  value  of  y,  this  being  the  steepest 
possible  slope  of  the  loose  earth,  while  RON »  y  may  be  the 
known  slope  of  surface  of  earth. 


*  The  model  was  exhibited  to  the  fioyal  Irish  Academy  early  in  1891,  and 
described  for  the  first  time  in  the  Academy's  Transaciions.  Beferenoe  may  be 
made  to  Bankine's  Civil  Engineering^  or  Applied  Meehaniet,  and  to  WiUiamson's 
Treatise  on  Street,  Numerical  examples  are  here  worked  by  this  method,  and  in 
Howe's  Betaining  Walla,  The  model  Ib  made  by  Messrs.  Teates  &  Son,  Grafton- 
street,  Dublin. 

In  Williamson's  Trtatite  on  Ehutieity,  this  model  is  shown  in  its  proper  place 
rdative  to  the  complete  systematic  treatment  of  elasticity. 
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On  tbe  other  side  of  the  board,  another  T  equare  is  similarlj 
pivoted  to  the  same  pin  0,  the  only  difference  being  that  OM  is 
shorter  than  the  pointer  MR.  It  repreeentfi  the  case  of  Unlike 
Principal  Stresses,  and  ia  useful  in  demonstrating  the  composition 
of  Btressee  such  aa  that  of  thrust  and  bending  on  a  pillar,  or  of 
bending  and  twisting  on  a  crank-pin. 


By  means  of  the  slots  on  the  eaeel  the  board  can  be  placed 
80  that  any  desired  vector  of  the  ellipse  may  be  vertical. 


ExAXPLie. 

7!.  If  from  axtentsl  coniliiioii*  it  b«  knovn  tbat  the  etiewea  on  two  plaoM  at  a 
peat  in  >  aolid  kre  thnuts  ol  64  sod  SOlbg.  per  square  inch,  mil  inclined  at  lO'ind 
'^  rapectiTelT  to  tba  noimals  to  ihsae  planea — find  the  principal  stresiea  at  that 
punt ;  the  pontion  of  the  axis  of  gipster  principal  Btnes  relative  to  the  flnt  plane ; 
ad  tba  incUnalioQ  of  tbe  I 
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Hake 

NOR  =  7  =  10^, 
and 

NOS  =  y  =  26°. 
Lay  off 

OB^r  =64, 

and 

OR'  « r'  =  30.  JO         o 

llllltlllll      

Join  RRfy  bisect  it  in  5,  draw  5Jf  at  „.     _ 

right  angles  to  RBf,  meeting  OJf  at  Jf :  "«•  *^"- 

complete  figure. 

Then  ^~?=Oaf,    and    ^-?  «  jf jj  =  ifg', 

or  p^iflMA-MR),    and    ^  =  (Oif- ifi?),    also    2$  =^  NMR. 

Triffonametriealkf 

MR*  «  OJn  +  OJP  -  20if .  OiZ  cos  JIfOJZ  =  Om  +  r»  -  20if .  r  cos  y. 
Similarly  JTiT  =  OJP  +  f«  -  20M.  r'  cos  y'. 

Therefore  subtracting 

0  =  r*  -  r^  -  20Jtf'(r  cos  7  -  r'  cos  -yO  ; 

•••     ^^=2(rcos7-^cos7r     ''     V "  62^43  =  ^^•*^-  ^^^ 

Jffl2  =  (88-45)»  +  (64)»  -  2  X  38-46  x  64  cos  10° 
sr  1478-4  +  2916  -  4088-8  »  306-6  ; 

.-.    — 2  ^  =  \/ 306-6  =  17-48.  (Bj 

The  principal  stresses  are 

P  =^"2^  ■'■^y^  =  ^^'^^  ^^*-  P®''  «q^ftre  inch  thrust,  like  r, 

j»  +  ^      p  —  q 
9-     2 2~~  "*  ^^'^^  ^^'*  ^^  square  inch,  thrust  being  +. 

Drop  RL  perpendicular  to  ON, 

ML^OL-OMy    or    Jfff  cos  XJfR  =  OiZ  cos  XOJf  -  Olf ; 

.'.    ^-^co8  2a  =  rcos7-^ii.  (C) 

^^     63-179-38-46      „  ^ 
^  1W8 ='^*26;     .-.   2fl  =  32°36';     .-.   «  =  16°  17J' =  ZOi^, 

the  inclination  of  OZ,  the  axis  of  greatest  principal  stress,  to  ON,  the  normal  to 
the  plane  for  which  r  was  given. 


UKIPLANAR  STRESSES.  67 


Similarlj, 


000  2^  «  -  -6673 ; 
.-.      20*  B  ISl""  6'  (obtuse  for  -  sign) ; 
9  B  ed""  33',  inclination  XON\ 

And  inclination  of  the  two  planes  to  each  other 

NON"^  EMS  «(«'-«)  =  49'*  16J', 
or  =  NM8  =  (^  +  e)  =  81«  SOJ', 

aoeorfing  as  they  are  on  the  same  or  opposite  sides  of  OX. 

73.  Knowing  that  at  a  point  within  a  solid  there  is,  on  some  one  plane,  a  thrust 
of  84  lbs.  per  square  inch  of  obliquity  5%  and  on  another  a  tension  of  24  lbs.  per 
square  indi  of  obliquity  20°,  find  the  principal  stresses  and  the  angle  made  by  the 
aiii  of  greatest  pnncipfd  stress  with  the  normal  to  first  plane. 

GoDsider  a  thrust  positiye  (see  fig.  46,  inverse  problem). 

r  =  84,    and    7  =  6*^;         r'--24,    and    y  =  20^ 

^i?=aJfiB  a  thrust  like  r,    and    =- ^^^^-^ T--30-6.  (A) 

2  *  2  (r  COS  7-1^  cosy) 

^-^  a  MS  is  a  thrust  like  r, 

MJP  B  Om  +  r»  -  20M  .  r  COS  7  =  930-26  +  7066  -  6104-48, 
^^  ^MB  =  \/2881-77  =  68-7.  (B) 

Therefore  by  adding  and  subtracting  (A)  and  (B), 

p  s=  84-2,     and     ^  =  -  23-2, 

or  the  pxindpal  stresses  are  a  thrust  of  84-2  and  a  tension  of  23*2  lbs.  per  square 
inch  le^ectiTely. 

^^     2rcos7-j9-9      167*36-61      ^^^^     • 

oog2a  = ^     ^     *■  — —=- =  -9903; 

p-q  107-4 

.-.     20  =  7'' 69',    and    0  «=  3""  69}',  inclination  to  axis  OX. 

74.  The  stresses  on  two  planes  at  a  point  within  a  solid  are  240  at  an  obliquity 
of  8^,  and  254*6  at  V  6*.  ^nd  the  principal  stresses  and  the  obliquities  of  these 
planes  to  the  axes  of  principal  stress.  (Note,  these  are  the  planes  BB'^  Ex.  67, 
tod  O&y  Ex.  59  ;  also  principal  stresses  are  calculated  Ex.  68.) 


^^=OJf  =  213-6 
2 

^  ""  ^  sr  JTJJ  =  41-26 


p  =  264-76, 


.-.     q  =  172-24, 


2 
cos  26  =  -9926,    or    2tf  =  r*l';     .-.•««  3°  30}. 

75.  At  a  point  within  a  solid,  on  one  plane,  there  is  a  tension  of  272  lbs.  per 
tqoara  inch,  of  obliquity  47^  6',  and  on  another  a  thrust  of  161*6  lbs.  per  square 

f2 
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inch  of  obliquity  16^  26'.    Find  the  principal  Btreases  and  the  angles  which  the 
normalB  to  toese  planes  make  with  the  axis  of  greatest  pimcipal  stieBS. 


?ii  =  Oif  =  70-2 


p  a  300-2  tension, 


^-H-?  =  Jffi  =  230 
2 


9  s  -  159*8  thrust, 


cos  2a  «  -6,  or    2«  =  60*» ; 

eos  2a' =  - -982,    or    2a'»  169^8'; 


9  =  80% 
a*  =  84°  84'. 


Therefore,  inclination  between  pknes,  (9^  "9)  =  66°  nearly.    Compare  Examploi 
65  and  66. 

76.  At  a  point  within  a  solid  a  pair  of  conjugate  stresses  are  thrusts  of  40  and 
30  lbs.  per  square  inch,  and  their  common 
obliquity  is  10^  Find  the  principal  stresses 
and  the  angle  which  normal  to  plane  of 
greater  conjugate  stress  makes  with  the  axis 
of  greatest  principal  stress. 

T)raw  OB,  making  NOR  -  7  =  V  7  10°  5 
lay  off  O22=:r  =  40,  and  (?jr  =  f'  =  30. 
Buect  RX  in  S,  draw  S3£  perpendicular 
toJlfi';  complete  figure.    Then 

^?±?  o  OJr.  and  ?^  =  Jf^fi,  and  2a  =  JJlf-y. 
2  ^ 


2 

08 
OM 


=s  cos  7 ; 


COS7 


or 


2 


35 


•9848 


Fig.  51. 
=  35-55. 


JfB»  =  Jf5»  +  i^iS^  =  OM*  -  (Oi»»  -  R8^ 


-°-'-{('4-0"-(t')'1-»'--''^ 


2 


=  v^(1263*8  -  1200)  =  8. 


Adding  and  subtracting  (A)  and  (B), 

p  m  43-6  a  thrust,    and    q  =  27-5  a  thrust, 

78-8-71 


cos  2a  = 


16 


•49. 


(A) 


(By 


(C> 


Therefore  2a  =  60°  40',    and    a -30°  20'. 

Or  geometrically  describe  semicircle  ERIRN  (fig.  51), 

ON^OM-^MR^p,    and    OH^OM-MR^q. 
ON.  OS=OR.  OS  (Euc.  iii.  36),    or    p .  y  =  r/  =  1200.  (B') 

Now  P  +  ?  =  711  ;  (A) 

.-.    |>«  +  2py  +  j»  «  5056-2  ; 
but  (B),        ^pq  =  4800 ;    .-.  i>«  -  2pq  +  j»  =  256-2 ;     .-.  i>  -  ^  =  16  : 
adding  to  and  subtracting  from  (A), 

.-.    2p  a  711 +  16,    and    2^  =  711 -16;      .-.!>  =  43-56,    and   q  =  2V55. 
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77.  At  a  point  within  a  solid,  a  pair  of  conjugate  streseeB  are  182  (tension)  and 
116  (tfanut),  common  obliquity  80^  Find  the  prindpal  stresses  and  the  position 
of  axes  (fig.  62). 

f'isiiegatiYe 


P  +  9 


=  01f=8«'14, 


P-t 


MS  ->  160*3 ; 


.'.  p  e  188-4  (thmst), 


Fig.  62. 


sod 


.-.  f  =  -  112*2  (tension), 
cos  2^  B  '7947 ; 
.*.   #»  18^41'. 


«•    W 


Fig.  68. 


78.  The  stressefi  on  tvo  planes  at  right  angles  to  each  other  being  thrusts  of 
240  and  198  Ihe.  per  square  inch  of  obliquities,  reepectiyely,  S°  and  10^.  Find  the 
principal  stresses  and  their  axes  {^.  68). 

Tn^r  cos  y,    and    f^n  s  i^  cos  y ;      also    ri  ersinyBf^siiiy; 
s  237-6  a  190  s  33*4 

^«01f«^:=4^  =  218*8, 
2  2  ' 

^  =  i«  -  J[  (^^^)  '+  n»  j  -  V(666  +  1116)  =  41 ; 


.-.    p  8  264-8,    and    q  =  172*8  ;     tan  2a  = 


2r« 


1*4034; 


.*.  20s64<'82';    .».    «a2ri6'.    (See  Examples  74  and  67.) 

79.  In  Ex.  78  given  that  the  193  is  a  tension,  find  the  principal  stresses. 

r  «  240,      and      f'   «  -  193, 
r»  »  237-6,  r'n  «  -  190, 

also  (ff)'  is  always  positive. 


2 

p-g 


MB 


-j(('^)^-i 


tan  2$ 


2  V(\      2 

=  V{(213*8)«  +  (33*4)«}  =216*3  ; 
.*.    p  B  240-1,  a  thrust,    and    ^  =  -'  192-6,  a  tension ; 
2rt  66*8 


r.-f',"  427-6 


1662  ;    .*.  2«  «  8**  68' ;    .*.  •  =  4**  26'. 


CHAPTER  IV. 

APPLIOATION  OF  THE  ELLIP8S  OF  STBESS  TO  THB  STABILITY 

OF  EABTHWORK. 

Loose  earth,  built  up  into  a  mass  on  a  horizontal  plane,  will 
only  remain  lq  equUibrium  with  its  faces  at  slopes,  whose 
inclinations  to  the  horizontal  plane  are  less  than  an  angle  ^. 
If  the  earth  be  heaped  up  till  the  slope  is  greater,  it  will  run 
till  the  slope  is  at  greatest  ^.  Moist  and  compressed  masses 
of  earth  can  be  massed  up  into  a  heap  with  slopes  greater 
than  ^,  and  will  remain  in  equilibrium  for  some  time,  but 
will  ultimately  crumble  down  till  the  slopes  do  not  exceed  ^. 
The  surface  soil,  which  is  in  a  compressed  state,  may  be  cut 
away,  leaving  banks  with  slopes  much  greater  than  ^.  These 
banks  will  only  remain  in  equilibrium  for  a  time.  Slips  will 
occur  till  ultimately  the  slopes  are  not  greater  than  ^. 

This  angle  ^,  which  is  the  greatest  inclination  (of  the  slopes 
to  the  horizontal  plane)  at  which  a  mass  of  earth  wiU  remain 
in  equilibrium,  is  called  the  wngU  of  repose.  It  has  different 
values  for  different  kinds  of  earth,  and  also  different  values  for 
the  same  earth  kept  at  different  degrees  of  moistness.  Average 
values  of  ^  for  different  kinds  of  earth  have  been  ascertained  by 
experiment  and  observation,  and  are  tabulated. 

If  two  particles  of  earth  are  pressed  together  by  a  pair  of 
equal  thrusts  p  and  p^  normal  to  their  siirface  of  contact,  it 
requires  a  pair  of  equal  thrusts  q  and  / 
tangential  to  that  surface  to  make  them 
slide  upon  each  other.  For  the  same 
material,  when  q  is  just  sufficient  to 
make  them  slide,  it  is  a  constant  frac- 
tion otp.  The  fraction  which  q  requires 
to  be  of  jo  just  to  cause  slipping  is  called 
the  coeffi(nent  of  friction  for  that  mate- 
rial.   Hence  the  coefficient  of  friction 

9 
P 
Figure  55  is  a  section  of  two  troughs  enclosing  earth,  and 
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pressed  together  with  a  thrust  of  intensity  p  normal  to  MN,  the 

plane  where  the  troughs  are  just  not  in  contact,  and  P  m  the 

amonnt  of  this  thrust.     A  thrust  of  intensity  q  tangential  to 

the  plane  MN  tends  to  cause 

the  earth  to  slide  in  two  parts 

aloi^  MN,  also  ^  is  the  amount 

of  this  thrust.      If  ^  be  just 

snfBcient    to    cause  slipping 

along  MN,  then  the  coefficient 

of  fnction  of  the  earth  is  —. ...  ..._. 


Fig.  5&. 


II  on  AB  and  CD  there  be 
a  thrust  of  intensity  p  inclined 
at  an  angle  ^  to  the  normal, 
we  know  that  for  equilibrimn 
of  the  prism  ABCD  there  must  be  a  stress  q  upon  the  faces  -"C^ 
uid  BD,  whose  tangential  component  equals  that  of  j> ;  but  ^^ 
tar  as  stability  along  the  plane  MN  is  concerned,  we  may  neglect 
?,  whose  normal  components  destroy  each  other  through  the 
material  of  the  trough,  and  the 
ta^ential    ones   are  at  r^ht  !  ^7 

an^es  to  MN.  Considering 
the  components  of  P,  the 
amount  of  p,  we  have  P  cos  0 

normal  to  MN.     If  slipping  is   .^^^i^^^K^^     H^^l 
juHt  about  to  take  place,  then     ws^- -^-^^--==  --*    ---.-^..- 

P  Bin  0     ,_ 

a  =  r=r =  tan  A. 

'^       i*  C08  0  ^ 

It  is  apparent  that  ^  is  the 

same  angle    we  were  before  Fig.  as. 

considering;  for,  if  P  be  due 

to  the  weight  of  the  material,  the  figure  ought  to  be  turned  till 

the  direction  of  f  is  vertical,  when  MN,  the  plane  of  alipping, 

will  be  inclined  at  ^  to  the  horizontal.    The  relation  between 

the  coefficient  of  friction  and  the  ai^le  of  repose  is 

^  >  tan  0. 

NOTB. —  If  it  were  not  upon  the  supposition  that  the  two 
troi^iB  (being  very  rigid  compared  to  the  earth)  transmitted 
d>e  equal  and  opposite  forces  tai^ntial  to  MN  without  causing 
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lateral  compressioii  of  the  earth,  we  could  not  neglect  q.  From 
this  result  we  learn  that  the  tendency  to  slip  along  the  plane 
MN,  due  to  p,  depends  entirely  upon  the  obliquity  of /?,  and  not 
at  all  upon  its  intensity.  Thus,  if  j9  be  inclined  at  an  angle  less 
than  iff,  slipping  will  not  occur  though  p  be  ever  so  great ;  but,  if 
p  be  inclined  at  an  angle  greater  than  j^,  slipping  vml  take  place, 
though  p  be  ever  so  small. 

Consider  now  the  equilibrium  of  a  small  prism  at  a  point 
within  a  mass  of  earth  in  a  compound  state  of  strain.  The 
earth  will  have  a  tendency  to  slip  along  any  plane  through  the 
point  (as  there  is  no  artificial  envelope),  except  along  the  planes 
of  principal  stress  at  the  point;  and  the  tendency  to  slip  will  be 
greater  along  the  plane  upon  which  the  resultant  stress  is  more 
oblique,  and  greatest  alon^  the  pair  of  planes  upon  which  the 
resvitant  stress  is  Ttiost  dbl%guey  it  being  of  no  consequence  how 
intense  the  stresses  upon  ^ese  various  planes  may  be,  but  only 
how  oblique.  If  the  stresses  upon  the  pair  of  planes,  for  which 
the  resultant  stress  is  more  oblique  than  that  upon  any  other 
plane  through  the  point,  be  themselves  less  oblique  than  ^,  no 
slipping  will  occur  upon  any  plane  through  that  point ;  but  if 
more  oblique  than  0,  slipping  will  take  place  along  one  or  both 
of  those  planes. 

The  condition  of  equilibrium  of  a  mass  of  earth  in  a  com- 
pound state  of  strain  is  that,  at  every  point,  the  obliquity  of 
the  stress  on  the  plane  upon  which,  of  all  others  through  the 
point,  the  resultant  stress  is  most  oblique,  shall  itself  not  be 
greater  than  ^. 

Since  earth  can  only  sustain  thrusts,  the  principal  stressee 
at  a  point  will  be  both  thrusts  which  excludes  case  (c),  and 
if  Y  be  the  obliquity  of  the  resultant  stress  upon  the  plane 
through  the  point  upon  which  the  stress  is  most  oblique,  then 
by  case  (d)  (fig.  37), 

p  -  q  p     l  +  siny 

p  '\-  q  q     l-smy 

By  increasing  y,  the  numerator  of  the  term  on  right-hand  side 
of  equation  increases,  while  the  denominator  decreases,  and  so 

the  ratio  -  increases.    But  ^  is  the  greatest  value  of  y  for  which 

equilibrium  is  just  possible. 

j»  _^  1  +  sin  ^ 
q     1  -  sin  ^ 

is  the  greatest  ratio  olpUi  q  consistent  with  equilibrium ;  henoe 
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The  condition  of  equilibrium  of  a  mass  of  earth  is  rnost 
conieenienily  stcUed  thus:  that  at  efoery  poifU  the  ratio  of  the 
greatest  to  the  least  principal  stress  shall  not  exceed  that  of 
(1  +  m  ^)  to  (1  -  sin  ^). 

Or  geometricaUy,  ^     ^^^^^ 

let      0Jf  =  ^4^,    make    MOR^i^. 

Drop  MR  perpendicular  to  072. 

Describe  the  semicircle  ERN, 
Because  MOR  ^  obliquity  of   thrust  on 

plane   which    sustains 
most  oblique  strain,  ^^    57 

and         ORM^W, 

MR  =  ^^-^.    (See  case  (d),  page  52.) 

Therefore  ON={OM+  ME^  =  p, 

and  OH'n{OM-MB)'-q; 

'    I     £^  -  O^-^^^     Qjf+  Qif  sin»  _  l  +  8in» 
•'   y  "  Ofl^""  Oif-ifB"  Oif-Oifsin0"l -sin^' 

For  earth  whose  upper  surface  is  horizontal,  the  vertical 
stress  due  to  the  weight  and  the  horizontal  stress  are  for  aU 
points  the  principal  stresses,  and  their  intensities  are  the  same 
for  all  points  on  the  same  horizontal  plane.  Generally  the 
vertical  is  the  greater  principal  stress  in  any  ratio  not  exceeding 
the  above ;  whenever  it  exceeds  the  horizontal  thrust  by  a  greater 
ratio  the  earth  spreads.  But  the  horizontal  thrust  may  be 
artificially  increased  till  it  exceeds  the  vertical  in  any  ratio  not 
exceeding  the  above.  Whenever  it  exceeds  the  vertical  by  a 
greater  ratio,  the  earth  heaves  up. 

The  third  axis  of  principal  stress,  which  we  are  all  along 
neglecting,  is  also  horizontal.  When  the  earth  is  in  horizontal 
layers  with  a  horizontal  surface,  all  vertical  planes  are  sym- 
metrical, and  the  three  planes  of  principal  stress  are  any  two 
vertical  planes  at  right  angles  to  each  other  and  the  hori- 
zontal plane.  The  stress  on  the  two  vertical  planes  being  equal, 
the  ellipsoid  of  stress  becomes  a  spheroid.  When,  however,  the 
horizontal  thrust  on  one  vertical  plane  is  artificially  increased, 
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that  plane  becomes  one  of  the  planes  of  principal  stress,  and  the 
stress  may  be  different  on  all  three.  See  the  definition  of  a 
geosiaiic  load  in  Chapter  XXII.,  the  numerical  examples  there, 
and  especially  the  quotations  from  Simms  on  Tumidling. 

Earth  in  horvsemtal  layers  loaded  wiih  its  tnon  vmght  tojind 
the  pressure  against  a  retaining  wall  with  vfrtical  hack. 
Let 

111  =  weight  in  lbs.  of  a 
cub.  ft.  of  earth, 

^  -  its  angle  of  repose, 

D  =  depth  of  cutting. 

Consider  a  layer  1  foot 
thick  normal  to  paper, 
and  choose  a  small  rect- 
angular prism  at  depth  x 
feet. 


•^ 


Let 


p  =  intensity  of  vertical  presaure  at  depth  x  feet  in 
lbs.  per  square  foot 

=  weight  of  a  volume  of  earth  one  square  foot  in 
section,  x  feet  high 

•9  wx  lbs.  per  square  foot. 

q  =  least  horizontal    stress  which  will  give   equi- 
librium, we  have 


p      1  -I-  sin  ^ 


1  -  sin  ^ 
1  4-  sin  ^ 

' .  X  lbs.  per  square  foot 


1  +  sm  f 
=  intensity  of  horizontal  pressure  on  wall  at  depth  x. 

On  the  right  side  of  equation  all  is  constant  but  x ;  hence  q  Is 
proportional  to  x,  is  zero  at  the  top,  and  uniformly  increase  to 


I  -  sin  ^ 


M> .  i)  at  the  bottom, 


-Bin  ^ 
f  sin  ^  ' 


=  average  intensity  of  pressure  upon  wall. 
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And  the  area  exposed  to  this  pressure  is  D  square  feet  Hence 
the  total  pressure  on  wall  is 

Q  «  average  intensity  of  pressure  x  area 
1  -  sin  0  wU^ .- 

^  "z  •  •      7r~"  IDS. 

1  +  sm  ^     2 

This  tends  to  make  the  wall  slide  as  a  whole  along  MP\  for 
equilibrium  the  weight  of  the  wall,  multiplied  by  the  coefficient 
of  friction  at  the  bed-joint  there,  must  be  greater  than  Q. 

If  PM  be  laid  oflf  to  represent  the  horizontal  pressure  at  P, 
and  M  be  joined  to  A,  then  MA  gives  the  horizontal  thrusts  at 
all  points  as  shown  by  arrows ;  Q,  the  resultant  of  all  these,  is 
horizontal^  and  passes  through  the  centre  of  gravity  of  the 
triangle  APMi  it  therefore  acts  at  a  point  C  called  the  centre  of 
piessure,  and 

Pa=JP^  =  |. 

Q  tends  to  overturn  the  wall  with  a  moment 

it-  Q  X  leverage  about  P 

^  D     1  -  sin  A  wl>  ,    ^  „ 

=  C  •  ^  =  1 ^— T-  -c~  foot-lbs. 

3      1  +  sm  ^      6 

Let  K  be  the  centre  of  the  vertical  pressure  due  to  the 
weight  of  the  wall  and  horizontal  pressure  of  earth  at  the  bed- 
joint  at  M\  also  let  the  vertical  line,  drawn  through  0  the 
centre  of  gravity  of  the  wall,  cut  the  joint  at  S\  then  for 
equiUbrium  the  moment,  weight  of  wall  x  leverage  KS^  must  be 
greater  than  M  the  overturning  moment. 

It  is  generally  sufficient  to  ascertain  if  this  lowest  bed-joint 
be  stable:  but  for  some  forms  of  wall  it  is  necessary  to  go 
through  aU  calculations  for  each  bed-joint  considered  in  turn  as 
bottom  of  walL 

In  a  wall  of  uniform  thickness  throughout  its  height,  the 
weight  increases  as  D\  whereas  the  force  Q  increases  as  i>',  and 
the  lowest  bed -joint  is  most  severely  taxed.  Similarly,  for 
overturning,  KS  being  constant,  the  product,  K8  x  weight  of 
wall,  increases  as  D  while  M  increases  as  L^,  K  would  be 
the  extreme  outside  of  the  wall  VL  the  material  were  perfectly 
strong;  for  stone  retaining  walls  SK  the  distance  from  the 
middle  of  base  of  wall  to  the  centre  of  pressure  at  that  base 
is  f  ths  or  i^ths  of  the  thickness. 
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Depth  to  which  the  faumdaium  of  a  waU  mast,  at  least,  be 
sunk  in  earth  laid  in  horizontal  layers  eanststent  with  the  eqw^ 
librium  of  earth. 

Consider  one  lineal  foot 
of  wall,  normal  to  paper. 

V  ■  voL  of  wall  in  cub.  ft, 

W  »  weight  of  wall  per   „ 

h   ^  height  of  wall  in  feet, 

b    B  breadth  of  waU  in  feet, 

d    m  required    depth    of 
foundation, 

w  -  weight  per  cubic  feet 
of  earth, 


^    B  its  angle  of  repose. 


Fig.  69. 


When  the  wall  has  just  stopped  subsidii^,  the  earth  on 
each  side  is  on  the  point  of  heaving  up,  so  at  the  horizontal 
layer  at  the  depth  of  d,  for  points  in  contact  with  the  bottom 
of  foimdation— ;?  exceeds  q  in  the  greatest  possible  limit,  that 
earth  being  on  the  point  of  spreading. 


or 


p     1  +  sin  ^ 
q     1  -  sin  ^' 


while,  for  points  just  clear  of  it,  p'  exceeds  /  in  that  limit ; 

...    ^',i±^i     and    ^  «  f LlEL^Y- 
/     1  -  sin  ^'  qq"     vl  -  sin  ^/ 

Now  p'  =  q,  being  horizontal  thrust  on  same  horizontal  layer, 
cancel  these  and  substitute  the  values 


P 


weight  of  wall        WV 
area  exposed  to  p        b   ' 


WV 
bwd 


^  a  weight  of  column  of  earth  »  wd  \  hence 
\1  -  sin  ^/  '  tt;6  \1  +  sin  ^) 
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-c- 


k-1. 


Fig.  60. 


Earth  spread  in  layers  at  a  uniform  slope,  and  loaded  with 
Us  own  weighty  to  find  the  pressure  against  a  retaining  waU  with 
a  vertical  hack.    Analytical  Solution. 

The  simpleBt  (com- 
moneet  in  practice)  case 
is  when  the  vertical  face 
of  wall  is  at  right  angles 
to  the  section  showing    ! 
greatest  declivity  of  free  p 
surface.    Let  the  paper   ; 
be  that  section  ;   then 
AB  is  the  trace  of  the 
upper  surface,  and  y  is 
its  greatest    inclination 
to  the  horizon. 

This  inclination  must  be  less  than  the  angle  of  repose,  or 
the  earth  would  run  over  the  wall.  In  an  extreme  case  they 
may  be  equaL 

Generally  7  <  ^• 

Take  a  slice  one  foot  normal  to  paper ;  suppose  the  earth 
to  be  spread  behind  the  wall  in  layers  sloping  at  the  ai^le  y, 
consider  a  small  parallelepiped  in  the  layer  of  depth  D  having 
vertical  facea  At  this  depth  D,  the  intensity  in  lbs.  per  square 
foot  of  the  vertical  pressure  due  to  the  weight  of  earth  above, 
on  a  horizontal  surfaeej  would  be  the  weight  of  a  cubic  foot  of 
earth  multiplied  by  the  depth  D  in  feet.     Hence 

w .  D  lbs.  per  square  foot 

=  intensity  of  vertical  pressure  on  parallelepiped  had  its  surface 
been  horizontal ;  but  the  sloping  surface  MN  is  greater  than 
the  corresponding  horizontal  surface  that  supports  the  same 
earth ;  so  the  vertical  stress  thereon  will  be  less  than  wD^ 
(fig.  10,  page  27),  and  will  be 

r  =  wD  cos  7  lbs.  per  square  foot. 

This  is  the  intensity  of  the  pressure  upon  the  faces  MN  and 
KL,  and  its  direction  is  vertical  and  therefore  parallel  to  any 
pair  of  vertical  faces  of  the  parallelepiped ;  hence  the  pressure 
on  any  pair  of  vertical  faces  is  in  its  turn  parallel  to  the 
face  MN'y  that  is,  every  vertical  plane  is  conjugate  to  the  free 
^rface. 
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Now,  as  we  have  selected  the  faces  of  MNLK,  the  pressure 
on  the  faces  parallel  to  the  paper  when  drawn  parallel  to  the 
free  surface  will  be  horizontal,  so  that  the  stress  normal  to  the 
paper  is  a  principal  stress,  and  the  plane  of  the  paper  is  the 
plane  of  the  other  two  principal  stresses.  We  can  apply  there- 
fore our  preceding  results. 

Let  /  be  the  stress  on  the  vertical  faces  MK  and  NL :  it 
must  be  parallel  to  the  free  surface,  and  so  its  direction  is  that 
of  the  sloping  layer,  so  that  every  point  in  that  layer  is  in  the 
same  state  of  strain,  and  /  is  transmitted  along  the  layer  to  act 
on  the  walL 

To  find  out  the  ratio  of  ih&pair  of  conJTigate  stresses  r  and  r' 
whose  common  obliquity  is  7 ;  from  particular  case  {a)  of  the 
inverse  problem  (fig.  46,  page  59),  we  have 

W^lljy.rA^P^  (B) 

V(4co8»7  j         2    •  ^  ' 

and 

^  +  *^  „  P±S.  ■  (A\ 

20087        2     '  ^    ' 

squaring  both,  we  have 

{r  +  rj        ,_Ap-  qY         ,     {t  +  tQ*     (p  +  g)' . 

C08*7  4  4  COS*  7  4 

<lividing,  we  have 


^      47T'cos'y     fp-Q\ 


But  when  earth  is  just  in  equilibrium, 

p     1  +  sinA  p-  Q 

-  =  = : — -y    or     - — -  =»  sm  A ; 

q      l-sm0  p  +  q  ^' 


.  4rr'cos*7       .  4r7'' 008*7     ^        .  , 

{T  -^  r  y*  ^  (r  +  ry  ^  ^ 

•••    p-^.  =  ^.    or    (r  +  /)'  =  4n.'S2^.  I. 

(r  +  /)•     cos'7  ^         ^  cos'^ 

Now  identically  4rr'  =  4r/. 


STABILITY  OF  KAETHWORK.  79 

Subtractmg, 

(r^ry^^(^-l)^^^'y\'^*.       II. 

^  ^  VC08'#         J  COB> 

Dividing  XL  by  I., 

r  +  r 7  cos'^        '  cos'y  cos'y       ' 

r  -  r'      ±  v^(cos*y  -  cos*^) 
'  '     r  +  r'  cos  7  ' 

r  _^  COB  7  ±  v/(co8'y  -  cos*^) 
/     cos  7  qp  -v/Ccos'y  -  cos*^) 

That  is,  r  may  be  greater  than  /  in  the  ratio  taken  with 
the  npx)er  signs,  when  the  earth  lb  on  the  point  of  spreading, 
and  the  wall  is  subjected  to  the  least  possible  value  of  / ;  and 
again  r  may  be  less  than  /  in  the  ratio  taken  with  the  lower 
signs  when  the  wall  is  artificially  pressed  against  the  earth 
till  the  earth  is  on  the  point  of  heaving  up  and  the  wall  sub- 
jected to  the  greatest  possible  value  of  /. 

For  equilibrium  of  retaining  wall  take  upper  signs,  and 
reverse  the  proportion, 

r'     cos  7  -  v^(cos'y  -  cos'^) 
r      cos  7  +  v^(cos*7  -  cos'^) 

/ 
Cor. — ^In  extreme  case  y  -  (ft,  and  therefore  -  «  1,  or  /  ■■  r, 

T 

ix.y  the  conjugate  thrusts  are  equal. 

Substituting  the  value  of  r,  we  have  the  least  intensity  of 
the  conjugate  thrust  at  the  depth  2>, 

,  -,  cos  7  -  >/(C0S*7  -  COS* A) 

r  ^wD  cos  7 '- 77 — ^ r^, 

'  COS  7  +  v^(cos'7  -  cos'^) 

and  its  direction  is  parallel  to  the  upper  free  surface. 

On  right-hand  side  of  equation  everything  is  constant 
except  Dy  so  that  /  varies  as  the  depth. 
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Let  D  be  depth  of  vertical  face  of  wall.    Lay  oflf  CT  to 

to  represent  /.    Join  AT,  and  this  locus  will  represent  the 

throst  on  the  wall.    The  aven^  intensity 

/ 
is  ^,  and  the  total  thrust  is 

R  -  average  intensity  x  area  exposed 

/ 
=  ^  lbs.  per  sq.  ft.  x  2?  sq.  ft. 

wL^  cos  y  -  ^/(cos'7  -  COS*0) 


COS  7 


COS  7  +  v^(cos*7  -  cos'^) 


lbs., 


Fig.  61. 


and  it  is  parallel  to  free  surface  and  passes  through  the  centre 
of  gravity  of  the  triangle  ATC  so  that  EC  =  ^. 

Besolving  S^  into  horizontal  and  vertical  components, 

-ff  «  ^  cos  y,         F" "  ^  sin  y. 

H  tends  to  make  the  wall  slide  as  a  whole  along  the  bed- 
joint  at  C;  and  for  equilibrium  of  the  wall,  weight  of  wall  x 
coefficient  of  friction  at  bed-joint  must  be  greater  than  ff. 

H  tends  to  overturn  the  wall  with  a  moment 


—(f)- 


wD^        ,    cos  y 

QOQty  L 

6  '  cos  y 


+  v/(C0S''y  -  COS'^) 


For  equilibriitm  of  wall,  its  weight  multiplied  by  KC  feet 
must  exceed  M.    For  position  of  jK'see  fig.  58  and  foot  of  page  75. 

Note. — V,  the  tangential  component  of  the  pressure  of 
earth  on  the  back  of  wall  multiplied  by  KC,  tends  to  resist  M 
and  to  increase  effective  weight  of  waU,  but  the  friction  of  the 
earth  there  is  liable  to  be  destroyed  by  water  lodging,  and  it  is 
not  always  safe  to  rely  on  it. 

Greometrieai  Solution. — r  =  wD  cos  y,  being  the  vertical  con- 
jugate thrust,  on  a  layer  at  depth  D,  due  to  the  weight  of  the 
earth,  to  find  in  terms  of  r, 

/,  the  conjugate  thrust  parallel  to  layer. 
p  and  g,  the  principal  stresses  in  the  plane  of  paper. 
0-7,  the  inclination  to  the  direction  of  r  (ie.,  the 
vertical),  of  the  axis  of  p. 

And  the  third  principal  stress  normal  to  plane  of  paper. 
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CoNSTsncnoN  of  thi  Auxiliabt  Fiqusk  to  Ellipse 

OF  Stbiss. 
Let  (fig.  62) 

OM-^^;   make   MOK~f, 

the  an^e  of  repose  of  earth.    Drop  MK  perpendicular  on  0K\ 
then 


MB 


2 


(Case  (d),  p.  52.) 


----". 


Fig.  62. 


Uraw  semicircle 


0H=OM-^MH^q,        ON^OM^MN^p, 

Draw  OK  By  making  NOB  =  y,  the  common  obliquity  of 
the  conjugate  thrusts  r  and  /,  and 


OB  =  r,        OR^  /. 


(Case  (a),  p.  59.) 


The  relations  among  those  are  easily  expressed  trigono- 
metrically  by  supposing  OM  proportional  to  unity,  when 

OM  prop,  to  1 ;    radius  p  prop,  to  sin  ^ ; 

OS  prop,  to  cos  7 ;    MS  prop,  to  sin  y, 

BS^^{MR-MS%    or    ^(p^^MS')     (Euc.i.47.) 

prop,  to  ^/(sin•^  -  sin'y),    or    ^(cos*^  -  cos*^). 

p  or  OJV»  OM-^  p,    prop,  to  (1  +  sin  ^), 

g  or  OH  =  OM  -  p,    prop,  to  (1  -  sin  ^), 
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/  or  OR  ^08-  BS,    prop,  to  {cob  y  -  v^(coB'y  - cob»  ), 

and    r  or  OB  ^  OS  ■¥  RS,    prop,  to  {cos  y  +  \/(co8'y  - cos'^) ). 

f  t'     cob  7  -  v/(co8'y  -  cosY) 
r  "  cos  7  +  v/(cos*7  -  cos'^)' 

p  1  +  sin  ^ 


r 


cos  7  +  v^  (C08'7  -  COB*^) 

1  -  sin  ^ 


COB  7  +  v^  (008*7  ■"  cosV) 

The  axis  of  p  makes  an  angle  9  =  \RMNy  with  ON  the 
normal  to  the  (sloping  layer)  plane  upon  which  r  acts  and  on 
the  same  side. 

2rcos7-^-g' 


Also 


cos  29 


(Case  (a),  p.  60.) 


Since  the  earth  is  upon  the  point  of  spreading,  the  principal 
stress  normal  to  the  paper  will  be  the  least  possible,  that  is,  it 
will  be  equal  to  q. 


■r..:j}R 


Fig.  63. 

Hence  this  is  the  horizontal  stress  on  vertical  face  of  a  wall 
ruiming  up  the  steepest  declivity :  that  it  is  greater  than  the 


STABILITY  OF  EARTHWORK. 


83 


horizontal  throat  for  horizontal  layers  may  be  seen  by  supposing 
fig.  57  on  page  73  to  be  drawn  to  such  a  scale  that  the  line 
OiV  (which  there  represents  the  weight  of  verticfld  column  of 
earth)  will  be  of  the  same  length  as  OL  (which  in  fig.  62 
represents  same),  and  superimposing  it  upon  this  figure,  OH 
there,  will  be  seen  to  be  shorter  thaii  OH  here. 

From  a  point  O  on  layer  at  depth  D  draw  ON  (fig,  63)  the 
normal  to  layer.  Lay  off  OM,  &c.,  complete  construction  as  in  last, 
but  now  in  its  proper  position,  properly  oriented  and  to  scale.* 

Draw  OP  parallel  to  MT  the  bisector  of  RMN\  this  and  OQ 
are  the  axes  of  the  ellipse  of  stress  parallel  to  plane  of  paper. 

Lay  off*  OP  =  ON  and  OQ  -  OH,  and  draw  ellipse ;  since 
MR  is  always  less  than  OM  for  like  principal  stresses,  MRO  >  y, 
.-.  NMR  >  2y,  .'.  fl  >  y,  and  OP  is  always  in  the  acute  angle 
EOW  between  the  vertical  and  the  line  of  greatest  declivity, 
and  THAlring  (0  -  y)  with  vertical. 


flbneumfial.  ploote 


Fig.  64. 


Since  the  third  principal  stress  normal  to  paper  is  also  OQ, 
then  if  the  ellipse  revolves  about  POP  it  vnlU  sweep  out  a 
sphtroid.  Its  trace  on  a  plane  parallel  to  the  free  surface  is  the 
ellipse  B^QR  (fig.  64),  some  vector  of  which  is  the  stress  on  any 
vertical  plane. 

*  In  Professor  Malyam  A^  Howb*8  Treatiw  on  Retaining  Walls,  in  which  he 
adopts  tfaiB  method  of  Rankine's  as  developed  by  us,  he  compares  Bausohinffer's 
eonrtmctioa  with  that  of  fig.  63,  p.  82,  and  shows  that  they  are  identical.  Bau- 
sehinger'B  ocnutruction  is  very  arbitrary,  and  fails  to  recommend  itself  as  fianldne's 
does  by  rational  steps  readily  remembered. 

o2 
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80.  The  weight  of  a  certain  earth  is  120  Ibe.  per  oubio  foot,  its  angle  of 
lepoee  26^  It  ii  spread  in  hoiisimtal  lajrers.  Find  the  ayenge  intendtr  of  the 
pressure  against  a  retaining  wall  with  Tertio&l  laoe  and  4  feet  in  depth.  Also,  find 
total  preomre  agjunst  a  slice  of  wall  1  foot  in  the  direction  of  the  length  of  the  wall 
and  the  overtnmiBg  mMient  of  the  earth  about  the  lowest  point. 

|»  ss  4ir  ss  480  lbs.  per  square  foot, 

l-w^      .  194-8  lb.,  per  ^u««  foot, 
*l  +  sin^  «^"» 

average  pressure  »  i«  «  97*4  lbs*  per  square  foot, 
total  pressure  Q  «  97'4  lbs.  per  square  foot  x  4  square  feet «  389*6  lbs., 
orertuming  moment  if  =  Q  lbs.  x  |  ft.  b  519*6  ft.olbs. 

81.  Grayel  is  heaped  against  a  vertical  wall  to  a  height  of  3  feet ;  weight  of 
gravel  94 lbs.  per  cubic  foot;  angle  of  repose  38**.  Find  horisontal  thrust  per 
Uneal  foot  of  wall,  also  overturning  moment. 

Q  »  100*6  lbs. ;         M »  100*6  f t.-lbs. 

82.  A  ditch  6  feet  deep  i»cut  with  vertical  faces  in  clay.  These  are  shored  up 
with  boards,  a  strut  beingput  across  from  board  to  board  2  feet  from  bottom  at 
intervals  of  6  feet  apart.  The  coefficient  of  fxiction  of  the  moist  day  is  '287,  and 
it  weighs  120  lbs.  per  cubic  foot.  Find  the  thrust  on  a  strut ;  also  find  the  greatest 
thrust  which  might  be  put  upon  the  struts  before  the  adjoining  earth  would 
heave  up. 

Since  tan  ^  =  *287 ;  .*.    sin  ^  »  •276  ; 

therefore  Q  «  1226-6  lbs.  per  lineal  foot. 

Thrust  per  strut  s  6127*6  lbs.,  just  to  prevent  earth  from  falling  in. 
Greatest  thrust  which  might  be  artificially  put  upon  each  strut  before  earth 
would  heave  up  =  19029  lbs. 

83.  A  wall  10  ft.  high  and  2  ft.  thick,  and  weighing  144  lbs.  per  cubic  foot,  is 
founded  in  earth  112  Ibis,  per  cubic  foot,  and  whose  angle  of  repose  ia  32''.  Find 
least  depth  of  foundation. 

p  s  intensity  of  vertical  pressure  below  bottom  of  foundation 

s  144  X  10  »  1440  lbs.  per  square  foot, 

q'  =  intensity  of  vertical  pressure  at  same  depth  clear  of  foundation  ssll2.d, 

«'      /l-sinA\<  ^.112 

but      I.«(i— ^)    ;     .-.    -li^=.094;     .*.    rf=l*21ft. 
p      \l-l-sm^/  1440 

Non.~The  height  of  wall  above  ground  UlO-d^  8*79  ft. 
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84.  An  iron  column  ii  to  bear  a  veiglit  of  20  tons ;  the  foundation  is  a  stone'' 
3  ft.  ware  on  bed,  sunk  in  earth  weighing  120  Ibe.  per  cubic  foot,  angle  of  repose 
2r.    rad  least  depth  to  vhioh  it  must  be  sunk  lor  equilibrium. 

44800 lbs.      ,«.«,,  M    X        i     ,«*.3 

p  s=  — 2r~*  -  ^^7^  ^'  P^  square  foot ;    ^  s  12O1I, 

w  sq.  Zw* 

.^  ^      /l-8in^\«  _     4978      ,^,      ^^ 

but  -  -  (:; :— ^1    ;       .".     rf«=-rTr  5<  -141  esOft. 

p      \1  +  Sin  ^/    '  120 

85.  A  brick  wall,  allowing  for  openinn,  weighs  4000  lbs.  per  rood  of  36  square 
feet  (oB  an  aTera^  one  bride  and  a  halQ,  and  stands  42  feet  above  ground ;  the 
loundation  is  to  widen  to  four  bricks  at  bottom.  Find  depth  of  foundation  in  clay 
Togfaing  ISO  lbs.  per  cuMo  foot  (angle  of  repose  27^.  1st,  neglect  weight  of 
unknown  foundation. 

Wr=  weight  of  1  lineal  foot  of  wall »  4667  lbs., 

Wr     weight  of  lineal  feet     4667  lbs.      ,  ^e-  ,v  m  ^ 

''-i^ an^aofbase 8^;j-ft7  =  1556 lbs.  per squa«. foot, 

^      /l-sin27*\* 

130.  il 
or    ----.s-141;     .'.    if «  1*7  feet  least  depth. 
1656 

Sty  2  feet  deep  by  an  ayerage  of  3  bricks  thick,  i,e,,  4}  cubic  feet  per  lineal 
loot  at  125  lbs.  giyes  extra  weight  of  663  lbs.    Adding  this, 

1743 
.'.    WT^  6230  lbs. ;     .\    p^  1743  ;    and    <f » -f—-  x  -141  =  2  feet. 

86.  A  wall  9  feet  high  fkces  the  steepest  decliyity  of  earth  at  a  slope  of  20®  to 
tbe  hoiiion ;  weight  of  earth  130  lbs.  per  cubic  foot,  angle  of  repose  30".  Find 
sTcnge  intensity  of  thrust  on  wall,  the  total  thrust  on  wall,  the  hotisontal  com- 
ponent of  thrust,  and  the  OTertuming  moment  of  this  component. 

Data :  y  =  20*^,  greatest  slope  of  earth,      ^  e  30°,  angle  of  repose  of  earth, 

w  s  130  lbs.  weight  of  cubic  feet  of  earth,  2)  b  9  feet  depth  of  walL 

r  =■  intensiiy  of  vertical  stress  at  depth  9  feet  per  square  foot  of  sloping 
surface 

B  wD  cos  7  s  130  X  9  X  cos  20** «  1099  lbs.  per  square  foot 

f'  is  the  conjugate  thrust  whose  direction  is  parallel  to  sloping  surface  when 
ctith  is  just  about  to  spread. 

r[  _  cos  7  -  V(cos»y  -  cosV)      *9397  -  -364 

r  ~  cos  7  +  V(cos*7  -  cos»  ^  -9397  +  -364  ~         ' 

.*.    f'  s  1099  X  *442  s  486  lbs.  per  square  foot. 

Average  intensity  of  conjugate  stress  s  243  lbs.  per  square  foot. 
Total  thrust  per  lineal  foot  of  wall 

X  «  ayerage  intensity  x  area  «  243  x  9  «  2187  lbs., 

JS^B  ir  cos  7  a  2055 lbs.,        M^  JTlbs.  x  ^^  ft  =  6165  ft-lbs. 

Weight  of  wall  multiplied  b^  coefficient  of  friction  at  lowest  bed-joint  (if 
luRiontsl)  must  equal  H  multiplied  by  a  factor  of  safety.     Weight  of  wall 
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multiplied  by  fths  of  lialf  thicknees  at  bottom  must  equal'if  multiplied  by  factor  of 
safety.    (Weight  in  lbs.,  thickneaa  in  feet.) 

87.  The  slope  of  a  cutting  being  one  in  one  and  a  half,  weight  of  earth  being 
120  11m.  per  cubic  feet,  and  its  angle  of  repoee  36^.  Find  ayerage  intensity,  amount 
of  horizontal  component,  and  oyertuming  moment  of  the  thrust  upon  a  3  feet 
retaining  wall  at  b<>ttom  of  slope. 

tan  7  =  ,— -  B  -6666 ;    ..  7  =  33°  42',    f  -*  36%    and    «?  =  120  lbs., 
1.5 

D  =3  3  feet ;     .'.   r  ss  tcl)  cos  7  b  299  lbs.  per  square  foot. 

r;_oo,y-V(co.»y-oo.'»)     .g        ...   ,'  =  299  x -62  =  186-4, 

r      cos  7  +  V(cos'7  —  cos'^) 

and  ayerage  intensity  of  stress  =  92*7  lbs.  per  square  foot, 

ir  =  ^  X  D  sq.  ft.  =  278  lbs.,    S^S^  cos  7  =  231-6 lbs., 

JfB^'xf  =  231-6  ft.-lbs. 

88.  A  cutting  haying  3  feet  retaining  walls  is  made  on  ground  sloping  at  20°  to 
the  horison.  Weight  of  earth  is  120  lbs.  per  cubic  foot,  and  its  angle  of  repose  30°. 
Find  the  horizontal  thrust  and  the  oyertuming  moment — 1st,  when  cuttmg  runs 
horizontal ;  2nd,  when  cutting  runs  up  steepest  dediyity. 

Date:  D- 3  feet,      7  =  20°,      «>-1201bs.,      ^  =  30°. 

(ist)  r  s  taJ)  cos  7  =  338  lbs.  per  square  foot 

=  stress  on  sloping  layer  at  depth  D,  being  yertical, 

r'  _  cos  7  -  v'(cos'7  -  cos^^)  _  '676  _         ^ 

7  "  cos  7  +  V(co8*7  -  cos»  ""  1-304  ~         ' 

.-.    f'  =  338  x  -442  =  149*4  lbs.  per  square  foot 

s  conjugate  stress  on  yertical  face  of  wall,  being  in  sloping  layer 
inclined  at  7, 

r^  cos  7  =  140*4  lbs.  per  square  foot 

=  horizontal  thrust  on  wall,  at  foot  of  wall. 

Ayerage  do.     «  70*2. 

Total  do.  B  ayerage  intensity  x  area  =  70*2  x  3  =  210*6  lbs.  per  lineal 

foot  of  wall. 

Moment  =  210*6  x  --  =  210-6  ft.-lbs. 

/A  jx  9  I  -  sin  *  -6         ^_„ 

^      '  r      cos  7  +  V(cos*7  -  cos»^)      1*304 

.*.    ^  s  338  X  '383  s  129*3  lbs.  per  square  foot 

=  least  principal  stress  in  section  on  greatest  decliyity 

=  also  third  principal  stress  which  is  j^horizontal  on  face  of 
yertical  wall. 

Ayerage  do.     =s  66  lbs.  per  square  foot. 

Total  do.  «  65  X  area  =  65  x  3  =  196  lbs.  per  lineal  foot  of  wall. 

Moment  e  196  lbs.  x  —  =  195  ft.4b8. 

o 


CHAPTER    V. 


THB  SCISNTIFIG  DESIGN  OF  MASONBT  RETAINING  WALLS. 

Ik  treating  this  subject  analytically,  we  will  consider  retaining 
walls  as  being  built  of  blocks  which  touch  each  other  at  the 
joints,  and  which  can  exert  pressure  and  friction,  but  not 
tension.  Some  cements  are  so  strong  that  the  whole  structure 
may  be  considered  as  one  piece,  in  which  case  arise  questions 
of  strength.  In  what  follows  we  do  not  take  account  of  this 
action  of  the  cement,  but  consider  the  joints  as  being  able  to 
resist  pressure  only.  The  two  conditions  which  must  be  ful- 
filled for  a  joint  of  this  kind  are :  (1)  The  residtant  pressure 
on  the  joint  should  fall  well  within  that  joint ;  and  (2)  the 
line  of  action  of  this  pressure  should  not  be  inclined  to  the 
normal  to  the  joint  at  an  angle  exceeding  the  angle  of  repose 
for  masonry.  When  these  two  conditions  are  fulfilled,  the 
joint  is  said  to  have  stability  of  position  and  stability  of 
friction. 

In  order  to  find  the  direction  and  amount  of  earth  pressure 
on  the  wall,  Bankine's  method  of  the  ellipse  of  stress  is 
employed;  and  from  the  results  obtained  for  earths  whose 
natural  slopes  are  0  «  30"^  and  ^  =  45°,  and  whose  free  surfaces 
are  horizontal  and  inclined  at  the  natural  slope  ^,  the  thick- 
nesses of  walls  of  depth  20  feet  are  calculated. 

The  angle  of  repose  for  earth  is  its  natural  slope,  and  is  the 
greatest  inclination  to  the  horizon  at  which  its  free  surface  will 
permanently  remain ;  and  we  assume  for  earth  what  is  true  for 
a  granular  mass,  that  ''  It  is  necessary  for  stability  that  the 
direction  of  the  pressure  t^etween  the  portions  into  which  a  mass 
of  earth  may  be  divided  by  any  plane,  should  not  at  any  point 
make  with  the  normal  to  that  plane  an  angle  exceeding  the 
angle  of  repose." 

Proposition. — ^For  every  state  of  stress  parallel  to  one  plane, 
there  are  two  planes  perpendicular  to  each  other,  on  each  of 
which  the  stress  is  wholly  normal.  These  two  directions  are 
called  principal  axes  of  stress ;  and  the  stresses,  which  are 
coiyagate,  are  called  principal  stresses.    A  pair  of  stresses,  each 
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acting  on  a  plane  parallel  to  the  direction  of  the  other,  are  said 
to  be  conjugate. 

RedanffiUar  Wall. — A  C  F  K,  m  fig.  65a,  represents  the 
wall  in  cross  section ;  depth,  d  =  20  feet ;  length,  /  =  1  foot ;  it 
supports  a  bank  of  earth  whose  upper  surface  is  horizontal,  and 
whose  natural  slope  is  30^ 

Let    w  =  weight  of  masonry  «  140  lbs.  per  cubic  foot, 
vf  =  weight  of  earth  =  120  lbs.  per  cubic  foot, 
^  »  angle  of  repose  of  earth  «  30°, 
t  »  thickness  of  wall  at  base  in  feet. 

In  this  case,  r  and  /  are  principal  stresses,  and  for  dis- 
tinction may  be  replaced  by  p  and  q  (p.  74,  or  fig.  49) ; 


g  _  1  -  sin  ^     1 

p     1  +  sin  0     3 


(1) 


That  is,  the  horizontal  pressure  at  any  point  of  A  C,  the  back  of 
the  wall,  is  one-third  of  the  vertical  pressure  due  to  that  depth 
of  earth.  At  G,  the  base  of  the  wall,  the  vertical  and  horizontal 
pressures  of  earth  are  therefore 

p  »  20  X  120  =  2400  lbs.  per  square  foot, 
j'  =  ^  =  800  lbs.  per  square  foot. 

This  amount  q  is  represented  by  C  T,  By  drawing  A  T,  a, 
triangle  is  formed;  and  the  horizontal  earth  pressure  at  any 
point  ot  AC  ia  given  by  the  line  dravm  from  the  point  to  meet 
A  T,  and  parallel  to  G T,  The  area  oi  AGT  represents  the 
total  overturning  force  on  AG  due  to  the  earth  pressure,  €md  it 
may  be  taken  as  acting  through  the  centre  of  gravity  of  ^  C  ^ ; 
thus 

G  =  «00ji^^  8000  lbs. 

acting  at  S,  6f  feet  above  the  base  G 

Tbe  ellipse  of  stress  for  a  point  at  the  average  depth  of  10 
feet  is  drawn ;  OJT,  OY  (fig.  656)  are  the  principal  axes  of  stress ; 
the  semi-diameters  represent  p  and  q,  now  of  half  the  values 
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above;  CC  represents  a  portion  of  the  plane  AC  (fig.  65a), 
on  which  the  intensitjr  of  pressure  is  required.  ON  is  drawn  at 
right  angles  to  CC\  and  along  it,  OM  is  taken  equal  in  length 

to^^  =  800  lbs. ;    MR  -^-^  =  400  lbs.  is  drawn  so  that 

BMN^  20  where  the  angle  X0N^9\  in  this  case  9  -  90^ 
and  MR  lies  in  MO ;  the  point  R  thus  found  lies  on  the  ellipse 
of  stress,  and  the  line  RO  represents  the  intensity  and  direction 
of  pressure  on  CC  at  the  average  depth  of  10  feet. 

To  find  the  thickness  of  wall  required  for  stability  of  position, 
let  0  (fig.  65a)  be  the  centre  of  gravity 
of  wall,  and  from  O  draw  downwards  a 
vertical  line;  produce  the  line  of  action 
of  Q  through  Ey  and  let  H  be  the  point 
of  intersection ;  from  H  draw  HV  »  Q 
=  8000  lbs.,  and  HD  =  W  ^  weight  of 
wall  (not  yet  determined) ;  complete  the 
parallelogram  of  forces  and  draw  the 
diagonal  HZ^  producing  it,  if  necessary, 
to  cut  the  base  in  L ;  draw  LU  bX,  right 
angles  to  fi'F'.  The  point  L  just  found 
must  lie  within  the  base  FC ;  and  in  order 
that  the  bed-joints  near  C  the  heel  of  the 
wall  should  not  have  any  tendency  to 
open  nor  to  crush  at  F  the  toe,  it  is  neces- 
sary to  have  the  point  L  not  further  from 
the  centre  of  FC  than  about  -^ths  of  that 
base ;  that  is,  the  distance  from  centre  of 
base  of  wall  to  the  centre  of  pressure 
should  not  exceed  'it  Taking  moments 
round  i,  we  have 

QxLU^WxZI,  (2) 

\1  +  sm  ^y     2     3 

t  is  nearly  8  feet. 

For  stability  of  friction,  considering  the  masonry  built  in 
horizontal  courses,  the  angle  LHI  should  not  exceed  the  angle 
of  repose  for  masonry — 38°.    Now, 


Fig.  65a. 


^fom 


Fig.  65^. 


tan  LHI  =  -^= 

rr 


Q       8000 


=  -357 ; 


22400 

<  LHI  is  20°  nearly,  a  quantity  well  within  the  assigned  limit 
for  friction. 
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Trapezoidal  Wall  (fig.  66a).  — Front  and  back  of  wall 
inclined  at  80°  to  horizon ;  upper  surface  of  earth  horizontal. 
The  ellipse  of  stress  (fig.  66  J)  for  a  point  10  feet  deep  is  drawn 
in  position,  and  is  similar  to  that  shown  in  fig.  656;  00'  is 
now  inclined  at  80**  to  the  horizon.  When  the  triangle  OMR  is 
constructed  as  described  for  the  previous  case,  OB  -  r  =  448'6  lbs. 
per  square  foot,  and  y  =  ROM=  IT  52'.  The  stress  on  AO 
(fig.  66  a)  is  represented  by  the  triangle 
AGT\  it  is  zero  at  A,  and  increases  to 
OT  =  897*2  lbs.  per  square  foot  at  base  of 
wall ;  -4(7=  20*3  feet,  and  the  total  pres- 
sure on  -4(7  is  -B  «  9106  lbs. 

Let  LU  and  OJ  be  perpendiculars 
on  the  line  of  action  of  By  and  LS  be 
perpendicular  to  0J\  then  taking  mo- 
ments round  Z,  as  before,  we  have 


BxZU^JVxZl 


(2) 


Fig.  66a. 


observing  that 

ZU=OJ-OS, 

B  X  {0£  cos  IT  52'  -  -8^  sin  27°  52') 

=  (^  -  3-52)  X  20  X  140  X  -3^ 
from  which 

t  =  8*2  ft.  =  thickness  at  base  of  wall, 

t  -  3-52  X  2  =  1-2  ft.  =  thickness  at  top 

of  wall. 

For  this  case  the  angle  L  RI  =  25°,  a 
quantity  less  than  the  angle  of  repose 
for  masonry. 

Surcharged  BectaTiffular  Wall — The  earth  is  surcharged 
at  its  natural  slope  A  =  30°  (fig.  67a),  and  the  conjugate  pressures 
are  equal  (cor.,  p.  79).  The  ellipse  of  stress  (fig.  676)  is  drawn 
for  a  point  10  feet  deep,  and  it  may  be  noted  that  the  major 
axis  of  the  ellipse  is  midway  between  the  directions  of  r  and  r' ; 
that  is,  the  major  diameter  is  inclined  to  the  vertical  at  the 
angle 

45°  -  I  =  30°. 


Fig.  66*. 


The  intensity  of  the  earth  pressure  on  a  horizontal  surface  at  a 
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depth  rf,  due  to  the  weight  of  the  column  above  it,  is  wd ;  on  a 

plane  inclined  to  the  horizon  at  the  angle  0,  the  intensity  is 

diminished  to  icrf  cos  ^ ;  and  thus  the  intensity  of  the  two 

equal  conjugate  pressures  r  and  /,  for  a  point  10  feet  deep, 

is  1039-2  lbs.  per  square  foot. 

In  drawing  the  triangle  OMBy 

proceed  as  in  first  case:  ^ 

<ZOiV=e  =  60°;  "  A^^l«r 

<5ifjr=  2©  =  120^; 
<iJOif=y  =  30^; 
OR  =  1039-2 ; 

(?if  =  ^^- 1200; 

ifi2=^^=  600 

as  found  by  calculation  orgraphic 
construction ;  from  which  we 
have  p  =  1800,  q  =  600  lbs.  per 
square  foot  as  the  greatest  and 
least  conjugate  stresses  at  the 
point  0,  that  is,  at  a  point  10 
feet  deep.  The  triangle  ACT 
(fig.  67a)  represents  the  pressure 
on ^Cas before;  f7r  =  2078-41bs. 
per  square  foot  at  base,  and  the 
total  earth  pressure  on  AC  ia 
5  =  20784  lbs.  Taking  moments 
round  Z, 


Pig.  67a. 


(2) 


Rx  LU^WxLl 
and,  as  before, 

Z0'«ft/-CS=C£?cos30^ 

-  -8^  sin  30^ 

20784  (5-77  -  -4^  -  840^,  ^  =  8  f t. 

The  angle  ZffI  =  29°,  a  quantity  only  a  few  d^ees  within  the 
assigned  limit  for  friction. 


Fig.  eib. 


92 


BETAmiNO  WALLS. 


Snvrehmged  Trapezoidal  Wall. — In  fig.  68a  the  front  and 
back  of  wall  are  inclined  at  80**  to  the  horizon ;  the  earth  is 
surcharged  at  its  natural  slope  ^  «  30*.  The  ellipse  of  stress 
(fig.  686)  for  a  point  10  feet  deep  is  drawn  in  position,  and 
is  similar  to  that  shown  in  fig.  67 J;  CO'  is  now  inclined  at 
80®  to  the  horizon.  When 
the  triangle  0  MB  is  con- 
structed as  described  for  fig. 
65&,  OJf=1200,  Jf5-600, 
i20=12451bs.,  <XOiVr=e=50^ 
JBilfi\^-2e  =  100^  MOM=y 
=  28°  20'. 

In  fig.  68a,  the  earth  pres- 
sure on  AC  is  represented  as 
before  by  the  triangle  ACT; 
CT  «  2490  lbs.  per  square 
foot  at  base  of  wall,  and  the 
total  earth  pressure  R  -  25286 
lbs.  inclined  at  38°  20'  to  the 
horizon. 

Taking  moments  round  Z, 
we  have 


Fig.  68a. 


RxLU^WxLI,    (2) 

LU^  CJ"  CS=  6-77  cos  28°20' 
-  -8^  sin  38°  20', 

JT  =  (^  -  3-52)  X  20  X  140, 

t  =  8*9  ft.  =  thickness  at  base, 

t  -  3-52  X  2  =  1-8  ft.  =  thick- 
ness at  top  of  wall. 

The  angle  Z^/=33°,  a 
quantity  exactly  equal  to  the 
angle  of  repose  for  masonry; 
the  courses  of  masonry  shoiQd 
therefore  have  their  bed-joints 
dipping  from  front  to  back  of 
wall  at  an  angle  of  say  10°  to  ^-  ^^• 

the  horizon. 

Trapezoidal  Wall,— In  fig.  69  the  back  of  the  wall  is 
vertical,  and  the  face  batters ;  upper  surface  of  earth  is  hori- 
zontal.    The  wall  here  represented  is  that  shown  in  fig.  65  a 
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Fig.  69. 


wiiii  the  wedge»  whose  cross- section  is  K  K'  F  (fig.  69)> 
removed.  The  centre  of  gravity  of  the  triangle  KK'  F  is 
vertLcally  above  Z,  and  the  moment  of  stability  of  the  wall 
is  not  altered  if  this  wedge  be  removed.    To  find  the  position  of 

K  in  K'A,  where  K'  is  vertically  above  F,  take  K'K'  ZFL  -  U. 
The  thickness  of  the  wall  will  there- 

foxehe 

« =  8  ft  at  base,    <  -  -6^  =  3-2  ft.  at  top. 

The  ancle  LHI  =  27°,  a  few  d^prees 
within  tiie  nmit  for  friction. 

BaUering  Wall  of  Vhi/orm  Thick- 
ness,— In  fig.  70,  the  &ce  and  back  of 
wall  incline  backwards,  making  an  angle 
a  » 10^  with  the  vertical ;  earth  surface 
is  horizontal  If  we  suppose  AC  the  back 
of  the  wall  to  be  made  up  of  a  number  of 
rectangular  steps,  vertical  and  horizontal, 
the  horizontal  earth  pressure  on  a  vertical 
face  at  a  depth  d  will  be,  as  before, 

-   ,  1  -  sin  A 

W.d.:: : — -; 

1  +  sm  f 

this  horizontal  pressure  will  tend  to  cause 
the  earth  to  spread  upwards,  and  the 
vertical  earth  pressure  on  a  horizontal 
&ce  looking  downwards  at  depth  d 
will  be 

,,l-sinAl-sin0       , 

vf.d,- T^^.q T--^^vf. 

1  +  sm^  1  +sm^ 

The  straight  line  A  G  may  now  be  considered  as  the  limit 
of  these  steps,  and  the  horizontal  and  vertical  pressures  on  AC 
will  be  represented  by  the  triangles  ACT  and  C'CT'\  the 
horizontal  pressure  is  zero  at  A^  and  increases  to  C'T «  120 
X  20  X  J  =  800  lbs.  per  square  foot  at  the  base ;  the  vertical 
pressure  is  zero  at  A^  and  increases  to  CT'  =  120  x  20  x  -J- 
»  267  lb&  per  square  foot  at  the  base.  The  total  horizontal 
pressure  on  AC  is  Q  »  8000  lbs.,  as  for  fig.  65a ;  t^e  total 
vertical  pressure  on  AC  \a 


\l+sm^y" 


Q'  ^\  GC  xCT'^ix  3-52  X  267 
and  the  points  of  application  are  E  and  F\ 


470  lbs., 


w 
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Taking  momentB  round  Z, 

W  X  leverage  =  C  ^  leverage  +  $'  x  leverage 

\         2  J  1-1- sin  023 

-    ,   /I -sin  Ayd.tana,.^     ,_^        . 

taking  w  =  140,  and  v/  =  120  lbs.  per  cubic  foot,  ^  =  30®,  and 
d^2Q  feet, 

<  «  8  Jl  -H  4  tan*a  -  15*4  tan  a.  (3) 

The  vertical  through  O,  the  centre  of  gravity  of  wall,  must 
fall  within  the  base ;  and  if  it  be  not  allowed  to  deviate  further 
from  the  centre  of  the  base  than  ^ths  of  the  breadth  of  base, 
we  obtain 

•3< 
tan  o  »  T^  "  '03^,    when    e2  »  20  feet ; 
%d 

putting  this  value  in  equation  (3),  we  get 

^  =  8(1  +  4  X  -OOOO^')*  -  15-4  X  -03^ 
t  =  5-78  ft.  «  FC,  the  thickness  of  wall. 

The  angle  a  is  10^  nearly ;  that  is  to  say,  the  back  of  the 
wall  should  not  be  inclined  to  the  vertical  at  an  angle  greater 
than  10^ 

In  iSg.  70,  G'  is  the  centre  of  vertical  forces,  viz.,  the  down- 
ward weight  of  the  wall,  and  the  upward  pressure  of  earth; 
HD  is  the  vertical  drawn  through  0\  and  is  equal  U>  W  -  Q* 
or  15713  lbs. 

The  angle  LHI  =  27°,  a  few  degrees  less  than  the  limit  for 
friction. 

WobU  wWi  Vertical  Face  wnd  Stepped  Back. — In  fig.  71, 
the  steps  are  taken  at  vertical  intervals  of  5  feet;  the  upper 
surface  of  earth  is  horizontal  The  base  of  the  wall  FC  sup- 
ports the  masonry  A'OFK,  and  the  earth  A' AC  vertically 
above  that  base;  and  the  triangle  ACT  represents  the  hori- 
zontal earth  pressure  on  the  back  of  the  wall ;  G  is  the  centre 
of  gravity,  and  W  is  the  weight  of  masonry  and  earth  vertically 
above  FC. 
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Taking  moments  round  L  as  before, 

QxLUr.WxLI.  (2) 

To  find  the  thickness  of  upper  5  feet  of  wall,  proceed  as  for 
%  65a;  and  ohtain  1^-2  feet. 

¥or  <!,,  thickness  at  10  feet  deep,  we      "^  ^'        ^ 
i^ve  Qio  =  2000  lbs.  acting  at  ^  foot  above 
this  assumed  level;  and  taking  moments 
round  the  point  corresponding  to  L 

fte  X  J^  =  10  X  ^5  X  140  X  (-5^6  -  -2^10) 
+  5(^10  -  ^5)  (140  +  120)  (-2^^  +  -5^5) 

from  which  <io  =  41  ft. ;  similarly  ^,5  =•  6-3  ft. ; 
and  t^  »  8'4  ft.,  the  thickness  at  base. 

The  angle  LHI  =  20'',  a  quantity  well 
under  the  limit  for  friction. 

Wall  with  Battering  Face  and  Stepped  Back, — In  fig.  72 
the  steps  are  taken  2  feet  wide,  and  at  vertical  intervcds  of 
5  feet ;  the  batter  of  face  is  1  in  12,  and  the  earth  is  surcharged 
at  its  natural  slope  ^  =  SO"".  The  ellipse  of  stress  (fig.  676) 
applies  to  this  case ;  the 
depth  AC  is  increased  to 
23-5  feet  by  the  earth  slope ; 
the  pressure  at  base,  CT 
=  2440  Iba  per  square  foot ; 
the  total  earth  pressure  on 
ACiaR^  28600  lbs.  acting 
at  E,  On  account  of  the 
battering  face,  the  point  F 
projects  1-7  feet  beyond  the 
vertical  through  K\  and  on 
account  of  the  steps  of  the 
back  of  wall,  the  base  pro- 
jects 6  feet  beyond  the  ver- 
tical through  A' ;  the  thick- 
ness of  wall  at  base  may  be 
represented  thus 

<-l-7  +  ^  +  6-^  +  77ft. 

In  order  to  find  the  value  of  t\  take  moments  round  F, 
thus: — 

Weight  of  masonry  «  2800^'  +  10780. 


Fig.  72. 
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Graphical  Solution. 

Gi&phic  statics  is  a  study  by  itself,  and  in  this  book  we 
only  intend  to  use  the  very  first  elements. 

In  graphic  statics  a  force  is  represented  by  a  pair  of  lines ; 
one  a  short  thick  finite  line  giviog  the  magnitude  of  the  force 
upon  a  scale  of  forces ;  the  encb  of  this  thick  line  are  marked  by 
the  centres  of  two  little  rings ;  in  a  hand-made  drawing  the 
centres  are  pricked  on  the  paper.    The  other  is  a  long  thin  line 
giving  the  actual  position  of  the  force  on  the  plane  of  the  paper 
relative  to  some  structure  or  solid  body  upon  which  the  force 
acts,  and  relative  to  other  forces  also  acting  on  it.    It  will 
be  seen  then  that  a  second  scale  of  feet  is  necessair  to  measure 
the  diBtances  along  the  soUd  body,  and  among  the  Srces.    These 
force  lines  are  furnished  with  a  barb  or  arrow-head  to  indicate 
the  sense  of  the  force  in  that  line ;  near  the  barb  stands  a 
numeral  which  is  really  the  suffix  of  a  letter  such  as  Pz]  the 
force  is  called  3  when  simply  being  referred  to,  but  when  speak- 
ing about  it  as  a  quantity  it  is  P3.     Often  the  force  line  is  so 
long  that  it  reaches  to  the  edge  of  the  paper,  and  although  only 
a  portion  may  be  ultimately  inked  in,  stUl  a  little  left  at  each 
margin  may  be  indicated.    The  line  is  fine  and  long  for  the 
practical  purpose  of  setting  the  rollers  or  J  square  accurately 
parallel  to  it.    A  plane  set  of  forces  all  acting  on  one  body,  which 
may  at  first  be  assumed  to  be  the  sheet  of  paper,  are  numbered 
in  any  order ;  but  for  a  successful  issue  they  must  be  numbered 
in  eydic  order.    The  thick  lines  drawn  parallel  to  the  thin,  each 
to  each,  form  a  polygon  round  which  the  corresponding  numerals, 
printed  heavier  or  larger,  run  consecutively ;  for  some  purposes 
it  is  convenient  to  put  half  barbs  on  the  thick  lines.     This  is 
the  "  Polygon  of  Forces."    When  the  forces  are  all  vertical  the 
sides  would  lap  on  each  other,  but  this  is  avoided  by  slightly 
displacing  some,  and  drawing  a  polygon  which  often  looks  like 
a  gridiron  pendulum ;  the  "  eyes,"  however,  should  all  be  in 
one  vertical  Une.    In  this  case,  the  downward  forces  being  all 
vertical,  the  polygon  is  often  called  "  the  load  line  " ;  while  the 
clofiiiig  upward  sides  constitute  the  reactions  or  supports. 

Given,  graphically,  fig.  74,  a  plane  set  of  forces  to  construct 

the  balancing  force  or  resultant.    On  the  upper  left-hand  comer 

is  shown  an  analytical  definition  of  five  plane  forces  in  terms 

of  intercepts  and  angles  and  lbs.,  agreeable  to  which  the  force 

polygon  and  lines  of  action  are  drawn  to  a  pair  of  scales. 
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Construction*. — ^Draw  a  line  closmg  the  "  force  polygon, 
and  scale  off  its  length  in  lbs.  on  the  force  scale  for  the  magni- 
tude of  B^  Keckon  its  ''  sense  "  in  the  same  order  round  the 
force  polygon  as  the  other  forces.  Choose  bjxj  pole  0  (not  on 
the  closing  side  of  the  force  polygon),  and,  to  that  pole,  construct 
a  "  link  polygon  "  A  B  C  D  E  F  among  the  lines  of  action. 
Through  F^  the  closing  point  of  the  link  polygon,  draw  the  line 
of  action  of  B^  parallel  to  the  closing  side  of  the  force  polygon. 
When  scaled  off,  the  values  of  JS;,  t^,  and  A%  should  be  nearly 
the  same  as  the  values  given  on  fig.  74  which  were  calculated 
by  trigonometry. 

Proof. — Consider  the  set  of  six  forces,  1,  2,  3,  4,  5,  6 ;  they 
are  a  balanced  set  of  forces.  For,  add  a  pair  of  balanced  forces 
7  and  T  equal  and  opposite  to  each  other,  having  the  link  A  B 
for  their  common  line  of  action,  and  having  the  vector,  which 
comes  to  the  junction  of  1  and  2,  for  their  common  magnitude. 
Add  another  pair  of  balanced  forces  8  and  8',  with  B  C  for  their 
common  line  of  action,  and  the  vector,  coming  to  the  junction 
of  2  and  3,  for  their  common  magnitude.  Add  in  the  same  way 
the  pairs  of  forces  9  and  9',  10  and  10',  11  and  11',  12  and  12'. 
We  have  now  altogether  a  set  of  eighteen  forces  1,  7,  12'; 
2,  8,  7';  3,  9,  8';  4,  10,  9';  5,  10',  11 ;  6,  12,  11',  which  are 
exactly  an  equivalent  set  to  the  set  of  six  forces  with  which  we 
began,  since  all  the  forces  we  added  balanced  in  pairs.  Now,  of 
the  set  of  eighteen,  the  first  group  of  three,  1,  7, 12',  act  at  the 
same  point  A  and  have  magnitudes  proportional  to  the  homo- 
logous sides  of  a  triangle ;  they  are,  therefore,  a  balanced  set  of 
three ;  similarly  the  second  group  of  three,  2,  8,  7',  act  at  one 


^  *  The  student  should  make  the  construotion  two  or  three  times  on  a  scroU  copy 
pricked  through,  with  different  coloured  pencils,  taking  different  positions  of  the 
pole  and  starting  the  link  polygon  from  different  points  ^  on  Pi.  He  will  satisfy 
himself  that  he  gets  the  same  final  result.  He  uiould  note  that  some  positions  of 
the  pole  and  initial  point  A  throw  the  construction  off  the  paper;  others  cause 
the  link  polygon  to  loop  awkwardly  upon  itself,  and  that  the  construction  fails 
altogether,  for  the  pole  on  the  closing  side  of  the  force  polygon,  simply  because  the 
two  end  links  are  then  parallel  and  do  not  meet  to  define  F,  He  will  observe  that 
the  position  of  the  pole  chosen  on  the  accompanying  solution  gives  what  is  called 
good  definxtum,  that  is,  the  points  A,  B,  &c.,  are  defined  by  drawing  links  cutting 
the  lines  of  action  nearly  at  right  angles,  and  that  the  two  end  links  define  F  by 
cutting  each  other  at  an  angle  greater  than  60°.  He  will  thus  learn  that  a  good 
choice  of  the  pole  is  of  great  practical  importance^  although  theoretically  it  may  be 
chosen  anywhere.  He  should  recognise  further  'that  the  force  polygon  might  have 
been  drawn  in  any  order,  but  because  it  is  of  the  greatett  practical  importance  that 
it  should  be  drawn  in  cyclic  order ;  for  reasons  which  will  develope  themselves  later 
on,  the  idea  of  cyclic  order  is  brought  prominently  before  his  notice  even  in  this 
first  exercise. 
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point  B  and  have  magnitudes  proportional  to  the  three  homo- 
logo\xB  sides  of  the  triangle.  In  the  same  way  each  group  of 
tibee  is  \)alanced ;  hence  the  set  of  eighteen  is  balancea ;  hence 
the  oii^nal  set  of  six  is  balanced. 

Got, — ^The  graphical  conditions  of  equilibrium  of  a  plane  set 
of  forces  are  two  in  number.  The  force  polygon  must  close.  A 
link  polygon  must  close. 

The  proof  given  here  is  very  important,  for,  in  the  first  place, 
conceive  the  rigid  body  to  be  the  paper,  say,  a  sheet  of  brass,  and 
let  the  six  balanced  forces  be  attached  to  it  at  the  points  A,  B^ 
C,  B,  Ey  and  F.  Suppose  the  brass  all  cut  away  except  the 
narrow  strips  under  the  thick  lines  A  B  G  D  E  F^  which  may 
further  be  supposed  to  be  pin-jointed  at  these  points.  These 
strips  of  brass  actually  apply  to  the  pins,  the  pairs  of  forces 
given  by  the  vectors,  viz.  7,  8,  9,  10,  11,  and  12,  and  we  have 
designed  an  articulated  structure  in  equilibrium  imder  the  given 
load  system. 

This  is  a  balanced  polygonal  lineal  frame  or  rib,  and  if  each 
strip  of  brass  be  sectioned  for  the  load  on  it,  we  have  then  an 
actual  balanced  frame.  A  model  of  this  frame  sits  on  a  hori- 
zontal table  in  the  Engineering  Laboratory  of  Trinity  College. 
It  is  in  unstable  equilibrium,  for  a  sharp  blow  on  the  table  causes 
it  to  distort. 

The  pair  of  diagrams,  figs.  75  and  76,  show  designs  for 
retaining  walls.  The  load  on  the  back  of  the  wall  is  constructed 
by  the  method  of  the  ellipse  of  stress  and  its  auxiliary  figure. 
Tim  load  is  reduced  so  as  to  be  expressed  in  terms  of  the  weight 
wotsL  cubic  foot  of  masonry. 

Triangular  or  rectangular  blocks  of  masonry  are  added  one 
after  another,  and  the  partial  resultant  constructed  graphically 
till  the  last  resultant,  that  with  the  greatest  number  of  barbs, 
at  last  passes  through  a  centre  of  stress  deemed  to  be  sufficiently 
far  iQ  from  the  face  of  the  wall. 

The  data  and  construction  are  sufficiently  given  on  the  face 
of  the  diagrams,  which,  however,  are  small,  having  been  reduced 
half  the  lineal  sizes  of  a  set  of  graphical  exercises,  now  in  the 
press,  so  as  to  lie  on  the  page. 

It  will  be  seen  that  the  slopes  of  the  earth,  both  actual  and 
limiting,  are  given  3  to  1  and  2  to  1  which  are  nearly  the  same 
as  7  =  20^  and  ^  -  30^ 

The  steps  of  the  calculations  corresponding  to  those  graphical 
solutions  are  as  follows.  The  fourth  is  only  approximate  so 
that  one  auxiliary  figure  may  serve  for  two  walls. 
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89.  Fint  vail  on  fig.  75,  the  oorrMpondiiig  analytioal  solution  is 

^  =  tan->J  =  26^  34 ;        *  -  1"*!°^  «  -882. 

S^Q^qxZO^  ni'9u/  -  137'5tr,  or  188  times  the  weight  of  a 

cubio  loot  of  masonry. 

JT «  lOif  B  n76w ;         M  »  20uft  x  |<  »  lV26wfi. 
Efiiatmg,       i*«122,  and  ^  a  11  feet  nearly. 

90.  Second  wall  on  fig.  75.  Approximate  practical  solntion.  In  the  last  sup* 
pose  an  upward  loroe  i9  to  act  through  the  centre  of  gravity  of  the  wedge  removed 
fnoi  Uie  back  of  the  wall  equal  to  the  excess  weight  of  masonry  over  esjth. 

58  4x  SOx  5x  -b15i9, 

o 

and  its  lerer  about  the  centre  of  stress  is  (}^  —  j)  =  8  nearly  as  <  is  almost  II. 
Coneeting  the  equation  of  moments 

Il-25ir<'si375f0+ 151^x8,    or    <*»  133  and  «»  11*5  feet. 

91.  Second  wall  on  fig.  76,  solution  exactly  corresponding  to  the  graphic 
solution, 

OM^^^  =  T  (1^  +  ^'73)  «  10-365fi^. 
2  2 

JTjB  -  ?^  -  ^  (16  -  5-73)  «   4-636ie»'. 

OM*  B  107*5,    M£*  »  21-5 ;  dropping  u/. 

OS*  =  OJn  +  JfiP  +  20M.  MB  cos  20, 

Ufaw     •  -  iS  s  oof  >i  =  SO""  33',    so  that    29  a  lei"*  06',    the  sup.  of  which 
is  18°  54'. 

0J2>  ^  129  -  96*07  x  '946  =  8812. 

and  CC  the  back  of  the  wall  is  30  cosec  $  »  30*4  square  feet. 

M  =  30-4r  »  187-7«^  =  160u^. 

.    ^-■«  77-^;     .•.   sin  7  =  ^— -  X '324  = '246,     7  =  14**  11. 
sin  29      012  '      6174 

To  y  add  9®  27^,  the  complement  of  9,  and  we  obtain  23''  38'  as  the  inclination  of  R 
to  the  hoxixon. 

ReoolTJDg  R  into  horizontal  and  vertical  complements 

Zr  e  12 .  cos  23''  38' »  150u^  x  -916  -  137'4U7. 

r  B  J2 .  sin  23''  38'  s  150i£>  x  -401  =   60-15tr. 

The  equation  of  moments  about  jP,  the  centre  of  stress,  is 

1374  =  30(<-6)(f<-J)  +  75(J«-¥)+60(J<-f), 

^-M6<=120,    or    <s  11-6  feet. 
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92,  The  fint  wall  oa  ^g,  76  has  the  additional  datum  y  » tan-^  s  IS""  26'. 
r  =  Ibui'  OM  7  =  16«/  X  -9487  «  14*28iii^. 

,eoe  7  -  V(coe«y  -  coeV)  ^  -9487  -  V(-9000  -  8000)  ^  9487  -  3162  _ 
'•cob  7  +  V(coe«7  -  coe*^)  "  •9487  +  V(-9000  -  8000)  "  9487  +  3162  "  '^' 

f'  =  4'r  =  7-116«/,    also    7^  =  7=18*^26'. 

ir  =  30/  =  214«^«  171fp;    S'  =  JT  cos  7'  =  162m?. 

r  =  JT  am  7' s  42flf;.      Also     W^ZOwL 

Equation  of  moments  about  F,  the  centre  of  stress,  at  ^th  of  <  in  from  the  face 
<rf  the  walL 

iojr'  =  ?rx|e+  rxj<, 

1620  »  ll-26<>  +  36*8^    and    t  =  10*5  feet 

93.  Approximately  for  second  wall  on  fig.  76,  by  removing  wedge  at  back. 

1620  =  1 1-26^  +  36-8^  -  16  X  8,    and    <  «  1 1  feet. 

94.  Detailed  calculations  for  second  wall  on  fig.   76  corresponding  to  the 
gnphjcal  solution  shown  on  it. 

'  p  1  +  sin  4»  1  +  -4472         ,  , ^^ 

=  1*144. 


r      cos  7  +  V(co8»7  -  C08»      -9487  +  -3162 

p  =  l-144r  =  M44  x  14-23i(/  =  16-27«?'. 

q^zJtp^  -382  X  16-17W'  =  6'2lttf, 

OJf  «  J  (p  +  j)  =  11-24W/ ;    iffi  =  J  (p  -  j)  =  603m;'. 

mn2B  _0£  r  14'23 

HI17  "  MR'^  Hp-g)"    603* 

1423 
Bin  2a  =  -— ■  X  -3162  =  -8956  ;     2e  «  63°  34' ;     «  =  31°  47'. 

Now  the  angle  between  the  normals  ON*  and  ON"  can  be  expressed  in  two  ways. 
tf  +  a"  =  7+/9,     or    r^lS**  26' +  80**  33' -31°  47'  =  or  12'. 

2er  =  134°  24'  the  sup.  of  which  is  46°  36'. 
(OJT)*  =  OM*  +  MK*  +  20M:.  MR  cos  26". 

(^\    =  11-24'  +  603*  -  2  X  11-24  x  6-03  x  -6997  =  72-63. 

»-"  =  8-616m^  ;    iJ"  =  /'  X  30-4  =  259m;'  =  207'2m;. 

sin  7"       ^^      6-03  .      „      6030      ,,^^      ^^„        ,    „     „ .,  .q^ 

^—  = 7  = :     .'.    sin  y  = x  •7146  =  '422,  and  7  =  24  08 . 

sin  2^'      OR       8-616*  ^       8616  '  ^ 

OMiquity  of  OR"  to  the  vertical  is 

fi-y"  =  80°  33'  -  24°  68'  =  65°  35'. 

IT"  = -8"  sin  66°  36' =  171m;,    and     F"  =  J2"  cos  65°  35' =  117m;. 
XOH"  =  30m;{«  -  6)  (f«  -  f )  +  76m; (}^  -^)+  V"{it  -  f), 
or  ^  +  3-27<  =  158-2,    and    <=  11-05  feet. 
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TRANSVERSE     STRESS. 


In  the  preceding  chapters  we  have  considered  the  internal 
stress  at  any  point  within  a  solid,  and  have  shown  that  it  can 
be  expressed  by  means  of  three  principal  stresses.  We  began 
with  one  principal  stress,  the  other  two  being  zero  ;  this  was 
illustrated  by  pieces  strained  under  one  direct  simple  stress, 
such  as  tie  rods  and  struts  ;  and  at  each  point  in  these  pieces 
the  strain  was  similar  in  every  respect.  We  next  considered 
two  principal  stresses,  the  third  being  zero  or  identical  with 
one  of  those  two;  this  was  illustrated  by  small  rectangular 
prisms  of  earth  under  foundations,  or  loaded  with  the  weight 
of  superincumbent  earth,  the  prism  being  strained  by  two 
(or  three)  direct  simple  stresses  upon  its  pairs  of  opposite  faces. 
There  we  saw  that  the  strain  at  all  points,  in  certain  parallel 
planes,  was  similar  in  every  respect;  varying,  however,  as  we 
passed  from  points  in  one  to  points  in  another  of  those  parallel 
planes.  It  was  pointed  out  that  earth  might  have  the  stress 
in  one  horizontal  direction  artificially  increased  by  a  direct 
external  stress,  in  which  case  there  would  be  three  principal 
stresses  at  each  point,  the  intensities  of  which  might  be  different 
at  different  points. 

In  all  such  examples,  the  internal  stresses  were  due  to  strain 
produced  in  the  simplest  manner  possible,  viz.,  by  direct  external 
stresses ;  and  in  many  the  stresses  at  internal  points  were  given, 
without  specifying  what  the  solid  was,  or  in  what  manner  it  was 
strained.  These  exercises  served  to  illustrate  methods,  but  it 
will  afterwards  appear  that  the  data  8pecif3dng  the  stress  at 
such  points  were  obtained  by  supposing  that  the  body  was 
strained  by  external  stresses,  definite  though  by  no  means  either 
simple  or  direct. 

We  now  come  to  consider  the  stresses  at  points  mthin  solids^ 
due  to  strains  produced  in  the  next  simplest  manner,  viz.,  by 
external  stresses  which  are  all  paralleL  Pieces  under  such 
stresses  are  called  heams,  and  the  stress  is  called  transverse  stress. 
The  case  in  which  both  ends  of  the  beam  are  simply  supported 
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will  be  primarily  considered.  For  simplicity,  the  external 
stresses,  as  shown  on  the  diagrams,  are  all  vertical ;  they 
consiBt  of  the  two  upward  thrusts  concentrated  at  the  extremi- 
ties, and  the  loads  concentrated  on  intermediate  portions  and 
acting  downwards.  These  external  stresses  are  uniform  in  the 
direction  normal  to  the  paper ;  and  whatever  be  the  breadth  of 
the  beam,  they  may  be  replaced  by  forces  all  in  one  plane,  the 
pbme  of  the  paper. 

On  fig.  77 y  A  A'  B'B  is  the  longitudinal  section  of  a  beam 
of  length  2Cy  depth  h,  and  breadth  b,  and  OX  is  any  line  chosen 
as  axis.  H^i  is  a  force  in  the  plane  of  the  paper,  replacing  a 
stress  spread  uniformly  over  the  breadth  of  the  beam,  as  shown 


OF 

B 


W, 


.-b-» 


O 

'6" 


'^ 


B' 


.-.h 


Fig.  77. 

on  the  cross-section  below  it.  Similarly  P  and  Q  are  forces  at 
the  extremities  and  in  the  plane  of  the  paper.  In  order  to  have 
these  f orc^  specified,  it  is  necessary  to  know  their  amounts,  and 
the  distances  measured  from  some  origin  0,  say  at  one  end  of 
the  beam,  to  the  points  where  their  fines  of  action  cross  0  X 
Such  distances  are  called  the  abscissae  of  the  places  of  applica- 
tion of  the  loads.  Thus  P  acts  at  0,  Wi  at  Xi,  and  Q  at  2c. 
C  is  the  centre  of  span ;  its  abscissa  is  c. 

The  varieties  of  load  to  be  considered  are : — 
V*,  Loads  concentrated  at  one  or  more  points  of  the  span 
as  IF,. 

2**.  Loads  uniformly  spread  over  the  whole  or  parts  of  the 
span,  as  w  lbs.  per  running  foot.  Such  a  load  is  represented  on 
fig.  77  hj  a  set  of  arrows,  each  equal  to  w,  and  consequently 
they  are  one  foot  apart ;  to  save  trouble,  it  is  more  convenient, 
as  on  fig.  78,  to  represent  such  a  load  by  means  of  a  parallelo- 
S^^^  surrounding  all  the  arrows. 
3^.  Combinations  of  such  loads. 
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The  loads  concentrated  at  points  might  be  the  ends  of  croBs 
beams  resting  on  such  points,  or  the  wheels  of  carriages,  &c. 
The  weight  of  the  beam  itself  is  often  to  be  considered  as  a  load 
spread  uniformly  over  the  span. 

To  find  the  relations  among  the  external  forces,  we  consider 
the  equilibrium  of  the  beam  as  a  whole.  The  beam  is  to  be 
considered  as  perfectly  rigid  and  indefinitely  strong.  In  order 
to  find  the  supporting  forces  P  and  Q,  we  require  to  know  the 
amounts  and  positions  of  the  loads,  and  the  length  of  the  beam. 

Since  the  forces  are  all  parallel  and  in  one  plane,  there  are 
two  conditions  of  equilibrium : — 

I.  The  algebraic  sum  of  the  forces  is  zero. 

II.  The  algebraic  sum  of  the  moments  of  the  forces  about 
any  point  is  zero. 

From  the  first  condition  we  have 

P  +  §  «  JTi  +  JT,  +  fT,  +  &c.  =  S(Tr)  (1) 

where  2(fF)  represents  the  sum  of  all  the  quantities 

Wu  JT,,   W^,  &c. 

If  we  take  moments  about  0,  then  P  has  no  moment,  and  Q 
tends  to  turn  the  beam  in  one  direction  about  0,  while  the  loads 
all  tend  to  turn  it  in  the  other  direction.  By  the  second  con- 
dition the  sum  of  these  moments  is  zero,  and  we  may,  if  we 
choose,  put  the  moment  of  Q  equal  to  the  sum  of  the  moments 
of  the  loads,  thus 

Q  X  leverage  «  sum  of  the  products  got  by  multiplying  each 

load  by  its  leverage, 

or  C.  2c  =  W^x^  +  W^i  +  W^  +  &c.  =  S( JFi) ; 

hence  Q  =  ?^,  (2> 

where  ^{Wx)  represents  the  sum  of  all  the  quantities 

WxXi,  W^,  &c. 

P  may  be  found  in  a  similar  manner  by  taking  momenta 
about  the  other  end ;  or  it  may  be  found  at  once,  since  we  know 
P  +  C  by  equation  (1). 

An  uniform  load,  such  as  w  lbs.  per  running  foot,  spread  over 
a  portion  of  span,  is  to  be  treated  as  one  force  equal  to  the 
amount,  and  concentrated  at  the  middle  of  that  portion. 
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•6.  The  span  of  a  beam  is  20  feet,  and  there  is  a  load  of  80  tooa  at  6  feet  from 
tlia  kit  end.    Find  tlie  supporting  fdroes. 


Otherwise, 


20»2O;     Wi^SO,    and    xi^S;     Q.2e'»WiXi, 

0  =  -^  =  — =  20 tons,    P+QeSOtons,    P=  60  tons. 


load  80 

Q  B X  segment  remote  from  Q  «  — -  x  5  «  20  tons ; 

span  20 


,  _     load  ^         ^   ,        «     80     ,,      ^^^ 

and  F  «  —  X  segment  remote  from  P  » :rT  x  15  =  60  tons. 

span        °  20 

96.  A  beam  of  Bptai  24  feet  supports  loads  of  20,  30,  and  40  tons]  concentrated, 
in  order,  at  points  which  divide  its  length  into  four  equal  parts.  Find  the  sup- 
porting forces. 

TTi  »  20 ;  TTi  a  30 ;  ^s  =:  40 ;  «i  »  6 ;  «a  =  12  ;  ^73  =  18 ;  2<;  =  24. 

^     2(Wx)     20x6  +  30x12  +  40x18     ^^ , 
Q--^- ^ 60  tons. 

P=  ^{W)  -  Q  =  (20  +  30  +  40)  -  60  =  40  tons. 

97.  A  beam  80  feet  span  supports  three  wheels  of  a  locomotive  which  transmit 
eadt  6, 14,  and  8  tons;  tne  distances  measured  from  the  left  end  of  the  beam^to 
the  wheels  are  8,  18,  and  24  feet  respectively.    Find  the  supporting  forces,  wnl^ 

»^i  =  6;     irt=14;     ^^  =  8;     S(flr)  =  28  tons; 
xi  a  8  ;    2^  a  18 ;    xz  =  2i;    2^  a  30  feet. 

AuM.  P  =  11*6  tons ;     Q  «=  16*4  tons. 

98.  The  qpan  of  a  beam  is  60  feet ;  an  uniform  load  of^  2000  lbs.  per  running 

•    I  of  th 

pportii 
_ .    le  the 
Beplacing  icw  ...  By 

Wi^w  (60  -  40)  «  2000  X  10  *-  20000  lbs., 
<»ncentrated  at 

^  »  i(40  +  50)  =  46  feet,    P«6000,    and    Q  =  16000  lbs. 

99.  A  beam  60  feet  span,  and  weighing  100  tons,  supports  an  uniform  load  of 
2  toos  per  running  foot,  which  extends  from  the  left  end  of  the  span  to  a  point 
20  feet  therefrom.    Find  the  supporting  forces. 

19  s  2 ;   ^1  =  tr  X  20  s  40  tons ;  xi  s  10,  the  middle  point  of  uniform  load. 

Weight  of  beam,  V9  <■  100  tons ;      z%==e^30. 

Am,  P  =  83}  tons  ;     Q  =  66}  tons. 


foot  is  spread  over  the  portion  of  the  span  beginning  at  40  and  endii^  at  60  feet 
fram  the  left  end.    Find  the  supporting  forces. 

See  fig.  77,  and  suppose  the  spread  load  alone  on  the  beam. 
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100.  A  beam  60  feet  span,  and  weighing  100  tons,  supports  a  locomotive  as  in 
example  97>  and  an  imifonn  load  of  2  tons^  per  running  foot  which  extends  from. 
the  middle  to  the  right  end  of  the  span.    Find  the  supporting  forces. 

Q  X  60  s  6  X  8  +  14  X  18  +  8  X  24  +  60  X  46  -f-lOO  X  80. 

Am.  Q  r=  103*2,  and  P=  84-8  tons. 
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Fig.  78. 

101.  A  beam  36  feet  span  weighs  one  ton  per  lineal  foot.  The  first  half  is 
loaded  uniformly  with  2  tons,  and  the  second  half  with  3  tons  per  running  foot. 
Find  P  and  Q. 

Am.  P  =  68-5,    and    (2  »  67*5  tons. 

102.  A  beam  42  feet  span  supports  five  wheels  of  a  heavy  locomotiye.  The 
fore  wheel  is  one  foot  from  the  left  end,  and  the  distances  between  the  wheels,  in 
order,  are  6,  8,  10,  and  7  feet,  and  the  loads  transmitted,  in  order,  are  5,  5,  11,  12, 
and  9  tons.    Find  the  supporting  forces.    See  fig.  79. 

Wi^b;     Wi^b;     Fi^ll;     Wi^n;     W^6«9;    2(?r)  =  42. 
x\  =  \\      d^a  s  6  ;       jts  a  14  ;      Xi-7A\       «$  =  31 ;         2«  s  42. 
.'.     g  X  42  =  6  X  1  +  6  X  6  +  11  X  14  +  12  X  24  +  9  X  31. 

Am.  F  =  24,    and    Q  »  18  tons. 

For  a  system  of  loads  such  as  Wi,  Wz,  &c.,  there  is  a  point  at  which,  if  they 
were  all  concentrated,  the  supports  would  share  the  load  as  they  do  for  the  actual 
■distribution  at  different  points.  This  point  is  called  the  centre  of  gravity  of  the 
load  system ;  its  position  will  be  marked  6^,  and  its  abscissa  OG  will  be  denoted 
by  X.    Hence,  supposing  the  total  force  :S(  ^)  concentrated  at  G,  we  have 

Q.2e  =  ^(W).xioTthe  single  force  2(»^). 

Q.2e  =  ^(Wx)  for  the  actual  distribution ;  see  equation  2  on  page  110. 


Hence 


^(W).X''2(Vx),    or     S-^j^f 


which  gives  the  position  of  O. 

Having  calculated  x,  we  can  now  find  P  and  Q  as  for  the  single  load  2(  IF)  at 
X  from  the  left  end ;  see  example  95,  second  method. 

total  load 
The  supporting  force  at  either  end  =  — ^^^^ —  x  remote  segment, 


or 


span 


2e 


2e 
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103.  SoIto  exercise  102  by  the  method  just  described. 
WehaTe 

_     a(yg)      5x1  +  6  X6-H1  X  14 -I-  12x24  +  9x31 
:HW)  "  6  +  6+ 11  + 12 +  9 

nd  the  other  segment  {2e~x)  =  2A  feet. 

„     total  load  _  .     *2     „,      ^,  ^ 

.*.    F  = X  remote  segment  =  —-  x  24  »  24  tons, 

span  42 


feet. 


and 


total  load  42 

Q  —  — — x  remote  segment  ^t^x  18  =  18  tons. 


span 


42 


The  position  of  O  relati've  to  the  loads  Wi,  Wt,  . .  .  can  be  found,  although 
the  span  of  the  beam  and  the  position  of  the  loads  upon  it  be  unknown,  provided 
the  amounts  of  the  loads  and  uieir  distances  apart  be  giyen.     On  fig.  79,  let  5  be 


2(W)-43ton8 


5         5 

w,    w. 

l_i 


u 

W. 


i: 


T'    T- 


9  tons 


^^i^^fjj^a^^ 


Fig.  79. 

the  point  where  the  first  load  Wi  is  situated,  and  let  ai  (■»  0),  ot,  az,  a,  ««,  as  be 
the  &tanees  from  S  to  Wi,  W%,  JFs,  O,  Wi,  Wt,  respeotiyely.  Taking  moments 
about  Sf  the  moment  of  2(^)  acting  at  a  will  equal  the  sum  of  the  moments  of 

^\9  Wt .  - '  acting  at  ai,  a% 

That  is 


a  = 


a(r) 


gires  position  of  0  measured  from  8  the  left  end  of  the  load. 

104.  In  example  103,  find  G  the  position  of  the  centre  of  grayity  of  the  load 
measured  from  the  fore  wheel. 

»^i  =  6,     W2^6,     JTsfcll,     JP4  =  12,     »^6  =  9,    2iW)^A2. 

01  B  0,      02  ^  <^, '    <k3  =  13,      a4  =  23,      a^  =  30. 

2(Fa)      0  +  5x6  +  11  X  13+  12x23  +  9x30 


Then 


ass 


2(r) 


5  +  6+11  +  12  +  9 


=  17  feet. 


See  O  for  this  locomotive,  fixed  on  fig.  163,  by  graphic  construction  of  fig.  74. 

I 
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105.  In  example  97,  find  a  the  distance  of  O  from  the  fore  wheel. 

JTi  =  6,     Wi^  14,     Fs  =  8.  ai  =  0,     «t  =  10,     as  =  16 ; 

.*•    as 9*57  feet 

It  is  conyenient  to  calculate  a,  if  it  he  required  to  find  values  of  P  and  Q,  aa  in 
examples  97  and  102,  corresponding  to  the  given  load  system  shifted  into  some 
new  position  upon  the  heam ;  thus 

106.  In  example  102,  find  P  and  Q  when  the  looomotiye  shifts  till  its  fore 
wheel  is  6  feet  from  the  left  end. 

d  =  17i  hence  adding  six  feet  we  have  £  s  23,  so  that  F  and  Q  will  now  he  the 
flame  as  for  a  single  load  2(  TT)  =  42  tons  concentrated  at  O,  a  point  dividing  the 
span  into  the  segments  23  and  19. 

load  42 

.".     G  = X  remote  segment  «  — -  x  23  =  23  tons. 

span  ^  42 

Similarly 

42 
Pa—  X  19  =  19  tons. 
42 

In  like  manner  P  and  Q  may  he  found  with  great  convenience  for  other 
positions  of  the  locomotive,  all  of  whose  wheels  mutt,  however,  he  on  the  heam  ; 
hecause,  if  one  wheel  goes  off,  the  heam  is  under  a  different  load  system  altogether. 

107.  Find  P  and  Q  in  example  97  when  the  locomotive  is  shifted  so  that  its 

fore  wheel  is  10  feet  from  the  left  end  of  the  heam. 

Here 

a  »  9-57  feet,    and    2(^)->28. 

Ant.  P  =  9-73,     Q  =  18*27  tons. 


Neutral  Plane  and  Neutral  Axis. 

The  phenomena  which  accompany  transverse  stress  are : — 

Every  horizontal  straight  line  parallel  to  the  axis  of  the 
heam  becomes  a  curve,  one  line  on  the  diagram  showing  the 
curved  condition  of  all  lines  lying  in  the  same  horizontal  layer. 

All  points  in  the  beam,  except  those  over  the  supports, 
arrive  at  a  lower  level. 

The  consequence  is,  that  some  horizontal  layers  are 
shorter  and  others  are  longer   than    they   were   before  the 

stress  was  applied.     The  \  bottom  I   ^7®^  ^  ^^^  which  i 

"^^^^  {TteS^}'  '^^  °°«  °«*~'  *«{boSm}  ^  """^ 
I  ^"^^  J  ,  I  than  one  not  so  near.  Since  this  condition  of 
being  extended  dimimshes   gradually  as   you   pass  upwards 
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i 


A' 


from  layer  to  layer,  and  passes  into  a  condition  of  being 
compressed,  there  must  be  one  intermediate  layer  which  is 
neither  extended  nor  compressed.    This  layer  is  indefinitely 

thin,  is  in  fact  a  plane,  and  is  called  the  neutral  plane  of  the 

beam,  and  the  line  which  is  its  trace  upon  the  diagram  is 

called  the  neuiral  axis  of  the  beam. 

On  fig.  80,  the  straight  line  OX,  the  neutral  axis,  while  the 

beam  is  unstrained,  is  chosen  as  an  axis  of  reference.    Let  8  be 

any  point  on  the  neutral  axis  after  the  beam  has  been  strained, 

s  its  distance  from  0  measured  along  the  curve ;  let  S'  be  the 

point  on  OX  directly  above 

S,  and  X  its  distance  from    v, 

0  measured  along  OX     It      -a 

is    to    be    observed     that   oj 

the  curvature,  although  ex-  ^i 

aggerated  on  the  diagrams, 

is  really  in  practice  so  slight 

diat  a;  and  ^  will  be  sensibly   a^ ^ 

equal  to  each  other,  and  x  q 

may  be  put  for  the  amount  b^ 
of  either  unless  where  it  is 
absolutely  necessary  to  dis- 
tinguish between  theuL  &S  is  called  the  deflection  of  the  point 
S]  the  greatest  value  of  this  is  called  the  deflection  of  the  beam, 
and  when  the  beam  is  symmetrically  loaded,  it  occurs  at  the 
centre  of  span. 

Let  T  be  another  point  on  the  curve.  Draw  SH  and  TH 
normals  to  the  curve  at  S  and  T  meeting  each  other  at  H\ 
then  H  will  be  the  centre  of  a  circle  which  will  coincide  with 
the  arc  ST.  Draw  also  SK  a  tangent  at  S  (fig.  81),  meeting 
any  horizontal  line  KL  at  K.    Then 

ds  =  arc  ST  is  the  small  difference  between  the  values  of 
s  for  the  two  points  T  and  S, 

cfe  =s  S^  T^  IB  the  small  diflFerence  of  the  values  of  x,  the 
abscissae  of  T  and  S. 


>—x 


■Jb' 


Fig.  80. 


ds  ^  dx  GO  isT  as  value  is  concerned. 
P 


=  SSia  called  the  radivs  of  cwrwJtv/re  at  S\ 


-,  its  reciprocal,  is  called  the  curvature  at  S ; 
P 

and  JJis  called  the  cerUre  of  curvature  at  S 

I2 
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i  «  the  angle  SKL  is  called  the  slope  eA,  S;  its  greatest 
value  is  at  one  end,  and  is  called  the  dope  of  the 
beam. 

di  »  the  difference  of  the  slopes  at  T  and  S 
9XC  ST     ds     dx        ... 

These  angles  are  in  circular  measure. 

Let  ya  be  the  height  of  the  top  layer  AA  above,  y^  the 
depth  of  the  bottom  layer  BB  below  the  neutral  axis,  and 

I  above  I 
let  (qp)  y  be  the  distance  of  any  layer  ^C'  -{i   j      }■  the  neutral 

axis. 


Fig.  81. 


The  portions  of  these  layers  intercepted  between  the  two 
radii  HS  and  HT  before  being  strained  were  all  equal  to  ds^ 
in  length.  Let  {ds-  a),  (ds  +  p),  and  {ds±y)  be  their  lengths 
respectively  when  strained ;  then  by  similar  triangles 


arc  AA     arc  ST 
AH    ^^SBT' 


or 


ds-  a 


ds 


ds  —  a  -  ds  ^  ya-  — , 

P 


ds 
or    o  =  ya— ; 
P 


ds      o 
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.     .  BXQ  BB     aj:G  ST  ds  +  B     ds 

P  P  ^-      - 


ds 


.     .         arc  (7(7     arc  /Sr  dsty     ds 


Off  8H  '  p±y       p  ' 

.  .  ds  ds  y      y 

.-     ds±y^ds±y  .—y    or    y^y— ;      .-.    -^«i.. 

p  p  as     p 

Now  the  intensity  of  the  longitudinal  strain  on  the  layer 
AA  at  the  point  A  is 

augmentation  of  arc  AA      -  a  /g^  d  4  ^ 

original  length  of  arc  AA      ds 

Similarly  the  intensity  of  the  longitudinal  strain  on  the 
layer  BB  at  the  point  B  ia  ^,  and  that  on  CG  at  any  point 

C  is  ^.    Hence,  from  the  above  equations,  we  have 

^  '  ^  ''%■:''  Va  '  Vh  -  Vi  or  in  words — 

The  irUensity  of  the  longitudiTial  strain  on  eaoh  layer  at  the 
point  where  it  crosses  a  section  AB,  is  proportional  to  the  distance 
of  the  layer  from  the  n&idral  axis. 


Elements  of  the  Stress  at  an  Internal  Point 

OF  A  Beam. 

To  specify  the  stress  at  a  point  within  a  beam,  it  is  neces- 
flaxy  and  sufficient  to  find  the  intensity  and  obliquity  of  the 
stress  at  that  point  upon  any  two  planes  through  it ;  for  con- 
venience we  take  two  planes  at  right  angles  to  the  plane  of 
Ae  paper :  see  page  35.  In  fig.  82,  OX  and  OY  are  rectangular 
djes;  OX  coincides  with  the  neutral  axis  of  the  beam,  and 
tlie  origin  O  is  at  the  middle  of  its  lengtL     Let  distances 
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measured  along  OX  to  the  j^^,  along  OY  {^i^^^}. 

^  In^at^ef*  ''^^^  ^  *"^^  "^  ^^  ^  *^®  abscissae  of  the  two 
ends  of  the  beam ;  x^,  Xt,  Sec.,  the  abscissae  of  the  weights.  Let 
ff  be  any  point  in  the  beam,  its  coordinates  being  x  and  y ; 
that  is,  on  the  diagram,  x  is  the  distance  of  ^  to  Qie  right  or 
left  of  0,  and  y  ite  distance  above  or  below  the  neutral  axis. 
Of  the  planes  at  right  angles  to  the  paper  and  passing  through 
JT,  choose  two,  viz.,  AB  and  (72>,  vertical  and  horizontal. 
According  to  custom,  CD  may  be  called  the  plan  through  -ff, 
and  AB,  the  cross-section,  or  shortly  the  section;  further,  it  is 
caUed  the  section  at  x,  meaning  that  the  abscissa  of  eveiy  point 
in  the  section  is  a;.  H  may  be  any  of  the  points  on  the  cross- 
section  at  the  distance  y  bom  the  neutral  plane;  and  as  all 
these  points  are  exactly  imder  the  same  stress,  it  is  unnecessary 
to  say  which  of  them  JT  is ;  or,  in  other  words,  it  is  not  neces- 
sary to  give  the  third  or  Z  coordinate  of  ff  required  to  specify 


INoitralAzls  of 
Craw  Oootlon. 


Fig.  83. 


its  distance  from  the  plane  of  the  paper.  The  trace  of  the 
neutral  plane  upon  the  cross-section  is  a  horizontal  straight 
line,  dividing  the  cross-section  into  an  upper  and  under  portion, 
and  this  hne  is  called  the  netUral  axis  of  the  cross-section.  In 
order  to  specify  the  stress  at  ff,  we  find  the  intensities  and 
obliquities  of  the  stresses  at  that  point  upon  the  two  rectangular 
planes  through  it.  The  stresses  upon  these  two  planes  are  due 
to  the  strain  upon  the  beam ;  that  is,  to  the  fact  of  its  being 
bent  at  the  section  AB,  leaving  out  of  account  the  particular 
forces  which  actually  cause  the  beam  to  be  bent.    We  may 
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suppoee  that  the  beam  is  bent  by  these  particular  forces,  and 
sarroTinded  by  an  envelope  of  some  rigid  material,  and  then 
that  these  particular  forces  are  removed. 

Upon  this  consideration  it  is  evident  that  the  stress  on  CD 
will  have  no  Tiormal  component.  Certainly,  if  one  of  the  weights 
of  the  actual  load  happened  to  be  at  ^,  then  a  normal  stress  on 
OD  would  be  directly  transmitted  to  it ;  such  a  stress,  however, 
being  accidental  is  left  out  of  the  present  investigation.  Having 
remarked  this  about  the  plane  CD,  we  leave  its  further  con- 
sideration for  some  time,  and  give  our  attention  to  the  section 
AB.  At  the  point  H  on  the  section  AB,  we  see  there  will  be  a 
nonnal  component  stress ;  and  we  know,  further,  that  it  is  a 
thrust,  since  the  horizontal  fibre  through  H  is  compressed  If, 
however,  -H"  be  on  the  neutral  axis  of  the  cross-section,  there  is 
no  normal  component  stress,  since  a  horizontal  fibre  through 


Fig.  86. 


such  a  point  is  imstrained    On  the  other  hand,  if  J7  be  below 
the  neutral  axis,  that  is,  if  its  ordinate  y  be  positive,  there  is  a 
nonnal  component  stress ;  and  we  know,  further,  that  it  would 
be  a  iensum,  since  the  horizontal  fibre  through  such  a  point  is 
stretched.    Generally,  then,  at  a  point  ^  on  a  section  AB,  there 
will  be  a  normal  component  stress  of  opposite  signs  for  points 
situated  on  opposite  sides  of  the  neutral  axis  of  the  cross- 
aection;  and  generally,  also,  there  will  be  a  tangential  com- 
ponent stress  acting  in  the  same  direction  for  all  points  on  the 
section,  as  will  afterwards  be  seen. 
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To  ascertain  the  stresses  at  points  on  the  section  AB ; 
suppose  the  beam  cut  into  two  portions  at  that  section,  and 
consider  the  equilibrium  of  one,  say  the  left  portion,  as  a  rigid 
body  (fig.  83),  The  forces  acting  on  it  are  P,  Wi,  FT,,  shown  on 
the  figure  by  strong  arrows,  together  with  the  stress  opon  the 
cut  surface,  shown  by  fine  arrows.  Let  P  be  greater  than  the 
sum  of  Wi  and  Wt  \  then  the  vertical  components  of  the  fine 
arrows  must  act  downwards  to  conspire  with  Wx  and  W%  in 
balancing  P.  For  some  positions  of  the  section,  JFi  +  JT,  +  &c., 
the  sum  of  the  loads  on  the  portion  of  the  beam  to  the  left  of  the 
section  AB^  may  exceed  P;  and  on  such  sections  all  the  vertical 
components  of  the  fine  arrows  must  act  upwards ;  while  for 
other  positions  of  the  section,  the  siun  of  TFi,  TFt,  &c.,  may 
equal  P,  and  on  these  sections  the  fine  aorows  will  be  normal  to 
AB.  Let  T  be  the  intensity  of  the  stress  on  the  section  at  the 
point  H,  and  0  its  obliquity.  Besolve  the  fine  arrows  into 
vertical  and  horizontal  components — that  is,  resolve  the  stress 
at  each  point  into  a  tangential  and  normal  component  stress. 
On  figs.  84  and  85,  p  and  q  are  the  components  of  r  shown 
separately,  one  set  on  each  diagram ;  pa  and  ph  are  the  values 
of  p  at  the  highest  and  lowest  points  of  the  cross-section,  and 
the  value  of  p  at  the  neutral  axis  is  zero ;  ^a  is  the  value  of  q  at 
the  neutral  axis,  and,  as  will  afterwards  appear,  the  value  of  q 
at  the  highest  and  lowest  points  is  zero. 

The  equilibrium  of  these  forces  gives  the  three  following 
conditions : — 

I.  The  algebraic  sum  of  the  arrows  p  is  zero. 

II.  The  algebraic  sum  of  the  external  forces  (strong  arrows) 
together  with  the  arrows  q  is  zero. 

III.  The  algebraic  sum  of  the  moments  of  all  the  forces 
about  (y  is  zero. 

Condition  I.  is  equivalent  to — The  sum  of  the  arrows  p 
which  are  thrusts  acting  on  the  portion  of  the  section  above 
the  neutral  axis,  equals  the  sum  of  the  arrows  p  which  are 
tensions  acting  on  the  portion  of  the  section  below  the  neutral 
axis.  Hence  the  resultant  of  all  the  arrows  p  is  a  pair  of  equal 
and  opposite  forces  not  in  one  straight  line ;  or,  in  other  words, 
a  couple  in  the  plane  of  the  paper.  Since  this  couple,  by  con- 
dition III.,  balances  the  sum  of  the  moments  of  the  external 
forces  about  (X,  therefore  the  moment  of  the  couple  is  equal  to 
that  sum,  and  acts  in  the  opposite  direction. 
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DsFiNiTtONS. — F^^  the  algebraic  sum  of  the  external  forces 
acting  on  a  portion  of  a  beam  included  between  one  end  and 
the  cross-section  at  x,  and  comprising  the  supporting  force 
(if  any)  at  that  end  and  the  loads  on  that  portion,  is  called 
the  shearing  fcrce  at  that  cross-section. 

M^  the  moment  of  these  external  forces  about  any  point 
on  the  cross-section  at  x^  is  called  the  bending  moment  at  that 
cross-section. 

F„  the  amoimt  of  the  tangential  component  stress  on  the 
cross-section  at  x,  is  called  the  resistance  to  shearing  of  that 
cross-section. 

M„  the  couple  which  is  the  moment  of  the  total  stress  on 
the  cross-section  at  x  about  any  point  of  the  cross-section,  or 


I, —  (XrX)    _ — , 


P^< 


of  itntfoii* 


Rosuttaot 
'otthni9t9 


M  (h9  momtat 
of  eooplo  lo  tho 
RotuKont  of  nil 


F  /•  tho 
*  'Rooutiont  of 
mil  orrowt  O. 


B 


Fig.  86. 


what  is  the  same  thing,  the  moment  of  the  normal  component 
stress  on  the  cross-section  about  any  point  in  the  plane  of  the 
paper,  is  called  the  rrumient  of  resistance  to  bending  of  that  cross- 
section. 

On  fig.  86,  these  four  quantities  are — 

i^,  =  P  -  JFi  -  Wt, 

M^  =  F{C'X)-  Wi(Xi  -  a;)  -  W^ixt  -  x). 

Fx  —  Kesultant  of  arrows  q, 

Ms  —  Besultant  of  the  pair  of  equal  and  opposite  forces,  one 
of  which  is  the  resultant  of  all  the  thrusts  p,  the 
other  of  all  the  tensions  p. 
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The  conditions  of  equilibrium  for  any  portion  of  the  beam 
comprised  between  one  end  and  a  cross-section  at  x  are — 

F^  =  F..  (1) 

if,  -  Mx.  (2) 

Since  Fg  and  Mx  are  calculated  from  external  forces  alone, 
they  are  independent  of  the  size  or  form  of  the  cross-section, 
and  depend  only  upon  the  amount  and  distribution  of  the  load ; 
and,  when  calculated  at  a  sufficient  number  of  cross-sections, 
they  form  the  data  from  which  to  design  the  beam.  On  the 
other  hand,  F,  and  M,  depend  only  upon  the  size  and  form  of 
the  cross-section  at  x,  and  upon  the  material  of  which  the  beam 
is  to  be  made.  Having  fixed  upon  a  material  for  which  we 
know  the  working  strei^hs  to  resist  tension,  thrust,  and  shear- 
ing, the  two  equations  above  enable  us  to  design  the  different 
dimensions  of  the  cross-section  at  a;  in  any  required  form.  The 
form  to  be  adopted  in  any  particular  case  depends  in  some 
degree  upon  the  shapes  in  which  the  material  is  naturally 
obtained,  or  in  which  it  can  be  manufactured  cheaply;  and 
when  it  can  with  equal  facility  be  manufactured  in  several 
forms,  that  one  is  to  be  preferred  which  takes  greatest  advan- 
tage of  any  difference  in  the  resistance  of  the  material  to  the 
various  kinds  of  stress ;  since,  by  doing  so,  we  require  the  least 
quantity  of  material  The  form  of  cross-section  chosen  must 
be  suitable  for  the  particular  nature  of  the  load,  and  locality  of 
the  beam.  Having  thus  designed  the  cross-sections  at  a  suffi- 
cient number  of  places,  we  are  said  to  have  designed  the  beam 
so  as  to  have  sufficient  strength  to  resist  the  given  loads. 

Besides  the  above  qualities  of  suitability,  cheapness,  and 
economy  of  material,  a  beam  must  also  have  sufficient  stiffness. 
We  will,  further  on,  derive  equations  to  enable  us  to  find  the 
form  of  economy  mentioned  above,  and  also  to  select  the  ratio 
of  the  dimensions  of  the  cross-section  to  fulfil  the  condition  of 
stiffiiess. 

The  cross-section  at  x  either  being  given  or  having  been 
designed,  equations  (1)  and  (2)  enable  us  to  calculate  the 
elements  of  the  stress  at  any  internal  point  H. 

The  Cantileveb. 

A  beam  may  be  supported  by  one  prop  placed  exactly  below 
the  centre  of  gravity  of  the  load,  as  shown  on  fig.  87.  It  is 
evident  from  the  definitions,  that,  in  this  case,  the  shearing  force 
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and  bending  moment  are  mitYiTnA  at  the  point  of  support; 

becauae  the  external  forces  upon  one  of  the  portions  into  which 

the  section  through  this  point  divides  the  beam,  say  upon  the 

left  portion,  are  the  loads  on  that  portion  and  they  aU  act  in 

one  direction.     The  bending  moment  at  that  section  is  the 

arUhm^Hcal  sum  of  each  of  these  loads  into  its  leverage ;  and 

for  any  other  section  to  the  left,  the  number  of  loads  to  be 

reckoned  in  calculating  the  bending  moment  may  be  fewer,  and 

at  the  same  time  all  the  leverages  are  shorter.    In  considering 

the  left  portion  alone,  it  is  unnecessary  to  draw  the  other ;  and 

instead,  the  left  portion  may  be  supposed,  as  on  the  figure,  to 

terminate  at  its  right  extremity  in  a  vertical  plane ;  this  plane 

is  supposed  to  give  the  necessary  resistance  to  balance  the 

sheanng  force  and  bending  moment  at  the  point  of  support. 


W4  Wb 


Such  a  piece  is  called  a  Cantilever ;  as  shown  on  diagram,  the 
right  is  itB  fixed  and  the  left  its  free  end ;  its  length  is  a  When 
tne  cantilever  is  strained,  that  is  bent,  the  tangent  to  the  axis 
at  the  fixed  end  remains  horizontal ;  the  upper  layer  is  stretched 
while  the  lower  is  compressed,  and  the  lettering  will  be  accord- 
ingly. The  deflection  v  of  the  cantilever  is  the  difierence  of 
level  of  the  two  ends,  and  its  slope  i  is  the  inclination  of  the 
tangent  to  the  axis  at  its  free  end  with  the  horizontal. 

We  shall  now  proceed  to  calculate  the  bending  moments  on, 
and  construct  bending  moment  diagrams  for,  beams  and  canti- 
levers under  various  loadings ;  in  such  a  diagram,  the  horizontal 
&Dd  vertical  dimensions  are  respectively  the  span  and  bending 
moments  at  the  different  points  of  the  span  drawn  to  scale. 
Each  of  these  diagrams  requires  two  scales — a  scale  say  of  feet 
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for  horizontal,  and  a  scale  such  as  foot-tons  for  vertical,  measure- 
ments ;  there  may  be  required,  also,  a  scale,  say  of  tons  for  loads, 
if  the  loads  are  drawn  to  scale.  Such  diagrams  must  be  drawn 
upon  a  large  scale  if  intended  to  be  used  as  graphical  solutions, 
in  which  case  only  the  construction  requires  to  be  known.  The 
diagrams  of  this  treatise  are  too  small  for  such  purposes,  but 
they  serve  to  show  clearly  the  constructions,  and  are  principally 
useful  as  maps  upon  which  to  note  the  analytical  results.  In 
every  case,  these  diagrams  are  constructed  so  that  one  of  their 
boundaries  is  straight,  is  in  fact  the  span.  This  is  a  matter  of 
importance,  as  the  diagram  so  constructed  assumes  a  suitable 
form  for  a  practical  purpose  which  will  be  afterwards  pointed  out. 
One  boundary  of  such  diagrams  is  generally  a  parabola  in 
certain  simple  positions,  and  we  will  now  give  a  short  chapter 
on  the  equations  to,  and  the  construction  of,  this  curve. 


CHAPTER  VII. 


THE  PARABOLA. 


On  fig.  88,  X  and  Y  are  two  rectangular  axes  passing  through  A 
anj  point  of  reference.    Let  distances  measured  from  A  to  the 


-Y 


1       •• 

Fig.  88. 

The  points  Pi,  P,,  &c.,  have  their  ordinates  IPi,  2P2,  &c., 
proportional  to  their  abscissae  A\y  A2,  &c. ;  that  is,  if  X  and  Y 
be  the  coordinates  of  any  point  P,  then 

where  m  is  any  number,  whole  or  fractional,  and  the  locus  of  P 
is  a  straight  line  passing  through  A.  In  the  figure  m  »  ^,  and 
for  any  point  P,  X,  and  Y  are  both  positive  or  both  negative. 
The  coordinates  of  points  Pi,  P2,  &c.,  are  marked ;  e.ff  for  Pg^ 
X=3,  and  F=|. 


+  x 


.«»tf„ 


Fig.  89. 

On  fig.  89,  P19  Ftf  &c,,  are  points  corresponding  to  tlie  points  marked  similarlj 
on  fig.  88,  but  in  this  case  the  points  Pi,  P2,  &c.,  haye  their  ordinates  IPi,  2P2,  &c.» 
'*       *  to  the  squares  of  their  ahscasss ;  that  is 


This  is  the  principal  tquatum  to  the  parabola,  and  the  quantity  m  is  the  modulut. 
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The  lociiB  of  Una  equation ,  P,  is  the  parabola :  and  it  is  altogether  on  one  side  of 
the  axis  of  X,  since,  although  X  the  absciBsa  of  any  point  F  is  positiye  or  negatiye, 
the  quantity  Z'  is  always  positive. 

In  the  figure  m  «  ^,  and  for  any  point  P,  while  X  may  be  positiye  or  negative, 
T  is  always  positive.  The  coordinates  of  the  points  Pi,  Pt,  &c.,  are  marked ; 
^.ff,  for  Ps,  X  B  3,  and  F=  2^.  The  point  A  is  adled  the  vertex,  and  the  line  AT 
the  axis  of  the  parabola ;  the  curve  is  symmetrical  about  this  axis.  The  points 
Pi,  Ps,  &o.,  thus  found  are  points  on  the  curve ;  and  if  a  sufficient  number  of  soch 
points  be  found  and  a  fair  curve  drawn  through  them,  the  curve  will  be  sensibly 
■a  parabola. 


Whenever  we  have  an  equation  of  the  above  form,  we  conclude  that  the  locus 
is  a  parabola  whose  vertex  is  at  the  origin,  and  whose  axis  lies  along  the  axis  of  T. 


Parabolic  Segment. 

Any  line  as  BC,  fig.  90,  meeting  the  curve  in  two  points,  and  drawn  parallel  to 
the  axis  of  X,  may  be  called  a  right  chord ;  and  the  figure  enclosed  between  this 
chord  and  the  curve  may  be  called  a  paraboUe  right  tegfnmt.  This  chord  is  the 
hoie  of  the  segment,  and  AO  the  distance  of  the  vertex  A  from  the  base  is  the 
Might  of  the  segment. 
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The  following  is   a  conyenient  construction  for  drawing  a  parabolic  right 

ttf^meat  of  a  given  height  and  on  a  given  baae  BC,  fig.  90.    Plot  A  at  the  reouired 

height  above  O  the  middle  of  the  base,  and  complete  the  rectangle  BOAE.    Let  it 

be  required  to  construct  accurately  twelve  points  at  equal  horizontal  iotervals. 

Bifide  AS.  and  SB  each  into  six  equal  intervals,  and  number  them  as  on  the 

figure.   Prom  each  number  on  AH  draw  vertical  lines,  and  from  the  point  A  draw 

a  lay  to  each  number  on  SB.    Then  Pi,  the  point  of  intersection  of  the  vertical 

through  I  and  the  raj  ^1,  is  a  point  on  the  parabola ;  so  also  is  Ps,  the  point  of 

inteisection  of  the  vertical  through  2  and  the  ray  A2  ;  &c. 

It  is  evident  that,  for  instance,  DPi  is  proportional  to  the  square  of  AL ;  for, 
calling  IPi  unity,  then  DJ=  4,  and  DPi  »  4i)7.=  16  «  4>,  while  the  abscissa  of 
the  points  Pi  and  P4  are  proportional  to  1  and  4  ;  similarly  with  the  other  points. 
Hence  wefowrth  is  the  common  ratio  of  the  depth  of  each  point  below  AH  to  the 
tquBie  of  its  distance  laterally  from  A  0.  We  will  return  to  the  subject  of  drawing 
a  psiabolic  segment,  and  wiU  now  show  how  to  draw  a 


TANOBNT  AT  AVT  POINT  OF  A  PARAEOLAy 

sa^  Fi\  on  P^A-  and  P^D  construct  a  parallelogram  and  draw  its  diagonal  PiE: 
this  line  will  be  the  tangent  required.  PiK  is  the  same  fraction  of  P^  that  P^L 
is  of  PiA,  and  XP3  is  parallel  to  PiK.  If  KPz  were  paiallel  to  P^L,  then  would 
£C  be  a  parallelogram  similar  to  DA^  and  so  Ps  woidd  be  on  the  diagonal  P^E. 
But  mice  KPz  is  not  parallel  to  P4X,  but  converges  towards  it,  the  point  Ps  where 
KP%  meets  LG  lies  to  the  right  of  the  line  P^E.  Produce  EPi  through  P4.  P^N 
is  the  same  fraction  of  P^D  that  P^M  is  of  P^A  ;  if  NP^  were  parallel  to  PiM, 
then  P(  would  be  on  the  diagonal  EPa  produced ;  but,  since  NP^  diverges  from 
P«Jf,  the  point  Ps  where  NPt  meets  MP^  lies  to  the  right  of  the  line  PiE  produced 
tboogh  P4.  In  the  same  manner  every  point  on  the  curve,  either  above  or  below 
ijH  lies  to  the  right  of  PiE;  that  is,  PiE  is  a  tangent  at  the  point  P4.  Now  the 
diagonal  PiE  bisects  the  other  diagonal  AD  in  P,  and  the  most  convenient  way  <^ 
diawing  a  tangent  at  any  point  P4  is  to  project  P4  on  the  horizontal  through  the 
spex  A ;  bisect  AD  in  P,  and  draw  P4P;  this  is  the  tangent  required. 

To  plot  the  locus  of  an  equation  of  the  form  T  =  mX^ ;  in  other  words,  to  draw 
the  parabola  whose  modulus  is  m.  For  instance,  let  m^\.  Draw  any  line  BC 
ptnllel  to  the  axis  of  X,  fig.  90,  as  base ;  lay  off  OA  equal  to  ^OB^ ;  then  draw 
the  segment  by  plotting  accurately  a  number  of  points  Pi,  Ps,  &c.,  by  the  con- 
struction ahready  given,  and  draw  a  fair  curve  through  them.  Usually  we  fix  only 
a  few  points  on  the  curve  accurately,  and  from  these  the  rest  of  the  curve  is 
sketched  in.  By  mating  the  number  of  these  points  sufficiently  great,  we  can 
dzaw  the  curve  as  accurately  as  we  please. 

A  parabolic  segment  might  be  constructed  on,  and  cut  out 
of,  a  piece  of  cardboard,  and  used  exactly  like  a  set  square. 
The  parabola  could  then  be  quickly  drawn  on  our  diagrams 
thus: — K  the  apex  A  be  given,  place  the  parallel  rollers  to 
the  axis  of  JT,  shift  the  rollers,  slide  the  cardboard  segment 
along  them  till  the  apex  is  at  A^  and  draw  the  curve.  Again, 
suppose  we  are  given  (fig.  90)  the  axis  OE  and  a  point  B  on  the 
carve,  and  that  we  wish  to  draw  the  curve ;  place  the  rollers  at 
i%ht  angles  to  the  given  axis  OE,  slide  the  cardboard  segment 
with  its  apex  on  this  axis  till  the  curved  edge  passes  through  B, 
wd  then  draw  the  curve.  Instead  of  cardboard  we  may  use  a 
parabolic  segment  cut  out  of  a  slip  of  pear-tree  or  brass,  and 
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with  one  such  segment  we  can,  if  we  choose,  draw  all  parabolas. 
Thus,  suppose  our  pear-tree  s^ment  to  have  the  modulus  J,  and 
that  we  require  to  draw  a  segment  whose  modulus  is  1.  We 
may  choose  as  suitable  for  horizontals,  a  scale  of  10  parts  to  an 
inch ;  lay  off  the  base  with  this  scale  and  draw  the  curve  with 
the  pear-tree  segment ;  if  we  now  measure  the  verticals  on  the 
scale,  we  find  for  every  point  T  =  \X^.  If  we  draw  a  new  scale 
of  40  parts  to  an  inch  for  vertical  measurements,  then  for  every 
point  on  the  curve  we  will  have,  as  required, 

F  =  1  X  jr»  =  Z*. 

In  like  manner  the  curve  drawn  by  this  pear-tree  segment 
may  represent  any  parabola,  if  the  verticals  be  measured  on 
a  suitable  scale ;  tins  is  similar  to  the  common  practice  of 
exaggerating  the  vertical  scale  for  sections.  All  the  diagrams 
which  immediately  follow  may  be  very  conveniently  drawn 
with  one  such  seffment,  since  it  is  much  easier  to  draw  an 
additional  scale  than  to  construct  a  new  parabola ;  for  example^ 
suppose  the  segment,  fig.  90,  so  drawn,  and  that  we  wish  it  to> 
represent  the  parabola  Y  =  J-T*. 

Using  a  horizontal  scale  of  four  parts  to  an  inch,  we  have  by 
measurement  OB  =  6,  and  OA  or  HB^  9;  that  is,  HB  =  iOB* ; 
but  we  wish  HB  to  measure  JO^*,  that  is  12.  It  is  only  neces- 
sary then  to  divide  HB  into  12  equal  parts,  and  lay  off  a  scale 
of  such  parts  to  be  used  for  verticals ;  this  scale  is  evidently 
that  of  3  inches  divided  into  16  equal  parts. 


Equations  to  thji  Parabola. 

In  figB.  91  and  92,  let  0  the  middle  of  tlie  span  be  the  origin  of  rectangular 
coordinates,  the  span  BO  being  taken  as  the  axis  of  X ;  let  ^stances  measured 

*«-0  to  *«  {right}. "d from tbe.xi.ofi  {^-P;;;^}, be  {S^J. 

In  fig.  91,  the  axis  of  the  curve  passes  through  0,  whereas  in  fig.  92  it  passes  to 
one  side.  Let  x,yhe  the  coordinates  of  any  point  P;  and  for  the  apex  let  x  =  Kf 
and  f/ss  S. 

In  fig.  91,  Ks=  0,  since  JTis  on  the  axis  of  T;  and  in  order  to  find  the  equation 
to  the  curve  with  the  origin  at  0,  we  have 

Fb  -  mJ*  (origin  at  A). 

Instead  of  X  and  F,  we  substitute  their  values,  thus 


EQUATIONS  TO  THE  PABABOLA. 


129 


In  whtA  immediately  follows,  let  Co,  Ci,  and  Ca  be  eonttant  quantities;  then, 
if  we  hare  an  equation  of  the  form  y  =  (%  +  (hx^,  consisting  of  a  term  not  con- 
tsininr  x,  and  a  teim  in  «*,  we  conclude  that  the  locus  is  a  parabola,  with  its  axis 
Terticu,  its  apex  on  the  axis  of  T  and  at  the  dirtanee  C7o  from  the  origin ;  and  that 
the  modulus  of  the  parabola  is  (7i,  the  coeiBoient  of  r^,  so  that  the  principal  equa- 
tioD  is  7  =  Cii». 

For  example,  suppose  we  wish  to  plot  a  number  of  points  above  the  span  BG, 
fueh  that  the  coordinates  of  each  point  may  fulfil  the  equation 

y  =  J(36-«»)  =  9-J»«; 

we  eondnde  that  all  the  points  are  on  a  parabola  whose  axis  is  the  vertical  through 
0 ;  that  the  apex  ^  is  at  the  height  ff  b  9,  t^e  term  not  containing  x ;  that  the 
modulus  is  —  },  the  coefficient  of  r> ;  and  therefore  that  the  principal  equation  is 

r=-Ji«;    .\  5'«9  =  J02)»,    or    Oi)  =  6. 


Fig.  91. 

To  draw  the  Iocub,  lay  off  OA  ^9,0D--0E'^  6,  and  con- 
struct points  on  the  curve,  as  abready  shown  on  fig.  90 ;  or  more 
quickly,  by  means  of  the  pear-tree  segment  we  may  draw  a 
curve  through  the  points  D  and  E  just  found,  and  construct  a 
scale  for  verticals  upon  which  OA  measures  9. 

Agn^m,  on  fig.  92,  the  equation  to  the  curve  with  the  origin  at  0  is  derived 
from  the  principal  equation  by  substituting  x  —  K  and  y  —  H  lor  X  and  F,  thus 

y-JH"=-m(«-.r)«, 
^r        y  =  jr-«ijp»  +  2«-Ep-mJr',    or    y  =  (J  -  « J?)  +  2m JCr  -  jim^, 

which  is  an  equation  of  the  form  y^iCo+Cix-k-  C%x'^,  consisting  of  a  term  not 
contsininie  x,  a  term  in  x,  and  a  term  in  x^  ;  and  we  conclude  that  the^  locus  is  a 

(positive  \ 
negative  / ' 

apcxi.tothe{'2*}  oftheaxisofr;ifGD-^i«  {  ^^^\  }  ,  the  apex  is 
te}theaxisofX 
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To  find  the  yalue  of  K  and  of  H^  arrange  the  equation  thus : — 

y  =  m  (2  JT  -  «) «  +  5  -  m  J?. 

Kow,  when  y  —  S^  its  value  is  a  maximum,  and  the  ooiresponding  value  of  x  is 
K ;  so  that  to  ascertain  K^  we  have  only  to  find  that  value  of  x  which  makes 

y  ■■m(2Jr— «)d;  +  E—  ffiJP  «  maximum. 

This  IB  a  maximum  when  {2K^  x)x  is  a  maximum,  since  the  rest  of  the  expression 
is  constant  for  all  values  of  x. 

Suppose  that  2K  is  the  length  of  a  line,  which  is  divided  at  a  point  into  two 
segments ;  let  d;  he  the  length  of  one  of  them ;  then  2  JT  —x\&  the  length  of  the 
other,  and  (2Jr  -  x'^x  is  the  rectangle  contained  h j  the  two.  We  know  by  Euelid 
that  this  rectangle  is  greatest  when  the  segments  are  equal,  each  being  half  of  the 
line  2K.  So  that,  when  «  «  JT,  {^K—  x)x  is  a  maximum,  m{^K-  x)x  +  J7  -  mK^ 
is  also  a  maximum,  and  y  siH, 


Fig.  92. 


For  example,  suppose  we  wish  to  plot  a  number  of  points  whose  coordinates 
s,  y  fulfil  the  equation 

From  the  form  of  this  equation,  we  conclude  that  all  the  points  are  on  a  parabola, 
whose  axis  is  vertical  and  to  the  left  of  0 ;  that  the  apex  A  is  above  BC ;  that  the 
modulus  is  -  J,  the  coefficient  of  x',  and  therefore  that  the  principal  equation  is 

r=  -  \x\ 

The  distance  JTat  which  the  axis  lies  to  the  left  of  0  is  found  thus : — ^the  value 
of  X  whieh  makes 

y  ss  ^  (4  ~  x)x  •!>  3  =  a  maximum, 

is  that  in  which        4— «  =  d;,    or    «e2;    that  is,    K=t2. 

Again,  to  find  the  height  of  the  segment ;  when 

«=jr,    ye-ff,    and    J=  J(4 -2)2  +  3  =  4. 

Substituting  in  the  principal  equation,  we  have 

4  =  ^  B  \8D^ ;     therefore     half -base  ^SD  =  ±A, 
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To  draw  the  locus : — ^lay  oflf  OS  =  2,  and  draw  a  vertical 
through  S ;  from  S  lay  oflf  SD^SE^^,  and  &4  =  4  ;  and 
eonfitruct  points  on  the  curve,  as  in  fig.  90;  or  more  quickly, 
by  means  of  the  pear-tree  segment,  we  may  draw  a  curve 
through  the  points  D  and  E  just  found,  and  construct  a  scale 
for  verticals  upon  which  ^8^^  measui'es  4. 

Tktortm  A. — ^Fig.  93.  The  quadiant  of  a  parabola  and  a  right-angled  trian^e 
stand  on  a  common  horizontal  base,  with  the  right  angle  of  each  at  one  end  (tne 
ri^t  end  in  the  figure) ;  let  a  be  the  height  of  the  apex  of  the  parabola,  and  b  the 
haght  of  the  vertex  ox  the  triangle,  above  that  end.  If,  at  each  point  of  the  base, 
the  ordinate  of  the  parabola  be  added  to  that  of  the  hyi^otenuse  ox  the  triangle,  and 
a  new  carve  be  plotted ;  it  will  be  the  tame  parabola  with  its  axis  still  vertical,  and 
baring  its  apex  shifted  beyond  that  end  fthe  right  in  the  figure)  of  the  base  above 
▼loch  the  apex  was,  and  the  curve  will  still  pass  through  the  other  end  of  the  base. 
Ib  like  manner,  if  the  ordinate  of  the  parabola  be  deducted  from  that  of  the 
hrpotennse,  a  similar  result  is  obtained ;  the  apex  of  the  new  figure,  however,  is 
tt£fted  to  the  other  side.    The  horizontal  distance  through  which  the  apex  shifts  is 


Fig.  93. 

the  same  fraction  of  the  base,  that  the  height  of  the  vertex  of  the  triangle  is  of 
twice  the  hei^t  of  the  apex  of  the  parabola;  or  if  a  be  the  lateral  distance  tiirough 
vludi  the  apex  shifts,  then 


a  B  —  X  base  of  the  quadrant. 

The  addition  does  not  affect  the  coefficient  of  o^,  so  that  the  modulus  is 
onehanged.  In  short,  the  algebraic  addition  of  the  ordinates  of  the  straight  slope 
nskes  the  parabolic  base  segment  shift  on  the  rollers  from  the  position  on  fig.  91 
to  that  on  fig.  92.    Compare  the  text  at  fig.  1 16,  p.  166. 

Theorem  B. — If  to  the  ordinates  of  a  parabola,  axis  vertical  and  apex  to  left  or 
right  of  origin,  the  ordinates  of  another  parabola,  with  axis  vertical  and  passing 
dooQgh  the  origin,  be  added ;  then  the  new  locus  is  a  parabola,  its  modulus  is  the 
mm  of  their  moduli,  and  its  axis  is  vertical ;  its  apex  lies  on  the  same  side  of  the 
origin  as  the  apex  of  the  first  parabola ;  and  the  abscissa  of  its  apex  is  the  same 
Aietioo  of  the  abscissa  of  the  first  parabola's  apex,  that  the  modulus  of  the  first 
pmbola  is  of  the  sum  of  the  moduli.    Fig.  94.     See  also  figs.  91  and  92. 

k2 
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or 


For  the  panbolas  whose  apexes  are  A\  and  Ao,  respeotiTsly, 

f^i  «  yo  +  n  -  -Ho  -  Wo**  +  1  ( Ji  -  mKi*)  +  2mri9  -  ««», 


(1) 


which  is  a  parabola  of  modulus  {wm  +  m),  its  axis  Lb  Terticaly  its  apex  lies  on  the- 
same  side  of  origin  as  the  apex  dt  the  first  parabola ;  and  if  JT'i  ib  the  Tslue  of  s 

-»]x greatest,  then 

Mo  4-  m       / 


JTi 


w 


a  js.  D. 

TAMfWfi  C. — If  to  the  ordinates  of  a  locus  oonsisting  of  two  parabolas,  with 
axes  yertical,  with  a  common  modulus  m,  and  intersecting  at  F,  there  be  added  thfr 


|« 4-— X«  ,— ^t. 


Fig.  94. 

ordinates  of  a  parabola,  axis  yertical,  apex  above  origin,  and  modulus  mo ;  then 
the  new  locus  consists  of  a  pair  of  parabolas  with  axes  vertical,  having  the  common 
modulus  (ffto  +  m),  and  intersecting  at  F^  on  the  same  vertical  as  F.    Fig.  94. 
For  the  parabolas  whose  apexes  are  Ai  and  Atj  respectively, 

yi  =  (El  -  tnKi*)  +  2mKix  -  fnx^ ;    y%  ^  (J,  -  mK%*)  +  2mK2X  -  i««*. 

If  /  be  the  abscissa  of  the  point  of  intersection,  then  where  yi  «  yi,  x  ^  f\ 
subtracting,  we  have 


0  =  (JIi  -  R%)  -  m(jri«  -  J,»)  +  2m{Xx  -  JT,)/, 
which  gives  the  vslue  of/. 


(3) 
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AfiiBy  by  the  pre^us  theonm,  equation  (1), 

y*i  «  (fii  +  ifi  -  mKi*)  +  2mKi»  -  (fn^  +  «»)«« ; 
y*t  =  (Jo  +  JSTs  -  mJTa')  +  2mJr2«  -  (ffio  +  «)*'. 


«imflarlj 


Let /^  be  the  absciflsa  of  the  point  of  intersection,  tben  where  $ti  =  ^Si  ^  =/^i 
sabtzBCtingy  we  have 


hence 


0  =  (JH-i  -  m)  -  m( jr,>  -  jr2«)  +  2m(jr,  -  Kt)r, 


(5) 


a  B.  D. 

Tksortm  D. — If  two  parabolas  with  axes  vertical  and  a  common  modulus  m 
bteraect  at  a  point,  then  the  horizontal  projection  of  any  double  chord  drawn 
throngh  that  point  is  constant  and  is  eaual  to  the  double  horizontal  chord  drawn 
through  it.  And  oonyersely,  if  a  line  whose  horizontal  projection  is  equal  to  the 
double  horizontal  chord  through  the  point  of  intersection  be  placed  with  one 
extremity  on  each  parabola,  either  the  line  or  the  line  produced  passes  through  the 
pcint  of  intersection.     (Fig.  95.) 


vhi»dvh 


Fig.  95. 

The  equation  to  the  parabola  (fig.  92)  is 

y  B  ( J  -  mB^)  +  2mKx  -  nufl ; 
the  origin  at  0  the  point  of  intersection,  then 
Si  =  mXi*,    and    Jffj  =  mX2* ;    hence    (Jffi  -  mEi^)  =  (Et  -  mK%*)  =  0  ; 
and  oonaidering  JTi  and  JTa  positiye,  we  have 

yi  =  2mKix  -  imj^,  (6) 

yt  a  -  2mK2X  -  mxK  (7) 

Hie  eqnation  to  any  straight  line  through  0  may  be  written 

y«M*;  (8) 

equating  (6)  and  (8),  we  find  for  V  the  point  of  intersection  x  =  2Ki  -  -^ ;  simi- 


m 


larlyfor2r,  «  =  -2jr2-  - 

m 

Henoe 


vn  =  2{Ki-{-K%)  m  ST, 


(9) 


Further,  if  F!2f  be  such  that  vn  =  2  (JTi  +  JTs),  and  V  moves  on  parabola  No.  1, 
while  JV  mo^ee  on  parabola  No.  2,  it  is  evident  ^at  VJf  always  passes  through  0. 
When  V  arrives  at  0,  then  VN  ia  a  tangent  at  0  to  parabola  No.  1 ;  and  if  V 
movee  to  F',  then  N  V  produced  passes  through  0.     Q.  X  D.  ^ 
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Theorem  E. — While  the  double  chord  VON  tuniB,  if  for  each  position  there  be 
taken  on  it  a  point  B  whose  horizontal  projection  b  dindea  vn  ms.  constant  ratio ; 
then  this  point  traces  out  a  parabola  whose  axis  is  yertical,  which  has  the  same 
modulus  m  as  the  parabolas  Kos.  1  and  2,  and  which  passes  through  the  point  of 
intersection  0.    (Fig.  95.) 

X,  y  being  the  coordinates  of  V;  let  Z,  F  be  the  coordinates  of  B  ;  and 

r^  a  (7  a  constant ;  then 


Now 


««jr+C,     and     r=-X 

X 

y  =  2mK\x  -  m«»,    or    -  =  m(2Jri  -  x) ; 


therefore  T  =  m(2 JTi  -  C  -  Z)Z,  (10) 

the  locus  of  B  ;  and  it  is  a  parabola  with  axis  yerticaly  of  modulus  m,  and  passing 
through  0,    The  abscissa  of  the  apex  Ai  is  equal  to  £i  -  \C,        Q,  E»  B, 


0»P«*i 


>i 

as 

htn.tti/y             / 

-**y       -«>/ 

so 

•-^ 

24 

A 

f\ 

f 

»9 

^ 

"f 

0 

\             * 

I           * 

i 

h       < 

b     i 

5  X 

Fig.  96. 


Fig.  97. 


Dbgradateon  of  a  Locus. 

Definition. — If  a  locus  be  drawn  whose  ordinates  are  proportional  to  the  square 
roots  of  those  of  a  given  locus,  the  new  locus  is  the  given  locus  degraded. 

Theorem  F. — Fig.  96.  If  a  locus  which  is  a  straight  slope  be  degraded,  the 
new  locus  is  a  parabola  with  its  axis  horizontal,  and  its  apex  at  the  point  where 
the  loci  cross  the  horizontal  base. 

For  the  straight  slope,  y  »  o^,  if  we  take  the  origin  at  the  point  where  it  cuts 
the  base ;  if  A  be  the  coiresponding  ordinate  of  the  new  locus, 

A'  oe  y    or    ax\    that  Lb,    x  cc  h\ 

a  parabola  with  axis  parallel  to  OX,  and  apex  at  the  origin. 

Theorem  Q, — Fig.  97.  If  a  locus,  which  is  a  parabola  with  axis  vertical  and 
apex  on  the  base,  be  degraded,  the  new  locus  is  a  straight  slope  crossing  the  base 
at  the  apex. 

For  a  parabola  with  origin  at  apex,  y  =  mafi ;  but  A'  ao  y ;  therefore 

h  oc^ma?, 
a  straight  line  passing  through  the  origin. 
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Theorem  H. — Fig.  98.  If  a  lociu  which  is  a  parabolic  segment  be  degraded, 
the  new  loeua  is  an  ellipse  with  its  centre  at  the  middle  of  the  base,  the  base  being 
a  major  or  minor  diameter. 


i       2*'   T  -  2il    JP" 


Fig.  98. 


Taking  the  origin  at  the  centre  of  base,  we  have  for  the  equation  to  a  parabola, 
jf  =  fR(«'>  —  jE*),  where  2^  is  the  base.  Let  K  =  /aA,  where  ^  is  a  quantity  such 
that  A**  3  y ;  then  since  A*  oc  y,  we  have 


—  ^^^^^     or     —  +  4;»o<*; 


ifM 


tisim 


The  ratio 


the  centnd  equation  to  an  ellipse  whose  semidiameters  are  c  and 

of  the  semidiameters  depends  on  m. 

On  ^.  98,  the  ordmates  of  the  degraded  figure  have  been  multiplied  by  4 ; 
thus  OA  IS  24,  or  four  times  the  square  root  of  36.  So  that  BAF  is  tiie  degraded 
figure  if  the  Tertical  scale  be  four  times  as  coarse  as  the  horizontal.  If  the  multi- 
plier irere  10,  then  BAF  would  be  a  semicircle. 

Hence  a  figure  consisting  entirely  of  arcs  of  the  same  parabolic  segment  can, 
when  degraded,  be  represented  by  a  series  of  arcs  of  circles,  provided  a  suitable 
▼ertical  sicale  be  oonstmcted. 

The  false  semi-ellipse,  fig.  98,  is  readily  struck  from  Atc  centres.  The  first  at 
s  distance  r^  =  60'  4-  24  =  160  below  A,  With  this  radius  AD  is  swept  out,  and 
BC  irith  n  =  24>  -^  60  =  10  nearly.  While  DC  is  drawn  from  the  centre  B 
defined  as  shown  on  the  disgnun. 


CHAPTER  Vm. 


BKNDI^G  MOMENTS,  AND  SHEARING  FOBCSS  FOB  FDOED  LOADS. 

Definition. — The  Bemdmg  MomefnJt  at  any  cross-sedian  of  a 
beam,  or,  as  we  may  more  conveniently  say,  cU  any  point  of 
the  span  is — Tfie  sum  of  the  moments  aiotU  that  point  of  ail 
the  external  forces,  a/^ing  wpon  the  portion  of  the  span  on  either 
side  of  the  point. 

For  convenience  in  the  case  of  beams  supported  at  both 
ends,  we  calculate  this  bending  moment  from  the  forces  acting 
upon  the  portion  to  the  left  of  the  point.  These  forces  comprise 
(vide  fig.  82,  p.  118,  and  fig.  86,  p.  121)  the  supporting  force  P 
acting  upwards  at  the  left  end,  and  the  loads  acting  downwards 
between  that  end  and  the  point.  Taking  the  centre  of  span  as 
origin,  the  abscissa  of  P  is  c ;  and,  if  a;  be  the  abscissa  of  the 
point  about  which  moments  are  taken,  then  {c  -  x)  is  the 
leverage  of  P,  and  P  tends  to  break  the  beam  at  the  point 
by  bending  the  left  portion  vpwards  with  a  moment  P(c  -  x) ; 
the  abscissa  of  Wi  is  Xi,  its  leverage  ia  {xi  -  x),  and  it  tends 
to  break  the  beam  at  the  point  by  bending  it  dowmvards  with 
a  moment  W^i^i  ~  ^) ;  all  the  other  loads  to  the  left  of  the 
point  have  an  effect  on  the  beam  similar  to  that  of  Wi  \  and 
since,  in  this  case,  the  left  portion  of  the  beam  is  bent  upwards 
at  the  point,  the  moment  Pic-x)  exceeds  the  sum  of  all  these 
moments  Wi{xi  -  x)  +  W2{oc%  -  x),  &c. ;  and  if  if«  represent 
the  bending  moment  at  any  point  x,  then 

if,  =  P{e  -  0?)  -  W^{xi  -x)-  Wt{xt  -  x),  &c., 

all  the  loads  on  the  portion  of  the  beam  to  the  left  of  the  point 
being  taken  into  account. 

A  Bending  Moment  Diagram  is  a  figure  having  a  horizontal 
straight  line  for  its  base,  equal  in  length  to  the  span  on  a  scale 
for  horizontals  which  should  accompany  the  diagram.  Above 
this  base  is  an  outline  or  loom  consisting  of  a  curve,  a  polygon 
with  straight  sides,  or  a  polygon  with  curved  sides,  and  such 
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that  the  height  of  any  point  on  the  outline  gives  the  bending 
moment  at  the  point  of  the  span  over  which  it  stands,  measured 
on  a  scale  (say)  of  ft.-lbs-  or  of  ft.-tons  for  verticals  which  also 
should  accompany  the  drawing.  It  is  evident  that  this  outline 
always  meets  the  horizontal  base  at  both  ends,  since  the  bending 
moment  at  each  end  is  zero.  It  will  be  seen  that  x  and  Mjg 
are  respectively  the  abscissa  and  ordinate  of  a  point  on  this 
locus  or  outline;  an  equation  between  those  two  quantities, 
such  that,  when  you  substitute  into  it  any  value  for  a?,  it  gives 
you  the  corresponding  value  of  Mx,  is  called  the  eqtuUion  to  the 
lending  mammt. 

An  approximate  method  of  drawing  a  bending  moment 
diagram  is,  to  calculate  the  bending  moments  at  a  nimiber  of 
points  of  the  span,  say  at  equal  short  intervals ;  plot  these  to 
scale,  and  then  join  the  tops  of  the  verticals  with  straight  lines, 
or  draw  through  these  points  a  fair  curve.  Such  a  diagram  will 
give  the  bending  moments  accurately  at  the  points  which  were 
plotted,  and  approximately  at  intermediate  points ;  and  its 
principal  use  is  to  mark  the  calculated  results  thereon.  On 
the  oUier  hand,  if  upon  investigation  we  find  the  locus  to  be 
of  a  form  which  we  can  draw  readily,  then,  drawing  the  diagram 
first,  we  may  afterwards,  by  measurement  from  it,  find  the  value 
of  the  bending  moment  at  any  point  of  the  span.  Such  a  method 
of  proceeding  is  called  a  graphical  solution. 

The  liAXiMUM  BENDING  MOMENT  is  that  value  of  the  bending 
moment,  than  which  no  other  value  is  greater ;  if  this  value  be 
at  one  particular  point  of  the  span,  that  point  is  called  the 
poifd  of  maaimum  bending  moment ;  sometimes  this  value  ex- 
tends between  two  points  of  the  span,  in  which  case  any  point 
intermediate  may  be  so  called.  The  determination  of  the 
maximum  bending  moment,  and  of  the  point  at  which  it 
occurs,  is  of  great  importance.  A  graphical  method  is  pecu- 
liarly successful  in  giving  these,  as  we  know  or  readily  find 
the  highest  point  on  the  diagram;  the  height  or  ordinate  of 
this  point  is,  of  course,  the  maximum  bending  moment,  and 
its  abscissa  is  the  point  at  which  it  occurs.  In  all  the  cases 
which  follow,  that  point  on  the  diagram  is  either  the  angular 
point  or  side  of  a  polygon,  or  the  apex  of  a  parabolic  right 
figment 

Definition. — The  Shearing  Force  at  any  cross-section  of  a 
ieam,  or,  as  we  may  more  conveniently  say,  at  any  point  of 
the  span  is — Ths  algebraic  sum  of  the  extemul  forces  acting 
tipon  the  portion  of  the  beam  to  either  side  of  the  point. 

We  will  denote  this  shearing  force  by  Fg,  and  calculate  its 
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amount  systematically  from  the  forces  acting  on  the  portion  of 
the  beam  to  the  left  of  the  point ;  thus  for  a  beam 

i?',  =  P-jr,-IF,-&c.,  (1) 

the  external  forces  on  the  left  portion. 
Similarly,  for  a  cantilever 

F^^-Wi-Wt'  &c.  (2) 

On  the  beam  then,  F»  is  j^^t^ef  according  as  P  i& 
jgrea  rl  ^^^^  ^^^  ^^^^^  ^j  ^j^^  weights  to  the  left  of  the 
section  at  x.  The  beam  may  be  divided  at  a  certain  point 
into  two  segments,  such  that  for  every  point  in  the  jj^j^y.*-}- 

s^ment,  the  shearing  force  is  ■{   pj^*.-  Al  at  this  point  the 

shearing  force  changes  sign.  The  shearing  force  on  either 
segment  may  be  considered  as  positive;  for  convenience  we 
have  chosen  as  just  stated.  Having  fixed  the  sign  thus,  on 
a  cantilever  as  shown  on  the  diagrams,  that  is  with  its  fixed 
end  to  the  right,  the  shearing  force  is  everywhere  n^ative ; 
and  in  considerations  regardmg  beams  and  cantilevers,  it  is 
necessary  to  take  this  into  account ;  when,  however,  the 
cantilever  alone  is  considered,  it  will  be  better  to  reckon  the 
shearing  forces  as  positive. 

It  may  be  observed  that  the  symbolical  expression  for  Fx 
does  not  depend  for  its  form  upon  the  position  of  the  origin ; 
in  this  respect  it  is  unlike  Mg.. 

A  Shearing  Force  Diagram  is  a  figure  having  a  horizontal 
base  representing  the  span  on  a  convenient  scale,  and  an  outline 
or  locus.  For  a  cantilever  this  locus  lies  wholly  under  the  base ; 
for  a  beam,  it  lies  above  the  base  for  the  segment  to  the  left, 
under  the  base  for  the  segment  to  the  right,  and  crosses  the 
base  at  an  intermediate  point.  The  height  of  any  point  on  the 
locus,  measured  on  a  scale  for  forces,  say  tons  or  lbs.,  gives  the 
shearing  force  at  the  point  of  the  span  over  which  it  stands. 
Both  these  scales  should  accompany  the  drawing. 

Maximum  Shearing  Force, — On  a  cantilever  it  is  evident 
that  the  greatest  value  is  at  the  fixed  end.  On  a  beam  there 
are  two  values  each  greater  than  the  others  near  it,  one  at  the 
left  end  and  positive,  one  at  the  right  and  negative ;  the  vcJue  of 
the  greater  of  these  is  the  greatest  for  the  whole  span. 


SHSABING  FORCE  DIAGRAM.  139 

This  locus,  in  the  diagrams  for  all  the  cases  of  fixed  loads 
which  we  consider,  consists  of  straight  lines.  For  a  portion  of 
the  span  between  any  two  adjacent  loculs,  the  straight  line  is 
evidently  horizontal ;  for  portions  uniformly  loaded  it  slopes  at 
a  rate  given  by  the  number  which  indicates  the  intensity  of  the 
load ;  thus  if  w  lbs.  per  foot  be  the  intensity  of  the  uniform 
load,  then  w  vertical  to  one  horizontal  is  the  slope.  Where  a 
weight  is  concentrated  at  a  point,  the  line  is  vertical ;  that  is, 
at  such  a  point  the  locus  makes  a  sudden  change  of  level,  the 
change  being  equal  to  the  weight. 

On  a  cantilever,  the  shearing  force  at  the  fixed  end  is  equal 
to  the  load,  and  at  the  free  end  it  is  zero ;  we  can  readily  draw 
the  straight  lines  as  above  described  to  suit  the  nature  of  the 
load,  and  so  complete  the  diagram. 

On  a  beam  the  shearing  force  at  the  left  end  is  P,  at  the 
right  end  it  is  -  Q,  and  at  some  intermediate  point  the  locus 
intersects  the  base  and  changes  sign ;  the  manner  of  fixing  the 
position  of  this  point  will  be  explained  immediately.  The  whole 
locus  is  then  readily  completed  by  drawing  the  lines  as  above 
to  suit  the  nature  of  the  load. 

Theorem. — ^The  Shearing  Force  at  any  point  of  a  beam  or 
cantilever  is  the  rate  of  variation  of  the  bending  moment  at 
that  point ;  and  on  the  beam  the  shearing  force  changes  sign  at 
the  point  of  maximum  bending  moment. 

As  before, 

where  ^{W)  means  the  sum  of  the  loads  to  the  left  of  x ;  and 

if,-P(c-aj)-S(Jr.a;), 

where  ^{W.x)  means  the  sum  of  the  products  got  by  multi- 
plying each  load  to  the  left  of  x  by  its  leverage  about  x.  Hence 
if  we  suppose  P^  to  be  positive,  and  take  the  bending  moment 
at  any  interval  d  further  to  the  right,  the  second  bending 
moment  will  exceed  the  first  by  F^.d,  if  there  be  no  load  on 
the  portion  d ;  and  by  F^g .  d,  minus  the  load  over  the  portion  d 
into  its  leverage  about  x^  if  there  be  a  load  on  the  portion  d. 

Since  the  leverage  of  the  load  which  is  on  the  portion  d  is 
less  than  d^  we  can  by  taking  d  small  enough  make  this  product 
as  small  as  we  please ;  that  is,  Fx>d  is  the  change  of  the  bend- 
ing moment  in  passing  from  x  through  a  small  interval  d.  Now 
the  rate  of  change  of  M^  means  the  change  in  passing  from  x 
through  an  unit  interval,  say  one  foot,  if  the  change  continued 
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uniform  throughout  that  interval,  and  at  the  same  rate  as  at  a; ; 
in  other  words,  the  change  in  M^  for  d  reckoned  equal  to  unity, 
vrithout  taking  into  consideration  any  additional  loads  which 
may  be  over  ^t  interval ;  hence  the 

rate  of  change  of  if^, «  ^^ ; 

«lso,  as  we  pass  from  the  left  to  the  right  end  of  the  span,  if 

'■  •»  {St:}.  "■ "  {rsri}.  ""i " «« p«»'  •'-> 

F^  changes  sign  M^  is  a  maYimum. 

For  fixed  loculs  the  shearing  force  diagram  greatly  assists 
the  construction  of  the  bending  moment  diagram,  besides 
readily  locating  the  maximnni  bending  moment.  It  is  con- 
venient to  consider  and  draw  these  two  diagrams  conjointly. 

Beam  with  Unequal  Weights  at  Ibbsgular  Intervai^. 

Let  a  beam  42  feet  span  (fig.  99)  support  weights,  viz., 
W,  =  5,  JT,  =  5,  JT,  =  11,  W^  -  12,  and  fT*  =  9  tons  at  points 
whose  abscissde,  reckoned  from  0  the  centre,  are  Xx «  20,  o^i  -  15, 
a^  «  7,  aj4  =  -  3,  and  ajj  =  -  10  feet.  This  is  the  problem  of 
example  103,  fig.  79,  and  we  have  P  =  24  tons,  at  <; «  21  feet, 
■and  0  =  18  tons,  at  -  c  =  -  21  feet. 

To  calculate  the  bending  moment  at  any  point  x^  x^  -Z 
for  instance,  we  may  take  the  forces  upon  the  right  portion,  and 

Jf^  =  g  X  18  -  JTs  X  7  -  18  X  18  -  9  X  7  =  261  ft.-tons. 

We  will  now  calculate  the  bending  moments  at  the  points 
where  the  weights  stand,  in  each  case  systematically  from  the 
forces  upon  the  left  portion. 

Ft.-toiu 

Jlfj^   =  24  X  1  « 24 

Mte^   ^  P{c-Xi)  -  Wi{xi  -  a^) ; 

Jlfig   »  24  X  6  -  5  X  5  = 119 

Jf*.   ^  P{c-x,)'W,{x,-x^)-W^{xt-x,); 

JIfy     =  24  X  14  -  5  X  13  ^  5  X  8  - 231 

Mx,    =  P{C'X,)-W,{x,'X,)-W,{xt'X,)'W^x,-x,); 
Jlf_8    =  24  X  24  -  5  X  23  -  5  X  18  -  11  X  10  «  .        .        .261 

Mx5    =  P  (c  -  ajs)  -  JTiCaJi  -  ajs)  -  Wt{x2  -  x^)  -  &c. ; 

J!f.io  =  24  X  31  -  5  X  30  -  5  X  25  -  11  X  17  -  12  X  7  -  198 
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In  the  interval  between  Wt  and  W^,  consider  any  two 
sections  A  and  B^  the  latter  being  situated  further  to  the 
right;  let  the  distance  between  them  be  d.  The  leverage  of 
P  is  greater  at  B  than  at  A  by  the  quantity  d^  and  the 
upward  bending  moment  of  P  is  greater  at  B  than  at  A  by 
the  quantity  P .  d\  again,  the  leverages  of  W^,,  fT,,  and  W^y 
respectively,  are  greater  at  B  than  at  A  by  the  quantity  d^ 
and  the  AownvKurd  bending  moment  due  to  PFi,  FF,,  and  W^ 
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Fig.  99. 

is  greater  at  B  than  at  A  by  the  quantity  (fFi  +  JFi  +  Jr,)^. 
Hence  if,  is  to  be  derived  from  Mj^  by  adding  P.  d  and  sub- 
tracting (Jri  +  JFj  +  JFs)^;  incur  example  P>(Fri  +  JF2  +  »r,), 
80  that  the  quantity  to  be  added  exceeds  the  quantity  to  be 
subtracted ;  that  is 

Mb>Mj,,    by     {P -  W,  -  W^  ^  W^)d, 


&  quantity  proportional  to  d. 
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Again,  for  any  two  points  G  and  D  in  the  interval  between 
W^  and  JTs,  Mo  is  to  be  derived  from  Ma  by  adding  P .  d  and 
subtracting  {Wi  ■¥  W^  +  Wz  +  W^) d ;  in  this  case,  however, 
P  <  (JTi  +  ^^2+  FTs  -f  JFi),  so  that  the  quantity  to  be  added 
is  srnaller  than  the  quantity  to  be  subtracted;  that  is 

Mn<Mc,    by     (JF.+  Jr,  +  Jr,  +  JF4-P)rf, 

A  quantity  proportional  to  d. 

In  both  cases,  as  we  pass  towards  the  right  from  one  point 
to  another  in  the  interval  between  two  weights,  the  change 
in  the  bending  moment  is  uniform,  and  is  proportional  to  the 
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horizontal  distance  passed  over — uniformly  increasing  or  uni- 
formly decreasing  according  as  the  supporting  force  P  is  greater 
or  less  than  the  sum  of  all  the  weights  to  the  left  of  the  points 
being  considered ;  and  if  for  some  interval,  P  is  equal  to  the 
sum  of  the  weights  to  the  left,  the  bending  moment  at  points 
in  that  interval  is  constant. 

Bending  Moment  Diagram. — ^With  a  scale  of  feet  for  hori- 
zontals, lay  off  the  span,  fig.  100,  and  plot  the  positions  of  the 
loads;  at  each  of  these  points  erect  a  vertical  equal  to  the 
bending  moment  thereat  upon  a  suitable  scale  of,  say,  ft.-tons 


we 
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for  verticals ;  join  the  tops  of  these  ordinates  by  straight  lines, 
and  join  each  end  of  span  to  the  top  of  the  nearest  ordinate. 
The  lines  just  drawn  give  ordinates  which  vary  uniformly  in 
eaeh  interval,  so  that  at  any  point  whatever,  the  ordinate  gives 
the  bending  moment  at  that  point  in  ft.-tons  when  measured 
on  the  vertical  scale.  The  bending  moment  at  each  load  having 
been  calculated  analytically,  a  diagram  thus  constructed  is  a 
graphical  soliUion  for  every  other  point. 

Maximum  Bending  Momsnt. — ^In  our  example,  since  P  >  Wi, 
the  line  AB  slopes  up  towards  the  right,  that  is,  the  bending 
moment  increases  in  this  interval ;  BC  also  slopes  up  towards 
the  right  since  P  >  {Wi-¥  W^),  and  CD  slopes  up  towards  the 
right  since  P  >  ( fT,  +  JF",  +  W^) ;  JDH  slopes  davm  towards  the 
right  since  P  <  (JTi  +  TT*  +  fl^,  +  fTi),  and,  lastly,  HF  slopes 
dmm  towards  the  right  since  P  <  ( W^i  +  JFa  +  FT,  +  PPi  +  J^s). 
That  is,  beginning  at  the  left  end  and  passing  towards  the  right, 

find  that  the  sides  of  the  polygon  slope  1  j        r  towards  the 

right,  while  P  ial    ]^    \  than  the  sum  of  the  weights  we  have 

passed.  For  some  loads  there  is  one  interval  where  P  is  eqiuil 
to  the  sum  of  the  weights  passed,  and  in  such  cases  the  side  of 
the  polygon  above  that  interval  is  horizontal.  Evidently  the 
highest  ordinate  is  that  of  the  angle  of  the  polygon  made  by 
the  last  side  which  slopes  up  to  the  right,  either  with  the  first 
side  which  slopes  down,  or  with  the  horizontal  side  if  there  is 
one  On  fig.  100,  that  angle  is  D,  and  its  ordinate  is  the  maxi- 
mum bending  moment ;  so  that,  in  our  example,  the  maximum 
bending  moment  occurs  at  W^,  that  is  at  the  point  x^  -  3,  and 
its  value  is  261  ft.-tons.  If  one  side  of  the  polygon  be  hori- 
zontal, the  ordinate  to  any  point  of  this  line  is  constant,  and 
is  a  maximum. 

The  Point  of  Maanmum  Bending  Mom^ent  is  found  thus — 
From  P  subtract  the  quantities  Wi,  fT,,  JTj,  &c.,  in  succession 
until  the  remainder  becomes  zero,  or  first  negative ;  when  the 
remainder  becomes  zero ;  the  maximum  bending  moment  occurs 
at  the  weight  last  subtracted,  at  the  weight  next  in  order,  and 
at  eveiy  point  between  them :  when  the  remainder  becomes 
native  for  the  first  time,  the  maximum  occurs  at  the  weight 
last  subtracted,  and  at  that  point  only.  In  our  example,  from 
P=  24,  subtract  Wi  =  5,  JT,  =  5,  FF,  «  11,  and  the  remainder 
is  +  3 ;  subtract  W^  =  12,  and  the  remainder  is  negative  for  the 
first  time  ;  at  this  weight,  that  is,  at  a;^  =  ~  3,  the  maximum 
bending  moment  261  ft.-tons  occurs. 
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Qraphiml  Solution  for  BeTiding  Moment  Diagram. — The 
following  purely  graphical  solution  for  the  same  problem 
requires  no  analysis,  but  must  be  drawn  vdth  accurate  in- 
struments and  upon  a  large  scale.     Draw  the  vertical  lines 


Scale  for  Bendinq  Momehtb  (Verticgls) 
ijio     to      0 iM wfT.Tofia 


''■"""■-■ 


Scale  for  Forces  Tomb 

10 


Scale  for  Diuembiomb  (Horizontals) 

If  • 0 10  J» 

■■■■■'«'■'■ 


X 


X 


aopi 

X=I 


Fig.  101. 

Py  Wu  W^,  W^,  W^,  Ws,  and  Q,  fig.  101,  at  the  given  horizontal 
distances  apart  upon  a  scale  for  dimensions;  draw  db,  be,  cd, 
^>  ^f  equal  respectively  to  the  forces  Wi,  W2,  W^,  JF4,  W^ 
upon  a  scale  for  forces,  that  is  equal  to  5,  5,  11, 12,  and  9  tons 
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in  our  example.  Choose  any  pole  Oy  and  join  it  to  a,  5,  c,  d^  e, 
and  /.  From  -ff'  any  point  on  P  draw  JS^A  parallel  to  &a^ 
and  meeting  W,  at  A';  draw  A'B",  B^CT,  (fiy,  UW,  and  WK' 
parallel  respectively  to  (XJ,  C/c,  (fd,  O'e,  and  Oy.  Join  JSTjE"'  ; 
and  draw  (fg  parallel  to  H'K\  meeting  af  in  g.  Then,  upon 
the  scale  for  forces,^  =  Q,  and  ga-P.  In  the  example,  ^  =  18 
tons,  and  ^a  =  24  tons ;  so  far  this  is  a  graphical  solution  for 
findhig  the  supporting  forces.  The  polygon  WAB'G'B'WK' 
is  a  bending  moment  diagram ;  but  as  it  is  inconvenient  to  have 
WP  sloping,  we  draw  another  polygon  thus : — Choose  a  new 
pole  0  on  the  horizontal  line  passing  through  ^,  and  such  that 
the  distance  Og  is  some  convenient  int^ral  number  upon  the 
scale  for  dimensions,  on  the  diagram  0^  =  10 ;  draw  Oa,  Ob,  Oc, 
Od,  Oe,  Of,  and  Og.  From  ff  any  point  on  P,  draw  HA  parallel 
to  Oft,  and  meeting  WiS,t  A;  similarly,  draw  AB,  BC,  CD,  BE, 
and  ^Z' parallel  respectively  to  Oh,  Oc,  Od,  Oe,  and  Of. 

We  have  a  new  polygon,  HABCBEK,  which  is  the  bending 
moment  diagram,  and  HK  is  horizontal  as  desired.  The  vertical 
ordinates  give  the  bending  moments  at  each  point  of  the  span, 
upon  a  scale  for  verticals  obtained  by  subdividing  the  divisions 
on  the  scale  for  forces  by  the  number  which  Og  measures  on 
the  scale  for  dimensions ;  thus  on  the  figure  this  new  scale  is 
made  by  subdividing  each  division  on  the  scale  for  forces  into 
10  equal  parts,  because  we  made  Og  -  10  on  the  scale  for 
dimensions.  We  can  now  find  the  bending  moment  at  z,  any 
point  of  the  span,  by  measuring  the  ordinate  zs  upon  the  proper 
scale;  for  instance,  the  ordinate  at  B  measures  261,  the  bending 
moment  in  foot-tons  at  that  point. 

Produce  the  two  sides  HA  and  KE  to  meet  at  h  \  then  Q  the 
point  below  h  is  the  centre  of  gravity  of  the  loads  W^,  W^,  Wz, 
Wi,  and  Wi ;  on  fig.  101,  HG  =  18  on  the  scale  for  dimensions : 
see  example  103,  fig.  79,  p.  113. 

Proof — ^Draw  the  vertical  hn,  and  produce  all  the  sides  of 
the  polygon  to  meet  it ;  at  z,  any  point  of  span,  draw  the  vertical 
zq,  and  let  the  sides  of  the  polygon  that  he  to  the  left,  or  those 
sides  produced,  meet  it  in  the  points  r  and  8 ;  then  sr  is  called 
the  intercept  on  the  vertical  through  z,  made  by  the  two  sides  of 
the  polygon  which  meet  at  the  angle  B.  Other  intercepts  on 
this  vertical  are  zq  and  rq,  made  by  the  patirs  of  sides  from  the 
angles  H  and  A  respectively.  Again,  on  the  vertical  through  h 
we  have  the  intercepts  Oh,  kh,  mk,  and  nm  made  respectively  by 
the  pairs  of  sides  from  the  angles  H,  A,  B,  and  G\  and  also  the 
intercepts  Oh,  ph,  and  np  made  respectively  by  the  pairs  of  sides 
from  the  angles  K,  E,  and  B. 

L 
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The  triangle  Bsr  on  the  hase  sr^  and  of  height  zVy  is  similar 
to  the  triam^e  Ocb  on  the  hase  cby  and  of  height  gO,  heeause 
their  sides  are  respectively  parallel ;  the  bases  of  these  triangles 
measured  on  one  scale  will  be  in  the  same  proportion  to  each 
other  as  the  heights  measured  on  any  other  scale ;  hence 

«^  •  <?t>  offeree*    •    •    2?i;  .  ^(y  diaentions  J 

Tl  on  scale  ^  TT  on  scale  of 
-.-,  —  on  scale  ,^  ^  of  forces  ^  *"  dimensions 

•*    offerees  ^  rTj  on  scale  of 

yvJ  dimensions 

_  Wt  tons  X  zv  feet     moment  of  Wt  about  z 
"  10  "  io 

But  9r  measures  10  times  as  much  upon  the  scale  for 
verticals  as  it  does  upon  the  scale  for  forces,  since  we  made 
the  scale  for  verticals  by  subdividing  each  division  on  the 
scale  for  forces  into  ten  parts;  therefore 

ST  on  vertical  scale  «  moment  of  W%  about  z. 

That  is,  measuring  on  the  vertical  scale,  the  intercept  on  the 
vertical  through  any  point  z^  made  by  the  pair  of  sides  from 
any  angle  of  the  polygon,  equals  the  moment  about  z  of  W^ 
the  force  at  that  an^e.      

To  show  that  if  P  -  ga,  and  Q  ^  fg,  they  will  balance 
Wx^W^-\-W^+W^-\-  W^  It  is  evident  that  P  +  G  -  S  JT; 
and  if  you  produce  Hli  to  meet  the  vertical  through  Ky  the 
intercept  by  the  pair  of  sides  from  H  equals  the  moment  of 
ga^  that  is  of  P,  about  K\  the  five  intercepts  made  on  the 
vertical  through  K  by  the  pairs  of  sides  from  Ay  By  C,  2>,  and  Ey 
are  the  moments  about  K  of  the  weights  JF,,  W%y  IFi,  W^y  and 
Wi  respectively,  and  it  is  evident  that  the  first  of  these  inter- 
cepts is  identically  equal  to  the  sum  of  the  other  five.  Hence 
the  moment  of  P  equals  the  sum  of  the  moments  of  TTi,  W^y 
Wty  W^  and  Wt  about  K\  that  is,  ga  exactly  represents  the 
value  of  P. 

To  show  that  G  is  the  centre  of  gravity  of  the  weights 
^1,  Wty  Wzy  Wiy  and  Wi.  The  sum  of  the  moments  about  G 
of  all  the  weights  to  the  left  of  ff,  that  is  of  Wu  fT,,  and  W^ 
iahk  ■¥  km  +  rrm  =  hn ;  again,  the  sum  of  the  moments  about 
G  of  all  the  weights  to  the  right  of  G,  that  is  of  W^  and  W^ 
iBnp  -^-ph^Jm;  hence  the  sum  of  the  moments  about  &  of  all 
the  weights  to  the  left  equals  the  sum  of  the  moments  about  G 
of  all  the  weights  to  the  right ;  and  since  these  moments  tend 
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to  turn  lihe  beam  in  opposite  directions,  the  one  snin  destroys 
Uie  other,  or  the  sum  of  the  moments  of  all  the  weights  W 
abont  Gr  is  zero;  that  is,  &  is  the  centre  of  gravity  of  the 
weights. 

To  show  that  2S,  the  ordinate  of  the  polygon,  measured  on 
the  yertical  scale  equals  the  bending  moment  at  Zy 

®  =  zq-  qr  -  rs^dW.  measured  on  the  scale  for  verticals 
=  Mom.  of  P  -  Mom.  of  Wi  -  Mom.  of  JFj,  all  about  z 
=  Bending  Moment  at  z. 

This  is  Crolman's  Theorem.  It  will  be  seen  that  this  is  a 
special  case  of  fig.  74,  p.  100.  Also  HABCDEK  is  a  balanced 
frame,  the  vectors  from  0  giving  the  thrust  on  the  bars,  &c. 
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Fig.  102. 

In  all  cases  of  fixed  loads  the  maximum  bending  moment 
oecnrs  where  the  locus  of  the  shearing  force  diagram  crosses 
its  faoyse. 

OrapMcal  Soluiiaii  for  Shearmg  Force  Diagram, — ^Fig.  102. 
P  and  Q  are  determined  graphically  by  finding  the  point  g, 
as  on  fig.  101,  or  by  moments.  Through  g,  fig.  102,  draw  a 
horizontal  Hue  and  produce  the  lines  of  action  of  P,  Wi,  Wt, . . .  Q 
to  cut  it ;  join  these  lines  of  action  in  pairs  by  horizontals 

L2 


148  BENDING  MOBIENTS  AND  SHEARING  FORCES. 

through  a,  h,  c,  d,  e,/,  respectively.    The  scale  used  for  forces 
is  also  the  scale  for  shearing  forces. 

The  construction  is  cyclical;  through  each  of  the  points 
a,  bf  c,  d,  e,fy  g,  a  horizontal  line  being  drawn  to  join  the  lines 
of  action  of  the  forces  in  pairs,  viz. : — from  a  joining  P  and  Wu 
from  b  joining  JV,  and  JT,,  from  c  joming  JT,  and  JF,,  from  d 
joining  W^  and  W^,  from  e  joining  Wi  and  JFi,  from  /  joining 
Wi  and  Qf  and  from  g  joining  Q  and  P, 

Cantilbver  with  Unequal  Weights  at  Intervai^. 

A  cantilever  (fig.  103)  12  feet  long  supports  three  weights, 
Wi  =  S,  Wt  -  6,  and  TFs  »  4  tons  at  points  whose  abscissae 
reckoned  from  the  fixed  end  are  Xi  =  12,  Xs  =  10,  and  x^  =  4: 
feet.  This  loading  is  shown  also  on  fig.  87,  p.  123,  but  on 
that  figure  the  cantilever  projects  beyond  FFi,  and  so  (;  is 
greater  than  o^i;  it  is  evident,  however,  that  the  part  which 
so  projects  is  not  strained,  so  that  although  a  cantilever  does  so 
project,  yet,  for  purposes  of  calculation,  its  length  may  be  con- 
sidered as  the  distance  from  the  fixed  end  to  the  most  remote 
load ;  this  is  shown  on  fig.  103,  where  c=^Xi, 

We  will  now  calculate  the  bending  moments  at  the  fixed 
end,  and  at  points  where  the  weights  stand,  systematically  from 
the  forces  upon  the  left-hand  portion. 

'      Ft.-toiis 
-K^lOTtf  = 0 

Mx^       =  Wi[x,  -  ic,) ;  ifio  =  8  X  2  =        .        .        .  16 

Mx^       =  W^[x,  -  a^)  +  W^{x^  -  iTi) ;    Jf*  =  8  x  8  +  6  x  6  =  100 

Jfo        =  ^1^1  +  ^^  +  ^^  ;  -  8  X  12  +  6  X  10  +  4  X  4  =  172 

The  Bending  Moment  at  any  point  is  the  sum  of  the  pro- 
ducts got  by  multiplying  each  weight  to  the  left  of  that  point 
by  its  distance  therefrom ;  the  above  is  an  arithmetical  sum, 
since  all  the  weights  tend  to  bend  the  left  portion  downwards. 
Having  found  the  bending  moment  at  one  point,  we  may  derive 
the  bending  moment  at  another  point  nearer  the  fixed  end  and 
such  that  no  weight  intervenes,  by  adding  the  product  of  the 
sum  of  all  the  weights  to  the  left  into  the  distance  between  the 
two  points,  since  no  Tiew  weights  have  to  be  considered,  and  all 
the  leverages  have  increased  by  the  distance  between  the  two 
points.  Hence  the  bending  moments  increase  uniformly  in 
«each  interval  as  you  move  towards  the  fixed  end. 
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Bending  Mofnent  Diagram, — ^With  a  scale  of  feet  for  hori- 
zontals, lay  off  the  length  (fig.  103) 
and  plot  the  positions  of  the  loads ; 
at  each  of  these  points,  and  at  the 
fixed  end,  draw  a  vertical  ordinate 
downwards^  equal  to  the  bending  mo- 
ment thereat,  upon  a  suitable  scale 
of  foot-tons  for  verticals ;  join  the 
ends  of  the  ordinates  by  straight  lines. 
The  ordinates  are  drawn  downwards 
to  signify  that  the  moments  on  a 
cantilever  are  of  a  different  sign,  as 
compared  to  those  on  a  beam.  In 
either  case  the  moments  are  all  of 
one  sign,  which  will  always  be 
reckoned  as  positive. 

Maximum  Bending  Moment, — It  is 

evident  that   the  maximum   bending  T. .■■? 

moment  is  at  the  fixed  end,  and  is      I       »^riMont^i. 


M»rt/e«'« 


■■'■■■'' 


ifo-S(Jra;). 


Fig.  103. 


Graphicai  Solution  for  Shearing  Force  Diagram, — Fig.  104. 
From  a,  ft,  e,  d,  joints  of  load-line,  draw  horizontals  joining 
the  lines  of  action  of  the  forces  in  pairs,  the  vertical  through 
the  fixed  end  being  reckoned  as  a  Une  of  action.  Thus  draw 
horizontalB,  from  a  joining  the  ver- 


yf^S 


i 

0 


h 

M 


tical  through  the  fixed  end  and  Wu   iLLJLI 

from  b  joining  fPi  and  Wt,  from  c 

joioing   Wt  and   W^,  and   from   d 

joining  Wz  and  the  vertical  through 

the  fixed  end.    The  scale  for  forces 

is  also  the  scale  for  shearing  forces. 

Oraphieal  Solution  for  Bending 

Moment  Diagram. — ^Draw  a  vertical 

line  through  K,  the  fixed  end,  and 

draw  the  vertical  lines  fT,,  W^,  W^ 

at  the  given   horizontal  distances 

apart  upon  a  scale  for  dimensions  (fig.  105).    Draw  aft,  ftc,  cd, 

equal  respectively  to  the  forces  JTi,  W^,  W^  upon  a  scale  for 

forces ;    that  is,  equal  to  8,  6,  and  4  tons  in  our  example. 

Choose  a  pole  0  on  the  horizontal  line  passing  through  a,  and 

sach  that  the  distance  Oa  is  some  convenient  integral  number 

upon  the  scale  for  dimensions ;  on  the  diagram  Oa  =  10 ;  and 

draw  Oby  Oc,  and  Od.     From  A  any  point  on  JFi  draw  AB 


Fig.  104. 
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parallel  to  Ob,  and  meeting  )Ft  at  £ ;  similarly,  draw  BC^  CD, 
and  AK  paiullel,  respectivdy ,  to  Oc,  Od,  and  Oa.  Then  ABCBK 
is  the  bending  moment  diagram ;  its  vertical  ordinates  give 
the  bending  moment  at  each  point  of  the  span  upon  a  acale 
for  verticals,  obtained  by  subdividing  the  divisions  on  the  scale 
for  forces  by  the  number  which  Oa  measures  on  the  scale  for 
dimensions ;  thus,  on  the  figure,  this  new  scale  is  made  by 
subdividing  each  division  on  the  scale  for  forces  into  10  equid 
parts,  since  (%i  «  10  on  the  scale  for  dimensiona 

Proof, — ^At  any  point  e  draw  the  ordinate  e&,  and  produce 
those  sides  of  the  polygon  that  lie  to  the  left  till  they  meet  it 
On  the  figure,  they  meet  it  at  €,  /,  g,  h.  As  in  the  proof  to 
fig.  101,  the  intercept  on  the  vertical  through  e  made  by  the 
pair  of  sides  from  any  angle  of  the  polygon,  wul,  when  measured 


t 


Fig.  105. 

upon  the  scale  for  verticals,  give  the  moment  about  e  of  the 
force  at  that  angle.  Now  the  ordinate  at  0  is  the  sum  of  the 
intercepts  made  by  the  pairs  of  sides  from  each  angle  to  the 
left,  and  so  will  give  on  the  vertical  scale  the  sum  of  the 
moments  of  the  forces  to  the  left  of  e\  that  is,  the  bending 
moment  at  e.  On  fig.  105,  ef  the  intercept  by  the  pair  of 
sides  from  -4,  gives  the  moment  of  Wi  about  e ;  fg,  the  intercept 
by  the  pair  of  sides  from  j5,  gives  the  moment  of  JF,  about  e, 
and  gh  gives  the  moment  of  W^  about  e.  Hence  eh  gives  the 
sum  of  these  three  moments,  that  is  the  bending  moment  at  e. 

Shearing  Force  Diagram  due  to  One  Load. 

For  a  beam  with  W  at  the  centre,  the  shearing  force 
diagram  consists  of  two  rectangles  of  height  ^W,  one  standing 
above  the  left  half  and  the  other  below  tiie  right  half  of  span. 

For  a  beam  loaded  with  TT  at  a  point  dividing  the  span 
into  any  two  segments,  the  shearing  force  diagram  conslBts  of 
two  rectangles,  one  standing  above  the  left  segment,  the  other 
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lielow  ihe  right  B^ment  The  height  of  each  is  inversely  pro- 
portional to  me  le^th  of  the  segment  on  which  it  stands,  and 
the  sum  of  their  he^hts  is  W. 

In  these  two  cases  it  is  evident,  and  it  can  easily  be  proved 
for  a  general  case,  fig.  102,  that  the  area  of  the  part  of  the 


r 


1        ( 


1 


j. 


Fig.  100. 

shearing  force  diagram  above  the  base  is  equal  to  the  area  of 
the  part  below  the  base. 

For  a  cantQever  with  W  at  its  free  end,  the  shearing  force 
diagiam  is  evidently  a  rectangle  of  height  W,  standing  below 
the  span. 

Beam  Loaded  at  the  Csnts& 

Fig.  107.  Let  IT  be  the  load  at  the  centre.  By  symmetry 
-P  =  6  =  i  KT.  For  a  section  distant  from  the  centre  x  towards 
the  left,  consider  the  forces  on  the  left- 
hand  portion.  The  only  force  is  P,  and 
its  leverage  is  (c  -  a;) :  hence 


if,  =  P{c  -  x) 


W 


(c  -  «), 


the  equation  to  the  bending  moment. 

The  value  of  M^  is  zero  at  the  end, 
that  is  where  x^c\  it  increases  uni-  Fig.  107. 

formly  as  x  decreases,  that  is,  as  you 

approach  the  centre,  and  it  is  greatest  where  a; »  0,  that  is  at 
the  centre;  by  symmetry  for  the  other  half  of  the  span,  the 
value  will  decrease  uniformly  till  it  is  again  zero  at  the  right- 
hand  end ;  hence  the  maximum  bending  moment 

W 

In  Bankine's  "Applied  Mechanics,"  the  maximum  bending 
moment  in  each  case  is  given  in  the  above  form,  viz.,  majdmum 
bending  moment  ■  constant  x  total  load  x  span,  or  M^^m.W. L 
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Throughout  a  great  portion  of  that  work,  m  steoids  for  this 
constant,  which  he  calls  the  mumerical  coefficient  of  the  moaimwni 
bcTiding  moment  eocpressed  in  terms  of  the  load  and  span  The 
value  of  m  depends  upon  the  rrumner  of  loading  and  of  support- 
In  the  case  we  have  just  solved,  we  specify  the  mode  of  support 
by  calling  the  piece  a  beam,  and  the  manner  of  loading  when 
we  say  that  JT  is  at  the  centre,  and  we  find  m  =  J. 

Bending  Mom^ent  Diagram. — Upon  a  convenient  scale  of  feet, 
lay  off  BC,  fig.  107,  equal  to  the  span ;  construct  a  triangle 
with  its  apex  above  the  centre  0.  Draw  a  scale  of  ft-lbs.  to 
measure  verticals  upon,  such  that  OA  shall  measure  upon  it  one- 
fourth  of  the  product  of  the  load  in  lbs.  into  the  span  in  feet 

Graphical  Solution, — ^The  simplest  graphical  solution  is  to 
draw  the  bending  moment  diagram  as  above ;  one  which  is 
purely  graphical  may  be  made  as  in  fig.  101,  and  it  will  not 
be  necessary  to  use  the  first  pole  0\  &c.,  as  we  know  that 
P=  Q^^W,  Draw  ah  vertical  and  equal  to  the  load  fF; 
from  its  middle  point  draw  a  horizontal  line;  choose  0  at  a 
distance  from  ah  equal  to  some  convenient  integral  number 
on  the  scale  for  dunensions,  and  draw  Oa  and  Ob.  Then 
fig.  107  is  constructed  by  drawing  BA  parallel  to  Oa,  and 
AC  parallel  to  OB ;  and  a  scale  for  verticals  is  obtained  by 
subdividing  the  scale  for  forces  by  the  number  chosen  for  the 
distance  of  0  from  ah. 

Cantilever  loaded  at  the  end. — ^Fig.  108.    To  find  the  bending 
moment  at  a  section  distant  x  from  the  fixed 
end  K,  consider  the  loads  to  the  left  of  that 
section.   The  only  force  is  W,  and  its  leverage 
about  the  section  at  a;  is  (c  -  x),  and  we  have 

M^^JV(c-x), 

the  equation  to  the  bending  moment. 

The  value  of  if^  is  zero  when  x  equals  c, 
that  is  at  the  free  end  ;   it  uniformly  in-  Fig.  108. 

creases  as  x  decreases,  and  is  a  maximum 
when  x  =  0,  that  is  at  the  fixed  end ;  the  maximum  bending 
moment  is 

M,  =  Wc^W.l, 

and  the  value  of  the  constant  is  m  =  1. 

Bending  Moment  Diagram. — Upon  a  convenient  scale  of 
feet,  lay  off  KA  (fig.  108)  equal  to  the  length;  draw  below 
KA  the  right-angled  triangle  FAK,  with  the  right  angle  at 
the  fixed  end,  and  construct  a  scale  of  ft.-lbs.  for  verticals. 
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Each  that  K¥  may  measure  upon  it  the  product  of  the  load 
in  Tbe.  into  the  length  in  feet 

Orapkieal  Solution. — The  simplest  graphical  solution  is  to 
draw  the  bending  moment  diagram  as  above ;  one  which  is 
purely  graphical  may  be  made  as  on  fig.  105.  Make  ab  equal  to 
W^  and  from  a  draw  a  horizontal  line ;  choose  a  point  0  such 
that  Oa  is  a  convenient  int^er  on  the  scale  for  dimensions, 
and  join  Ob.  Draw  AF  (fig.  108)  parallel  to  Ob,  and  a  scale 
for  verticals  is  obtained  by  subdividing  the  scale  for  forces  by 
the  value  of  Oa. 

BsiiM  Uniformlt  Loaded. 

¥i%.  109.  Let  w  be  the  intensity  of  the  uniform  load  in 
lbs.  per  foot  of  span.  This  is  represented  by  a  load  area, 
cQuaisting  of  a  rectangle  of  height  w  feet  standing  on  the 
^an,  and  weighing  one  lb.  per  square  foot.  The  total  load 
W  is  tiie  area  of  this  rectangle, 
80  that 

W 
W  =  2vx,    or    w  «  TT-  • 

To  find  the  bending  moment 
at  a  section  distant  x  from  the 
centre  O.  Consider  the  load  area 
standing  upon  the  portion  of  the 
span  to  the  left  of  that  section ; 
it  consists  of  a  rectangle  of  length 
(c  -  z)  feet,  its  area  is  w{c  -  x) 
square  feet,  and  its  weight  is  ^^ 
iD[e  -  X)  Iba     This  weight  may  ^*8-  ^^' 

be  considered  to  be  concentrated 

at  the  centre  of  gravity  of  the  area — that  is  at  its  middle  point ; 
this  gives  a  bending  moment  about  the  section  equal  to  that 
for  the  actual  distribution.  We  have  two  forces  to  the  left  of 
the  section,  P  ^wc  lbs.,  half  the  total  load  acting  upwards  with 
a  leverage  of  (c  -  z)  ft.,  and  w(c~x)  lbs.  acting  downwards  with 
a  leverage  of  i  (c  -  x)  ft. ;  hence 

Mg  =»  P{e  -  aj)  -  w{c  -  a;)  x  — —  =  vh^[c  -  aj)  -  o  (c  -  xf 

w  .  w  w 

-  2  (^  "  ^)  (^^  ■  ^  +  ^)  "  2  ^^  "  ^^  ^^  ■*■  ^^  '  2  ^^  "  ^^  * 

^  —  {<?  -  a?),  the  equation  to  the  bending  moment. 
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The  value  of  U^  is  zero  where  x^±Cy  that  is  at  tiie  two 
•ends ;  it  increases  as  x  decreases  numerically  fnnn  e  and  from 
-  e,  that  is  from  both  ends  towards  the  centre ;  and  it  is 
greatest  where  a; »  0,  that  is  at  the  centre.  By  making  ^c  «  0, 
we  have  M^^\Wc\  or  by  considering  the  section  at  0,  the 
Tnii.TiTnnTn  bencQug  moment  is 


vx? 


^\Wc,    or    %m. 


<o(«i  lomd 


wf»w. 


acmwl 


In  this  case,  the  value  of  the  constant  is  m  »  ^. 

Bending  Momeni  Diagram. — Examining  the  equation  to  the 
bending  moment,  we  see  that  the  ordinate  Jf«  equals  a  constant 
term,  minus  a  term  in  (x? ;  hence  we  know  that  the  locus  is  a 
parabola,  with  its  axis  vertical  and  with  its  apex  A  (fig.  110) 
exactly  above  the  origin  0  at  the  height  \Wc^  \Wl\  and  that 

W 

the  modulus  of  the  parabola  is  j->  the  coefficient  of  o^,  so  that 

the  principal  equation  to  the  parabola,  that  is,  taking  A  as 
origin,  is 

Ac 

Graphical  SoltUion. — With 
a  scale  of  feet  for  horizontals, 
lay  oflf  the  span  BC  (fig.  110) 
and  draw  a  vertical  OA  up- 
wards through  0;  apply  the 
parallel  rollers  to  BC ;  place 
any  parabolic  segment  cut  upon 
pear-tree  or  card-board  against 
the  rollers  (see  fig.  91),  with 
its  apex  on  the  vertical  through 
0 ;  shift  the  rollers  till  the 
curved  edge  passes  through  B 
and  C,  which  it  will  do  simul- 
taneously, and  draw  the  curve 
BAG ;  construct  a  scale  of  ft.- 
Ibs.  for  verticals,  such  that 


I w  lb»  p%rfaot  ofSpma I 


p«t9C«)Jf. 


Fig.  110. 


OAm\W.l 


Fig.  111. 


SheariTig  Force  Diagram, — Fig.  111.     Draw  verticals,  one 
upwards  from  the  left  end,  another  downwards  from  the  right 
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end  of  span,  each  equal  to  ^W;  join  their  extremitieB  with  a 
straight  line,  whidi  will  out  the  base  at  0  the  centre. 

The  shearing  force  diagram  consists  of  two  right-angled 
triangles^  whose  common  height  ia  ^W;  one  is  above  the  left 
half,  the  other  is  below  the  right  half,  of  span,  and  the  light 
angle  of  each  is  at  the  end  of  span. 


Cantilicvkr  Uniformly  Loaded. 

Fig.  112. — Consider  a  section  at  the  distance  x  from  the 
fixed  end  The  load  area  standing  on  the  portion  to  the  left 
of  that  section  is  a  rectangle  of  length  (c-x)  ft  and  height 
»  ft ;  its  area  represents  a  weight  of  w{c  -  x)  lbs.,  which 
may  be  considered  to  be  concentrated  at  the  centre  of  gravity 
of  the  rectangle ;  and  so,  to  the 
left  of  the  section,  there  is  to  be 
taken  into  account  only  one  force 
w{c  ^  x)  lbs.,  having  a  leverage 
about  the  section  of  i{c  -  x)  ft ; 
hence 


M,  =  w{e  -  x) . 


e~x 


2 

W 
2e 


{c-x)\ 


Kg.  112. 


the  equation  to  the  bending  moment 

The  value  of  M^  is  zero  where  x=^  e,  that  is  at  the  free 
end ;  it  increases  as  x  decreases ;  and  it  is  greatest  where 
2  =  0,  that  is  at  the  fixed  end.  Putting  a; «  0  we  have  the 
greatest  value,  or  directly  from  the  figure  we  find  the  maximum 
tending  moment 

In  this  case,  the  value  of  the  constant  is  m  »  ^. 

Bendmg  Moment  Diagram. — ^For  the  sake  of  comparison  with 
&e  diagrams  for  beams,  we  may  consider  the  bending  moments 
on  a  cantilever  to  be  negative,  when  the  equation  becomes 

the  locufi  is  a  parabola  (see  fig.  92)  with  its  axis  vertical  and  to 
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the  left  of  0,  and  with  its  apex  on  the  axis  of  X  The  value 
x^  c  makes  (2c  -  x)x  greatest,  and  therefore  makes  if«  »  0  a 
positive  maximum ;  so  tnat  the  apex 
lies  to  the  left  of  0  at  a  distance 
c, — ^that  is,  the  apex  is  at  the  free 
end.    Since  the  coefficient  of  o^  is 

W 

-^,  the  principal  equation  to  the 

W 
parabola  is  F  =  ^^— X*. 

2c  Fig.  118. 


fw-wt 


to(A/  /oatf 


m  If  p»r  foot  of  Bpmit 


Oraphical  SoltUton. — ^With  a  con- 
venient scale  of  feet,  lay  oflf  KA, 
fig.  114,  equal  to  the  length  place 
the  p^allel  rollers  to  KA ;  set  any 
parabolic  segment  against  the  roll- 
ers, with  its  apex  at  A ;  draw  the 
curve  -4©,  till  it  meets  the  vertical 
through  K  at  O.  Construct  a  scale 
of  ft.-lbs.  for  verticals,  such  that 
KG  may  measure  upon  it  one-half 
the  product  of  the  total  load  in  lbs. 
into  the  span  in  feet. 

Shearing   Farce   Diagram. — Fig. 
113.    Draw  a  vertical  downwards 
from  the  fixed  end  of  the  base  equal  to    W,  and  join  its 
extremity  to  the  free  end  of  the  base. 

The  shearing  force  diagram  is  a  right-angled  triangle  of 
height  Wy  standing  below  the  span,  and  with  the  right  angle  at 
the  fixed  end. 


Y-Rx 


Fig.  114. 


Beams  Subjected  to  Equal  Loads  at  Equal  Intervals. 


The  actual  loading  on  a  girder  is  often  of  this  kind  because  the  dead  weight  of 
the  platform  is  transmitted  to  it  by  equidistant  cross-girders.  This  again  may 
have  to  be  combined  with  the  uniform  weight  of  the  ^^er  itself:  see  such  a  com- 
bination following.  Also  the  wheels  of  rolling  stock  nding  oyer  a  girder  or  stringer 
while  at  rest  are  sensibly  uniform  loads  at  umform  distances.  If  the  rolling  stock 
move,  the  problem  is  changed  and  will  be  treated  of  in  a  chapter  to  follow. 

On  fig.  115.  Let  JF,  the  total  load,  be  distributed  over  the  span  /,  in  »  parts 
each  equal  to  tr,  and  at  e^ual  intervals  a  apart ;  then  nw  -W,  (n  +  l)a  b  20  »  Z, 
P  B  inw.  Take  8,  a  pomt  directly  under  one  of  the  weights,  and  let  B8  =  ra, 
then  r  will  be  a  whole  number ;  and  if  «  be  the  distance  of  8  from  0  the  oentre, 
then  rats^e-  x).  On  the  portion  ol  the  beam  to  the  Iccft  of  8,  there  are  in  all 
r  forces,  viz.,  P=  Jftw  acting  upwards  with  a  leverage  about  8  of  ra,  and  (r  —  1) 
forces  each  equal  to  to  and  actii^  downwards ;  the  nearest  to  iS  has  a  leverage  a, 
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the  next  a  leremge  2a,  the  next  a  lererage  3a,  &c.,  and  the  last  a  leyerage 
(r-l)a;  hence 

lf«  =  i*.ra-w.a  —  f^.2a-w.3a...-w.(r-l)a 


nw  

—  .ra-wj  (1  +  2  +  3. ..  +  r-l) 

--  .  ra  -  f«;a  '-— -i-  =  -  . « (it  +  1  -  r). 


But 


IT  = 


— ,      ra  =  e  —  X, 


a  = 


n+l' 


,  («+2)J£-*). 


nbstitotmg,  we  haye 


-'I 


«)    «  +  l- 


(II  +  1)  (c  -  «) 


)Jc-x)) 
2e  i 


▼hich  18  the  equation  to  the  locus  of  T. 

This  equation  gives  the  hendins  moment  only  at  points  where  weights  are, 
thst  is  for  ralues  of  x  which  are  multiples  of  a,  but  not  at  intermediate  points  ;  it 


I'M  '  < 

8   ,JL^       n*6 


\  \  \  \ 


8      O 

n  •quAl  loMd9  «f  eqwa/  tnttrvula.       Vis  tota.1  lomd. 
if  W  f  ih0  tanf  In  both  to   »l90  /•  Mq  thw  m^M. 


Fig.  116. 

only  differs  from  the  equation  we  had  for  an  uniform  load,  by  the  constant  factor 

-j^'    The  locus  of  T,  the  tops  of  the  ordinates  at  the  points  where  the  weights 

ve  lituated,  is  a  parabola  with  its  axi   yertical,  and  its  apex  above  0.    Putting  y 
>°*tesd  of  Mm  for  the  ordinate  to  the  curve  at  any  point,  we  haye 


flothat  y  is  a  maximum  where  a;  »  0,  and 

W    n  +  l 


4e 


<^.j!LLV./ 


n  "     n 

a  maximum,  and  the  height  of  the  apex  A  in  every  case. 
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On  fig.  115,  it  wOl  be  seen  that  if  ii  be  odd,  a  wei^t  comes  exactly  at  tlie 
centre ;  so  that  yo,  the  ordinate  of  the  parabola,  is  the  maximum  bending  moment ; 
henoe  the  maximHrn  bending  moment 

Mo^i^^^W.l,  (wodd), 

ft 

and  the  Talue  of  the  constant  is 

fi+1 


i 


n 


When  «i  is  even,  the  maximum  bending  moment  Mo  is  less  than  yo»  and  equals 
the  ordinate  of  the  parabola  at  the  weight  on  either  side  of  the  centre ;  so  tluit  to 
find  the  Talue  of  JTo,  it  is  only  necessary  to  substitute  for  x  half  of  an  interval^ 

that  is  ^a,  or ;  hence  the  maximum  bending  moment 

and  the  yalue  of  the  constant  is 

M  +  2 


m  a  f 


n+l 


The  chords  of  the  parabola  give  the  bending  moments  at  points  intermediate 
between  the  weights,  since  the  bending  moment  varies  uniformly  in  these 
intervals. 

Cor. — If  the  load  be  distributed  in  equal  portions  at  equal  iatervals,  tlie 
maximum  bending  moment  exceeds  that  for  the  uniform  distribution  in  the  ratio 

ft  +  1  11+2 

or    r, 

H  ft  +   1' 

according  as  ti,  the  number  of  parts  into  which  the  load  is  divided,  is  odd  or  even. 
Thus  suppose  Mir  is  the  maximum  for  uuiform  distribution ;  then  if  the  load 
be  concentrated  at  the  centre,  that  is,  if  n  s  l,  the  maximum  bending  moment 

see  figs.  107  and  110  ;  if  concentrated  equally  at  two  points  dividing  the  span  inta 
three  equal  intervals,  that  is  if  »  «  2,  the  maximum  bending  moment 

2  +  2 

if  concentrated  eaually  at  three  points,  dividing  the  span  into  four  equal  intervals,, 
tibat  is  if  «i  B  3,  tne  maximum  bending  moment 

3+1 
=  — :z —  Mu=  f  Mu  I  &c. 

The  last  two  are  each  f  Jfir,  and  are  therefore  equal  to  each  other ;  and  for  tlie 
same  total  load  W  placed  on  the  span  at  equal  intervals,  the  mRTiiwnm  bending 
moment  Mo  will  be  the  same  whether  the  load  be  divided  into  an  epen  number 
of  equal  parts,  or  the  next  eonncutive  $dd  number  of  equal  parts. 


SQUAIi  LOADS  AT  EQUAL  INTSBVALS.  15^ 

TU  Bfmivt§  M^mmti  IHaffrmn  is  the  polygon  formed  by  the  chords  of  the 

ptiabdla. 

M  +  1 

Cor, — ^H  «  be  great,  the  polygon  nearly  coiooidee  with  the  parabola,  

ft 

ajproecheB  unity,  and  the  parabola  Ib  nearly  the  9am$  as  that  for  the  load  uniformly 

iliitdbiited ;  that  is,  if  the  load  be  concentrated  equally  at  a  great  number  of 

points  eqnally  apart,  as,  for  instance,  when  a  girder  supports,  at  equal  interyals, 

the  ends  of  cross  girders  which  carry  equal  loads,  then  the  bending  moments  will 

be  nearly  the  same  as  for  the  total  load  uniformly  distributed. 

Grtffhiieal  Solutum. — With  a  scale  of  feet  for  horizontals,  lay  off  the  span  B(T 

(fig.  116),  and  draw  a  vertical  OA  upwards  through  0.    Apply  the  parallel  rollers 

U>BC;  plaee  any  parabolic  segment  cut  on  pear-tree  against  the  rollers  (see 

fig.  91)  widi  its  apez  on  the  Y<^cal  through  0;  shift  the  rollers  till  the  curved 

edge  passes  through  B  and  Cy  which  it  will  do  simultaneously,  and  draw  the 

dotted  enrre  BAC.    Draw  up  Terticals  to  meet  the  parabola  m>m  the  points  at 

which  the  weights  are,  and  draw  the  chords  of  the  parabola.    Construct  a  scale  of 

w  +  1 
ft-lbs.  for  Terticals  such  that  OA=i W .  I;  where  ^»  total  load  in  lbs., 

/=sp«n  in  feet,  and  ff  =  the  number  of  equal  parts  into  which  the  load  is 
divided. 


EXAMPLBS. 

108.  A  beam  20  feet  span  supports  a  load  of  10  tons  uniformly  distributed. 
Find  the  shearing  forces  at  interyals  of  5  feet. 

Atu,  Fio  ss  6  tons ;  Fi  =  2*5  tons ;  jPo  ~  0.    On  right  half  of  span,  the 
yalues  are  the  same,  but  negatiye. 

^  109.  A  beam  20  feet  span  supports  a  load  of  10  tons  concentrated  at  the  centre. 
Find  the  shosring  forces. 

Afu.  ^10 too  =  6  tons,  JFbto-io  —  —  5  tons,  and  the  sign  changes  at 
the  centre. 

110.  In  the  example  given  on  page  140  and  with  the  data  shown  in  fig.  99^ 
find  the  sbeaofrng  forces. 

Am.  ^ntoso    =    P  »     24  tons. 

-Fwtow  =  24-»^i  «  19  „ 
J'utoT  =  19  -  »^2  =  14  „ 
J'7tO-3  =  14  -  »^s  «  3  „ 
^-8to-io  «  8  -  IFa  =  -  9  „ 
i^-ioto.si  =  -  9  -  »^»  =  -  18  tons  =  (-0). 

See  figs.  100  and  102,  and  note  that  the  shearing  force  changes  sign,  and 
that  the  bending  moment  is  a  maximum  at  the  point  x^-Z, 

111.  A  beam  24  feet  span  is  loaded  with  20,  30,  and  40  tons  at  points  dividing 
It  into  equal  intervals.  risnA  the  maximum  bending  moment  and  the  point  where 
itoeeaiB. 

As  in  example  No.  96,  we  have  P  »  40  tons ;  deduct  20  and  it  leaves  20 :  deduct 
30  sod  the  remainder  is  negative  for  the  first  time :  hence  the  TnaxiTmim  occurs 
under  the  load  80,  that  is  at  12  feet  from  the  left  end,  and  maximum 

ifw  =  P  X  12  -  TFi  X  6  =  40  X  12  -  20  X  6  =  360  ft. -tons. 
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112.  In  example  No.  Ill,  find  the  bending  momentB  at  the  other  two  weights. 

JTe   ==  Px6  -  40x6  « 240ft-t(m8. 

ifi8  =  PxlS-WixU-Wixe  a  40x18-20x12-30x6  «  800      „ 
or  JTis  «  (2  X  6  B  50  X  6  » 800      ,, 

113.  In  example  No.  Ill,  find  the  bending  moments  at  points  midway  between 
the  weights. 

Mi   =  an  average  of  Ife  and  Jfia   a SOOft-tona. 

Jfi6  =  an  average  of  Mu  and  Jfie  = 330      „ 

or  lfi6  =  Px  16  -  »^i  X  9  -  »^a  X  3  =  40  X  16  -  20  X  9  -  30  X  3  =  330      „ 

114.  In  example  No.  97,  find  the  bending  moments  at  intervals  of  five  feet. 

Ms   =Px5  =  11*6x6= 68ft.-tons. 

lfio=  Px  10- »^ix  2  =  11-6  X  10-6x2  «=       .        .        .        .  104      „ 

Jfise  Px  16- IFix  7  «  11-6  X  16-6x7  =       .        .        .        .  132      „ 

Ifw)  =  Px  20  -  Fi  X  12  -  »^8  X  2  =  11-6  X  20  -  6  X  12  -  14  X  2  =  132      „ 

if26  =  Px  26  -  Fi  X  17  -  ^8  X  7  -  »^s  X  1 

s=  11-6  X  26  -  6  X  17  -  14  X  7  -  8  X  1  =  .        .        .        .82      „ 

116.  Find  the  maximum  bending  moment  in  example  No.  97* 

Jns.  Jfi8  =  148*8  ft. -tons,  maximum. 

116.  Find  the  maximum  bending  moment  in  example  No.  106. 

Ana.  if  19  s=  266  ft -tons,  maximum. 

Or,  taking  the  centre  as  origin,  Mi  s  256  ft. -tons,  maximum,  and  is  at  the 
wheel  transmitting  ^s  =  11  tons. 

Thus  for  the  position  of  the  locomotive  given  in  No.  106,  that  is  with  its  fore 
wheel  6  feet  from  the  left  end,  the  maximum  bending  moment  266  ft -tons  occurs 
at  the  wheel  transmitting  ^8  =  11  tons ;  whereas  for  the  position  of  the  locomotive 
given  in  figs.  99  and  100,  that  is  with  its  fore  wheel  one  foot  from  the  left  end, 
the  maximum  bending  moment  261  ft. -tons  occurred  at  the  wheel  transmitting 
^4=12  tons.  In  like  manner,  we  may  find  &e  maximum  bending  moment  for 
the  locomotive  in  a  variety  of  positions,  in  each  case  observing  the  wheel  under 
which  it  occurs.  For  the  two  positions  which  we  have  investigated,  observe  that 
the  maximxmi  in  the  one  case  is  greater  than  the  nut-riTniiin  in  the  other,  and  occurs 
at  a  different  place.  It  may  be  that  the  maximum  for  some  third  position  is 
greater  than  eitner,  and  occurs  at  some  other  place ;  so  that  we  do  not  know  that 
261  ft. -tons  is  the  greatest  possible  bending  moment  that  can  be  produced  upon 
the  beam  by  the  locomotive,  nor  are  we  even  sure  that  266  ft. -tons  is  the  greatest 
bending  moment  that  can  possibly  ooour  at  the  point  two  feet  to  the  left  of  the 
centre  of  span,  for  it  is  possible  that  some  new  position  of  the  locomotive  may 
produce  a  greater  bending  there.    See  Chapters  XL  and  XII. 

117.  A  beam  40  feet  span  supports  four  weights  Wi  a  60,  IFt  =  10,  W3  =  20, 
and  W4  s  30  cwts.  at  points  whose  abscissad,  measuring  from  the  centre  to  left  and 
right,  are  xi  s  10,  ^  =  2,  rrs  =  —  12,  and  «i  s  —  16  feet.  Find  the  supporting 
force  at  the  left  end,  the  maximum  bending  moment,  and  the  place  where 
that  maximum  occurs. 

An8.  P  =  60  cwts. ;  and  since  P  —  ^1  s  0,  the  maximum  bending 
moment  occurs  at  xi,  at  xt,  and  at  every  intermediate  point,  and 
MiQtoi  »  600  ft. -cwts.,  maximum. 
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118.  A  beam  50  feet  span  has  weights  6,  8,  9,  12,  9,  8,  and  6  cwts.  placed  at 
equal  mteryals  of  5  feet,  in  order,  upon  the  span,  and  with  the  load  12  cwta.  at 
the  centre.    Find  the  mairiiTniTn  bendiog  moment. 

Ana.  Mo  =  600  ft.-c?rt8.,  maximam. 

119.  A  cantHeyer  12  feet  long  bears  four  loads  Wi  =  8,  W^^  6,  Wz  s  9,  and 
Wi  s  12  tons  at  distances  from  the  fixed  end  of  x\  =  12,  xi  =  8,  x%  =  6,  and  0:4  =  2  ft. 

Find  the  bending  moment  at  each  weight,  and  also  the  muTin^i^m  bending 
mooient. 

Atu.  M12  =  0,  Ifs  =  32,  Mt  =  60,  Mi  m  162,  and  Mo  =  222  ft.-ton8. 

120.  In  the  preTious  example,  find  the  bending  moments  at  points  midway 
betveen  each  pair  of  weights. 

Ant,  They  are  averages  of  those  at  the  weights  on  each  side  of  such 
points,  or  they  may  be  calculated  independently.  Ifio  =  16,  If?  s  46, 
Mi=  106  ft. -tons. 

121.  A  cantilever  is  loaded  with  weights  of  8,  6,  and  4  tons  at  distances 
of  12,  10,  and  4  feet  from  the  fixed  end.  Find  the  bending  moment  at  each 
weight,  and  draw  a  bending  moment  diagram  upon  a  large  scale :  see  fig  103. 

122.  Draw  also  a  bending  moment  diagram  by  the  graphical  construction 
(fig.  105)  to  large  scales.  From  either  diagram,  by  measurement,  find  the  bending 
moments  at  intervals  of  two  feet. 

Ans.  Mo  =  172,  Mz  =  136,  Jf*  =  100,  Ms  =  72,  Ms  =  44,  Jfio  =  16, 
Mii  =  0  ft.-tons. 

128.  A  cantilever  12  feet  long  is  uniformly  loaded  with  3  cwts.  per  foot-run. 
Find  the  equation  to  the  bending  moment. 

Ana.  Jf,  =  i(12-a;)«ft..cwts. 

124.  In  the  previous  example,  find  the  bending  moments  at  intervals  of  two 
feet  by  substituting  for  x  into  Ihe  equation. 

Ana.  Jfo  =  f  (12  -  0)»  =  216  ft.-cwts.  If2  =  f  (12-  2)»  =  160 ft. -cwts. 
Jf4  =  96,  Ife  =  54,  ifg  =  24,  JTio  =  6,  Jfia  =  0. 

126.  In  example  No.  123,  find  Mi,  directiy,  by  taking  a  section  at  the  point 
»  =  4. 

12-4 
Ana.  jr*  -  3  (12  -  4)  x  — 5—  =  96  ft.-cwts. 

2 

126.  A  cantilever  20  feet  long  is  uniformly  loaded  with  2  tons  per  foot- 
Tun.    Find  the  maximum  bending  moment. 

Ana.  Mo^m.  ^.  / a  ^  x  40  x  20  a  400  ft-tons. 

127.  For  the  previous  example,  find  the  bending  moment  at  the  centre. 

The  bending  moment  diagram  is  a  parabola,  with  its  apex  at  the  free  end ;  for 
the  middle  point,  the  horizontal  ordinate  is  half  that  for  the  fixed  end,  measuring 
from  the  apex ;  and  since  the  verticals  vary  as  the  squares  of  the  horizontals,  the 
hsnding  moments  at  the  centre  and  at  the  fixed  end  are  in  the  proportion  of 
one  and  four. 

Ana.  Mio  =  100  ft.-tons. 

M 
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128.  Find  the  principal  equation  to  the  parabola  which,  in  each  case,  forms  the 
bending  moment  diagram  in  examples  Nos.  123  and  126. 

Ant.  T^iX^,  and  r=  JP. 

129.  A  beam  20  feet  span  supports  a  load  of  20  tons  at  its  centre.  Find  the 
ma-gimnm  bending  momout,  and  me  bending  moments  at  points  midway  between 
the  centre  and  each  end. 

Aru.  Jfo"m.^.{s  Jx  20x20e:  100ft.-ton8,  andifs  s  Jf-gs^  Jfo 
B3  50  ft. -tons. 

130.  A  beam  20  feet  span  supports  a  load  of  20  tons  uniformly  distributed. 
Find  Jfo  and  Jfs* 

Am.  Jfo  =  m  .  ^ .  /  B I  X  20  X  20  B  60  ft. -tons ;   and  Jfs  -  f  ifb»    as 
may  readily  be  seen  from  a  bending  moment  diagram. 

131.  Find  the  equation  to  the  bending  moment  in  the  preyious  example,  and 
calculate  ife  from  that  equation.  Also  find  the  principal  equation  to  the  parabola 
which  forms  the  bending  moment  diagram. 

Ant.  Jf.  =  -j^(fl«-«^)=J(100-a?*);  Ife  =  32ft.-tons.    r=JZ». 

132.  In  example  130,  find  M9,  directly,  by  taking  a  section  at  the  point  x  =  6, 

10-6 
Jfe  =  P(10  -  6)  -  1  X  (10  -  6)  X  — TT—  =  10x4-4x2  =  32  ft.-ton8. 


133.  A  beam  40  feet  span  supports  seven  loads,  each  two  tons,  and  placed 
symmetrically  on  the  span  at  interrals  of  fiye  feet.  Calculate  the  maximum 
bending  moment  by  substituting  in  the  proper  equation,  and  calculate  at  each 
load  the  height  of  the  parabola  which  giyes  the  bending  moments. 

Here 

W=U  tons,    tf  =  20  feet,    I  =  40  feet,    and    »  =  7. 
The  maximum  bending  moment  is 

n+  1 

Ifo  =  yo  =  i IF .  /  =  J  X  f  x  14  X  40  =  80  ft. -tons. 

n 

The  equation  to  the  parabola  is 

y-j^  .^(^-««)  =  «xf  (400-«»)  =t(400-ar2); 
therefore,  at  the  weights, 
if6or.6  =  t  (400-26)  =  76ft.-tons;    Jf  10  or  - 10  =  60,   Jfisor-w  =  36  ft.tons. 
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134.  In  the  example  Ko.  133,  calculate  Jfo  independently,  by  taking  a  section 
^  the  centre. 

¥o«P.e-2x5-2xlO-2xl6«  7  x  20  >  10  -  20  -  30  »  80  ft. -tons. 

135.  A  beam  39  feet  span  supports  tvelye  loads,  each  10  owts.,  and  placed 
tymmelncaUy  on  the  span  at  interrak  of  3  feet.  Find  the  TnaTimnin  holding 
momeot,  and  the  height  of  the  parabola  which  giyes  the  bending  moments ;  also, 
from  the  equation  to  the  parabola  find  the  bending  moments  ifi  .  e*  1^4  •  6f 
and  Jffc  aU  measured  from  the  centre. 

Hears 

F'=120cwts.,    6  =19*5  feet,    /»  89  feet,    and    n=12. 

Maxinram  bending  moment, 


Ifo  =  J  .  ^^^  ?r .  /  =  630  ft.-cwt8. 
*     n+  1 


Heig^  of  parabola. 


yo«J^^-^  JF.l=  633}. 


Equation  to  parabola. 


hence 

Mi.6  =  t  {380^  -  ())>}  -  630  -  Mo, 

lf4.6»600,    if?. 6=540,    and    ife » 670, 

sa  arerage  of  M^  .  s  and  ifj .  s,  as  it  is  the  ordinate  of  the  middle  point  of  the 
chnd  joining  the  tops  of  yi .  s  and  $f^ .  5. 

136.  A  beam  80  feet  span  supports  a  load  of  100  tons.  Find  the  bending 
moments  at  the  centre,  and  at  twenty  feet  from  the  end  of  span ;  first,  if  the  load 
}»  uniformly  distributed;  and,  second,  if  it  be  distributed  in  equal  amounts 
Mt  interrals  of  two  feet. 

For  unif  oim  load, 

ir«si  ^.  I »=ix  100x80  B  1000  ft.-tons,    and    Jfso  "  }  if^  760  ft.-tons. 
For  distributed  load, 

11  s  39,     TFs  100,    ; s  80,    and    <;  b  40 ; 

Jfo  =  i  ^^^  TF.  / o  J  X  tt  X  100  X  80  =  1026  ft-tons. 

Mio^^  'lii  (fl»  -  20»)  =  769  ft-tons. 
Ac        ft 

In  this  case  the  bending  moments  exceed  by  Vtf^»  that  is  by  j^th,  of  themselyes, 
tise  bending  moments  for  the  uniform  load. 

M  2 


CHAPTER  IX. 

BENDING  MOMENTS   AND  SHEARING  FORCES   FOR  COMBINED 

FIXED   LOADS. 


Beam  uniformly  loaded  and  with  a  load  at  its  centre. — Fig.  116. 
Let  U  be  the  amount  of  the  uniform  load,  then  the  bending 

moment  at  x  due  to  it  alone  is  —  (c*  -  a?) ;  let  W  be  the  load 

at  the  centre,  then  the  bending  moment  at  x  due  to  it  alone 

W 
is  —  (c  -  a:) ;  summing  these,  we  have 

Mr  =  -^{(^  -  :^)  +  -^  {e  -  x)  "  -(c  -  x)U  +  X  +  -^j, 

the  equation  to  the  bending  moment  for  positive  values  of  x, 
that  is,  for  the  left  half  of  the  span.  Putting  y  instead  of  Mg, 
we  have 


U.       .(  2We\ 


a  curve,  the  ordinates  of  which  are  the  bending  moments  for 
the  left  half  of  span;  this  curve  is  a  parabola  with  its  axis 
vertical,  and  its  apex  above  BG  the  span.  To  find  the  position 
of  the  apex  A^,  it  is  only  necessary  to  find  that  value  of  x  which 
makes  y^  greatest ;  now  y  is  greatest  when 


{c-x)\c  +  x-\--jj^'j 


is  a  maximum;  and  since  the  sum  of  these  two  factors  is 
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constant,   their    product   is   greatest   when    they   are   equal; 
putting  then 

2Wc  ^  W 

c  +  a?  +  — =-  ==  c  -  a;,     we  have     «  =  -  —  c 

as  the  value  of  x  which  makes  y  greatest ;  the  negative  sign 

denotes  that  A^  lies  to  the  right  of  0,  so  that  OS.  is  to  be  laid 

W 
off  towards  the  right  and  equal  to  -==  c.    The  height  of  A^  is 

the  value  of  y  when  we  substitute  this  value  for  x ;  that  is, 


U I       W  \(       W       2Wc\ 


times  the  height  of  Aq,  the  apex  of  the  parabola  for  the  uniform 
load  alona 

A^O  is  the  same  parabola  with  its  apex  at  the  symmetrical 
point  A^  and  the  portion  DC  gives  the  bending  moments  for 

the  right  half  of  the  span.    Since  the  coefficient  ot  a^  ia  j-,  the 

principal  equation  to  the  parabolas  A-J)B  and  AJDC,  each 
referred  to  its  own  apex  as  origin,  is 

4c 

this  is  also  the  principal  equation  to  the  parabola  BAJ3  for  the 
uniform  load  alone,  so  that  all  three  parabolas  are  identical. 

We  might  suppose  the  diagram  for  the  uniform  load  alone 
to  consist  of  two  parabolas  lying  on  the  top  of  each  other ;  and 
that  upon  the  addition  of  the  load  W  at  the  centre,  they  both 
move  upwards,  while  the  one  moves  towards  the  right  and  the 
other  towards  the  left.  This  follows  at  once  from  the  Theorem  A, 
fig.  93,  p.  131. 

The  Bending  Moment  Diagram  is  BDC.  It  can  be  shown 
that  the  tangent  at  2>  to  the  parabola  A^C  cuts  oflf  CE  equal 
to  the  height  of  A^^  ODBC  is  an  approximMe  bending  moment 
diagram  made  with  straight  lines ;  and  it  is  safe,  since  the 
ordinate  of  any  point  on  DE  is  greater  than  the  ordinate  for 
the  corresponding  point  on  DC, 
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Oraphical  Solution. — ^With  a  scale  of  feet  for  horizontals,  lay 

ofif  BC  equal  to  the  span,  fig.  116.    From  the  centre  0  lay  off 

W 
OSi  and  OS2  to  the  right  and  left,  each  equal  to  j^c,  and  draw 

verticalB  upwards  from  S^,  0,  and  S^,  -A^pply  the  parallel  rollers 
to  the  span  BC;  place  any  parabolic  s^ment  against  the  rollers, 
as  in  fig.  92,  with  its  apex  on  the  vertical  through  S^ ;  shift 
the  rollers  till  the  curved  edge  passes  through  B,  the  end  of  the 
span  on  the  opposite  side  of  the  centre  from  S^,  and  draw  the 
curve  BDAy    Again,  place  the  segment  with  its  apex  on  the 


y  W«/oatf  «t  MAfr* 


Pig.  116. 

vertical  through  S^ ;  shift  the  rollers  till  the  curved  edge  passes 
through  the  end  0,  and  draw  the  curve  CDA^ ;  then  b3c  is  the 
balding  moment  diagram.  The  scale,  of  say  ft.-lbs.,  for  verticals 
is  to  be  constructed  such  that  OD  measures  |(  i7  +  2  W)l,  where 
U  and  TT  are  in  lbs.  and  2  is  in  feet.  The  same  scale  may  be 
constructed  as  follows : — ^Place  the  parabolic  segment  with  its 
apex  on  the  vertical  through  0 ;  shift  the  rollers  till  the  curved 
edge  passes  through  B  and  C;  draw  the  curve  BAqC,  and  make 
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(T  It  mmt.  of  uniform  toAd. 


1' 


a  scale  of  ft.-lbs.  for  verticals,  such  that  OAq  measures  upon  it 
{Ul,  where  27  is  in  Ihs.  and  Z  is  in  feet. 

Cor, — ^For  the  same  uniform  load,  although  different  loads 
be  put  at  the  centre,  AyDB  is  always  the  same  parabola ;  as  the 
load  at  the  centre  increases,  the  apex  A^  moves  from  the  centre, 
and  the  arc  DB  is  a  part  of  the  wing  of  that  parabola  further 
from  the  apex.  Now  the 
wing  of  a  parabola  gets  j^V 
flatter  as  its  distance  from  C 
the  apex  increases ;  hence,  if 
IT*  be  constant  and  TTbe  in- 
creased, BD  becomes  flatter 
and  flatter;  and  if  TT  be 
veiy  great  compared  to  U^ 
BD  is  senfiiblj  a  straight 
line. 

Beam  uniformly  lMd$d  and  mp" 
ptrUd  ofi  thru  prop$. — Fig.  117. 
Let  J(7  be  a  beam  with  a  load  U 
VDiloBEnly  distributed  on  it  and  sup- 
ported on  three  props,  one  at  each 
end  and  one   at  the  centie ;    let 
P,  V,  and  Q  be  the  forces  with 
which  ther  press  upwards,  so  that 
i*+ »^+ 0  =  r  always,  and  i*=  Q 
bj  synunetzy.    If  W—  0,  the  con- 
trol piop  beiurs  no  share,  F—  Q^ilT, 
and  the  bending  moment  diagram  is 
the  parabola  SAK^  as  on  fig.  110. 
If  ^e  central  prop  bears  a  share, 
then  the  beam   is   loaded  with  a 
onifonn  load  17,  and  a  negative  load 
W  at  the  centre ;  and  the  bending 
aoment  diagram  is  two  parabolas, 
each  the  same  as  HAK,  but  with 
its  apex  away  from  the  centre,  and 
in  a  direction  opposite  to  that  on 
fig.  116.     The  norisontal  distance 
throogh  wbich  each  apex  moves  is    ^'ff 

grren  by  the  equation  a  ^  -=  e. 

Svppose  HAK  to  be  two  parabolas 

lying  one  on  the  top  of  the  other, 

ud  let  the  prop  press  up  with  a 

graater  and  greater  force,  then  the 

two  parabolas  shift  away  from  each 

other.    When  W=\Uj  Axis  over 

8u  and  A^  is  orer  8%^  the  middle 

points  of  OH  and  OK  respectively,  Fig.  117. 

ad  the  bending  moment  at  C^  is 

aero;  this  is  the  best  valae  of  W,  if  the  beam  may  only  be  bent  so  that  its 

convex  side  shall  be  down.    It  is  evident  that  S\Ai  ^\0A\  and  that  the  beam 


»► —  oc-~ 
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mi^ht  be  sawn  through  at  0,  when  it  would  be  two  beams  of  span  e,  each 
uniformly  loaded  and  supported  at  the  two  ends. 

If  the  beam  may  be  bent  both  upwards  and  downwards,  let  the  central  prop 
press  upwards  till  W'>  ^U,  then  08i  is  greater  than  iOH,  or  in  symbols  a  >  ^  ; 
and  it  can  be  seen  from  the  figure  that  the  ordinates  from  S'  to  JT'  are  negative, 
from  JET'  to  JBT  positive,  and  from  JT  to  JT  positiye,  while  at  S,  JET',  JT,  and  JT'  the 
bending  moments  are  zero.  Hence  the  beam  will  be  bent  with  the  convex  side 
downwards  from  JE[  to  Jff*,  and  from  K'  to  IT,  and  upwards  from  IT  to  JT'.  A 
hinge  might  be  put  on  the  beam  at  JET'  and  K',  since  there  is  no  tendency  to  bend 
at  tiiese  points,  which  are  called  point8  of  eontrary  flexure.  There  are  three 
maxima  bending  moments,  two  equal  positive  ones  at  S\  and  S%y  and  a  negative 
one  at  0,  If  the  material  of  the  beam  may  be  bent  upwards  and  downwards 
equalh/  well,  then  the  best  value  of  ^  is  that  which  makes  the  positive  and 
negative  maxima  equal,  as  their  common  value  in  this  case  is  less  than  the  greatest 
vuue  would  be  in  any  other ;  for,  suppose  them  equal,  then  if  ^  be  increased  the 
parabolas  move  outwards,  and  the  ordinate  at  0  will  increase ;  while,  if  ^  be 
made  smaller,  the  parabolas  will  approach  and  the  ordinates  at  Si  and  JSt  will 
increase.    Let  the  three  maxima  be  equal  to  each  other,  then  0N=  SiAi,  or 


^1^1  :  AiS  :  :  1  :  2 


hence        SiS'  :  MN 


V2 


since  the  curve  is  a  parabola ;  or  in  symbols 

/9  :  a    :  :     I  :  \/2. 
Practically  this  could  be  accomplished  by  causing  the  prop  to  press  upwards  till 


OS  a  +  /9 


U^ 


V2 


V2  +  1 


Cr=  -6S6U; 


or  by  fixing  hinges  at  the  two  points  H'  and  K'  at  the  proper  distances  from  0, 
the  central  prop  may  be  made  to  bear  the  above  share  of  U. 

If  the  prop  at  the  centre  press  upwards  so  that  JF^  U,  then  P=  Q  s  0, 
and  08i  =  OS ;  A\  coincides  wiUi  S^  and  A%  with  K ;  the  bending  moment  is 
every^where  negative,  and  its  maximum  value  ON  equals  OA,  OS  and  OK  are 
cantilevers  as  on  fig.  114. 


The  Continuous  Beam. 

Beam  uniformly  loaded  and  supported  on  many  prop*. — Fig.  118.  Let  BE  be  a 
beam  bearing  an  uniform  load  and  supported  on  many  (5  in  the  figure)  props ;  this 
is  only  an  extension  of  the  previous  case.    The  end  C,  fig.  117,  instead  of  resting 


..  ,  ^      i     ^  r  ^^%^  T  ^     %     ^  I 

f% — ^»r<*p^-^ i-«* ^ ^ fr ' 

A 


Fig.  118. 

on  a  prop,  might  be  hinged  to  the  end  of  a  cantilever,  which  in  turn  might  have 
its  other  end  hinged  to  a  beam,  &c. :  see  fig.  118.  Here  a  double  cantilever,  as 
i^C,  over  each  intermediate  prop  is  hinged  on  each  side  to  the  end  of  a  beam ; 
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each  cantileyer  bears  an  imifonn  load  over  itaelf,  as  well  as  half  the  load  on  the 
beam  concentrated  at  its  end,  and  is  therefore  in  the  condition  of  the  cantileyer 
sbiawn  on  fig.  117.  Each  intermediate  beam  as  CO  ia  uniformly  loaded,  and  is 
supported  by  a  hinge  at  each  end ;  the  two  end  beams  B'B  and  £'£  are  supported 
at  one  end  by  a  hinge,  and  at  the  other  by  one  of  the  extreme  props  ;  each  central 
span  X  consists  of  a  beam  and  two  cantilevers  ;  the  end  spans  /  of  a  beam  and  a 
cantileTer. 

If  the  hinges  be  put  in  the  positions  indicated  by  S'  and  JT  on  fig.  117,  then 
the  negative  maxima  bending  moments  over  the  props  at  0,  T,  &c.,  are  equal  to 
the  positiTe  maxima  bending  moments  at  i8'i,  Si,  &c.,  the  centres  of  the  beams ; 
the  conmion  value  of  all  these  maxima  will  be  leas  than  the  greatest  for  the  hinges 
in  any  other  position,  and 

I  :  Z     :  :     o  +  /B  :  2a    :  :     1  +  V2  :  2V2     :  :     -864  :  1. 

CantiUver  uniformly  loaded  and  with  a  load  at  its  free  end. — Fig.  119.  As  in 
the  previous  case,  add  the  bending  moments  at  the  section  distant  x  from  0  the 
fixed  end,  due  to  the  loads  separately ;  thus 

-  JT,  =  --  (c  -  af)»  +  »^(ff  -  x). 

We  consider  the  bending  moments  on  a  cantilever  negative  as  compared  with  those 
on  a  beam,  and  so  they  will  be  represented  by  ordinates  drawn  down  from  the  span 
instead  of  f^  as  in  the  case  of  beams.  If  we  further  put  y  instead  of  JG  for  the 
ordinate  at  tiie  point  on  the  curve  corresponding  to  any  value  of  x^  then  y  will  be 
if*  only  for  values  of  x  from  0  to  ^ ;  and 


or 


V.         ./  ^We\ 


This  curve  is  a  parabola  with  its  axis  vertical  and  its  apex  above  the  span.  To 
find  the  position  of  the  apex  A^  it  is  only  necessary  to  find  that  value  of  x  which 
makes  y  greatest ;  now  y  is  greatest  when 


is  a  maximum  ;  and  since  the  sum  of  these  two  factors  is  constant,  their  product  is ' 
greatest  when  they  are  equal ;  putting  then 


"IWe  /,  ^  W\ 


W 
is  the  distance  of  ^  to  the  left  of  0,  or  —  <»  is  the  distance  of  ^  to  the  left  of  J?; 

W 
that  is,  the  apex  of  the  parabola  is  beyond  the  free  end  by  the  distance  —  c^  or  the 

tame  fraction  of  the  span  that  ^the  concentrated  load  is  of  IT  the  distributed  load. 
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The  height  of  A  ahoye  OS  is  the  yalue  of  y  when  we  suhetitate  the  above  yalufr 
fore;  or  height  of  ^  la 

u  /     u+jT  \  /u+JT        2We\     iwy ,.^     fwy 


Since  the 


'Ws/o«d  af  9nd 


2e 

times  the  maximum  bending  moment  for  the  unifonn  load  alone, 
coei&eient  of  x*  is  ^,  the  principal  equation  to  the  parabola  AEF  is 

and  it  is  therefore  the  tame  parabola  as  that  for  the  uniform  load  alone,  which 
would  follow  at  once  from  the  Theorem  A,  flg.  93,  p.  131. 

The  Bending  Moment  Diagram  is  EFO^  formed  by  the  parabola  EG^  whose  apex 
is  at  jS  and  which  makes  the  diagram  for  the  uniform  load  alone,  shifted  without 
turning  till  its  apex  is  at  A, 

Graphical  Solution.— Wiih.  a  scale 

of  feet  for   horizontals,    lay  oft  OE 

(fig.  119)  equal  to  the  length,  and  pro- 

W 
dttoe  it  to  i9,  so  that  E8  s  —e,  or  is 

the  same  fraction  of  the  length  as  the 
load  at  the  end  is  of  Uie  uniform  load, 
and  draw  a  vertical  upward  through 
^ ;  apply  the  parallel  rollers  to  the 
line  0E\  place  any  parabolic  segment 
against  the  rollers  with  its  apex  on 
the  vertical  through  8 ;  shift  the 
rollers  till  the  curved  edge  passes 
through  the  free  end  E,  and  draw  the 
curve  AEF;  OEF  is  the  bending 
moment  diagram.  The  scale  of,  say, 
ft. -lbs.  for  verticals  Ib  to  be  constructed 


such  that  OF  measures 


(h')^ 


?-i'-i 


height  of  Alt (fL)a^ 8 A 

Fig.  119. 


where  U  and   TF*  are  in  lbs.,  and  / 
is  in  feet.     The  same  scale  may  be 
constructed  as  follows : — Place  the  para- 
bolic segment  with  its  apex  on  the  vertical  through  the  free  end  E^  and  move 
the  rollers  tiU  the  apex  comes  to  E ;  draw  the  dotted  curve  EG,  and  make  a  scale 
of  ft-lbs.  for  verticals  such  that  00  measures  upon  it  ^Z77,  where  27  is  in  lbs., 
and  /  is  in  feet. 

Cor. — If  W  be  great  compared  to  ZT,  then  EF  is  sensibly  a  straight  line ; 
because  if  27*  be  constant  AEF  is  the  same  parabola,  no  matter  what  W  mav  be  ; 
as  W  increases,  A  moves  from  E,  and  the  arc  EF,  part  of  the  wing  ox  that 
parabola  further  from  the  apex,  becomes  flatter  and  flatter. 


Beam  Loaded  both  Uniformly  and  with  Unequal  Weights 

FIXED  AT  Irregular  Intervals. 

Fig.  120. — ^Let  U  be  the  amount  of  the  uniform  load ;  the  parabola  BAoO  is 
the  bending  moment  diagram  due  to  it,  and  a  is  the  height  of  its  apex  Ao.  Let 
Oefgh ...  JT  be  the  bending  moment  diagram  due  to  the  loads  Wi,  W%,  TFs,  W^y  &c. ; 
from  one  end  0  draw  lines  parallel  to  the  sides,  and  meeting  liie  vertical  through 
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i  the  centre  of  the  span  at  the  pcdntfl  ^i,  3),  &c. ;  let  bi,  h,  &o.,  stand  for  the 


ytt 


A       o^^^p, 
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Fig.  120. 
ol  these  points  from  b,  those  which  are  helow  heing  considered  negative. 
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In  £act,  the  bending  moment  diagram  Oefgh . . .  JTis  drawn  with  the  load  line  h\y  h^ 
through  the  middle  point  h  of  the  span,  while  the  origin  0  is  at  the  left  end  of  the 

span.  The  scale  used  for  W\y  Wi,  &c.,  must  be  such  that  the  intercept  bib2  shall 
represent  Wi  x  e  ft. -tons  when  measured  on  the  yertical  scale  of  ft. -tons  for  the 
parabola  BAqC  already  drawn. 

The  two  diagrams  are  now  to  be  combined  by  the  application  of  the  Theorem  A, 
p.  131,  from  which  it  follows  that — If  to  the  ordinates  of  the  parabola  BAq  we  add 
those  of  the  straight  line  Obi,  the  locus  is  the  same  parabola  with  its  apex  to  the 
right  of  d  at  a  distance  given  by  the  equation 

and  the  curve  still  passes  through  B ;  let  AiEB  be  the  parabola  so  placed,  then  BS, 
the  portion  of  this  parabola  from  the  end  of  span  to  the  yertical  through  the  first 
weight,  is  the  bending  moment  diagram  for  that  portion  of  the  span.  If  to  the 
ordinates  of  the  parabola  BAq  we  add  those  of  the  straight  line  032,  the  locus  is  the 
same  parabola  with  its  apex  to  the  right  of  3  at  a  distance  gi?en  by  the  equation 

Wi  =  ^  tf,  {Theorem  A,  p.  181) 

and  the  curve  still  passes  through  the  point  ^ ;  if  we  now  raise  the  parabola 
through  the  vertical  distance  between  the  two  parallels  Obi  and  ef,  which  Im 
accomplished  by  drawing  the  curve  through  £  instead  of  B,  we  have  the  curve  in 
the  position  A2FE ;  and  EF  the  portion  between  the  verticals  through  the  first 
and  second  weights  is  the  bending  moment  diagram  for  that  portion  of  the  span. 
Similarly  the  parabolic  arcs  FQ,  OH,  and  EC  are  drawn  over  the  remaining 
portions  or  ** fields"  of  Uie  span. 

A  construction  equivalent  to  the  above  equations  is  shown  on  fig.  120.^  It  is 
much  simplified  by  drawing  the  bending  moment  diagram  in  conjunction  with  the 
shearing  force  diagram.    Hence — 

Graphical  8oltaion.^The  concentrated  loads  Wi  -8,  TTs  «  10,  JTi  =  18,  and 
Wa  b  18  tons  in  the  example  on  fig.  121  are  drawn  downwards  in  cyclic  order  to  a 
scale  of  tons.  Then  b,  the  ioint  between  the  reactions  at  the  supports,  is  to  be 
found  either  by  drawing  a  linx  polygon  or  by  taking  moments  about  one  support. 
The  supporting  forces  are  P=  20  and  Q  »  29  tons.  The  uniform  load  is  one  ton 
per  foot,  so  that  the  supporting  forces  due  to  it  are  18  tons  at  each  end.  The 
dotted  lines  show  the  shearing  force  diagram  for  the  loads  separately  standing  on 
the  common  base  BC.  The  thidc  lines  show  the  two  compounded,  and  crossing 
the  base  at  d^  the  position  of  the  maximum  bending  moment.  The  other  sloping 
lines  produced  to  meet  the  base  at  di,  dt,  di,  and  d^  determine  the  points  over 
M'hich  must  stand  the  vertices  of  the  parabolic  arcs  for  the  other  **  fields." 

Now  draw  BC  for  the  base  of  the  bending  moment  diagram,  produce  it  each 
way,  and  from  didi  .  .  .  project  down  on  it  the  points  DiDi  .  .  .,  &c.  ^  Apply  the 
parallel  rollers  to  BC ;  place  the  parabolic  segment  against  them  with  its  apex  on 
the  vertical  through  i>i,  move  the  rollers  tul  the  curved  edge  passes  through  B, 
and  draw  BE  meeting  the  vertical  through  Wi  in  E,  Shift  the  segment  tOl  the 
apex  is  on  the  vertical  through  D2 ;  move  the  rollers  till  the  curved  edge  passes 
through  E,  and  draw  EF.  Shift  the  segment  tiU  the  apex  is  on  the  vertical 
through  2>3  ;  move  the  rollers  till  tiie  curv^  edge  passes  through  F,  and  draw  FG 
meeting  the  vertical  through  W9  in  G,  &c.  The  accuracy  of  t^e  drawing  is 
checked  by  observing  whether  the  last  curve  passes  through  C  the  other  end  of  the 
span.  Lastly  with  the  same  parabolic  segment  draw  BAoC  standing  on  the  span, 
and  construct  a  scale  so  tihat  the  height  of  its  apex  Aq  shall  measure  on  it  fVl, 
that  is,  one-eighth  of  the  product  of  the  uniform  load  and  the  span. 

A  Diagram  of  the  Square  Roots  of  Bending  Moments  is  shown 
at  the  bottom  of  fig.  121.    The  parabolic  arcs  are  replaced  by 
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arcs  of  circles,  the  centres  being  the  points  -D^,  D^,  &c.,  where 
the  slopes  of  the  shearing  force  diagram  when  produced  meet 
the  base.  See  the  Theorem  ff,  fig.  98,  p.  135,  as  to  the  parabolic 
segment  degraded. 


Beam  Uniformly  Loaded  on  a  portion  of  the  Span. 

On  fig.  122,  let  2c  be  the  length  of  the  span,  and  0  its 
centre ;  let  &  be  the  centre  of  the  load  area,  and  2k  the 
extent  of  the  load.  The  intensity  of  the  uniform  load  is  t^^lbs. 
per  foot-run;  and,  as  in  the  previous  case,  we  take  w  as  the 
height  of  the  load  area  in  feet,  so  that  every  square  foot  of  load 
area  represents  one  lb.  The  total  load  area  is  a  rectangle  of 
height  w  ft.,  and  length  2k  ft. ;  its  area  is  2wk  square  feet,  so 
that  the  total  load  on  the  span  is  2wk  lbs.,  which  may  be 
supposed  to  be  concentrated  at  G  the  centre  of  gravity  of  the 
load  area ;  this  gives  the  supporting  forces  P  and  Q  as  for  the 
actual  distribution. 

Let  X  =  OQf  ike  distanoe  from  the  centre  of  span  to  the  centre  of  gravity  of  the 
load;  then 

_      2iok .       _.       ick  ,       ^ 

For  any  section  between  the  left  end  of  the  span  and  of  the  load  area,  the  only 
force  to  the  left  of  the  section  is  P,  and  the  hending  moment  may  be  calculated 
just  as  if  the  whole  load  were  at  G ;  for  such  sections  the  bending  moment  increases 
uniformly  from  zero  at  the  left  end  till  we  come  to  the  section  through  the  left  end 
of  the  load  area,  and  the  bending  moment  diagram  for  that  part  of  the  span  is  a 
straight  line  sloping  up  from  the  left  end  of  span  tiU  it  meets  the  vertical  through 

I  t- •t-JIT—  "^ 
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Fig.  122. 


the  left  end  of  the  load  area.  Similarly  for  the  other  end,  the  diagram  is  a  straight 
line  sloping  up  from  the  right  end  till  it  meets  the  vertical  through  the  right  end 
of  the  load  area ;  the  moments  at  the  two  ends  of  the  load  area  are  easily  csdcuhd^d 
from  F  and  Q. 
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For  Beetions  within  the  load  area,  it  will  be  oonvenient  to  ohoose  Q  as  origin ; 
and  let  x,  wliich  must  be  not  greater  than  Ar,  be  the  distance  to  the  section  which 
may  be  either  to  the  right  or  left  of  6^ ;  in  our  diaeram  it  is  to  the  right.  We  will 
coDfiider  x  ^oratiye  in  the  direction  from  the  origm  O  towards  the  centre  ;  in  the 
diagram  x  is  positive  to  the  light.  The  load  area  standing  upon  the  part  of  span 
to  tire  left  of  our  section  consists  of  a  rectangle  of  height  w  ft.,  and  length  {h  +  x) 
ft ;  its  area  is  ic(h'^  x)  lbs.  which  may  be  supposed  to  be  concentrated  at  the 
middle  of  the  area.  To  the  left  of  the  section  there  are  two  forces,  F  acting 
upwards  with  a  leyerage  of  (e^x-^x)  ft.,  and  w(k-\'X)  lbs.  acting  downwards 
with  a  leTerage  of  }  (A;  +  x)  feet ;  hence  at  this  section 

h  ^  X     wk  to 

M,  =  F[e  -  X  ■*■  x)  -  to  (k  +  x)  .  -— -  =  —  («5  +  5)  {e --x  + x)  - -{k  +  x)^; 

£  c  2 

ananging  in  powers  of  x, 

f    .       wJca?     wk^\      w  /2kx        \ 

This  ii  the  equation  to  a  parabola  with  its  axis  vertical  and  its  apex  above  the  span ; 
it  is  the  equation  to  the  bending  moment,  for  values  of  x  from  k  to  —k  ;  for 
any  other  value  of  x  we  may  put  y  for  the  corresponding  ordinate,  but  y  will  no 
longer  be  Mm.  To  find  the  distance  of  the  apex  from  G,  it  is  only  necessary  to  find 
that  value  of  x  which  makes  Mm  greatest ;  now  Mm  is  greatest  when  the  product 

(2kx      \ 
9  ]  «  is  greatest ;  the  sum  of  the  two  factors  of  this  product  is  constant, 

CO  that  the  product  is  greatest  when  the  factors  are  equal :  putting 

2kx  ^  k  _  2* . 

X  s= Xf     we  have    x  =  -  x,     or    r-  a: ; 

C  Cm) 

,     .  ^«      length  of  load -,. 

that  is,  OS  =  —5 GO. 

^  span 

It  is  evident  that  always 

k.     ,  * 

x<e,    .'.    -x<k;     or    -x, 
e  e 

the  horizontal  distance  that  the  apex  is  from  G  is  less  than  k  the  half  extent  of 
load ;  that  is,  the  apex  is  always  aoove  a  point  which  is  within  the  load  area.  . 

To  find  the  height  of  the  apex  above  the  span :  substitute  the  above  value  of  x 
into  the  equation  to  the  parabola,  and 


[max 


(wkS^     wk^\      w  /2kx      kx\  kx 


wk 
2^ 


(^-f»)(2.-Ar)  =  5(c»-5^)(2-^) 


Ih^potiiion  of  this  maximum  is  easily  remembered,  but  as  the  above  expression 
for  its  value  is  complicated,  it  may  be  easier  to  calculate  the  bending  moment  at 
that  point  directly. 
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(7or.  1. — If  the  centre  of  load  be  over  the  centre  of  span,  the  mazimum  bending 
moment  is  at  their  common  centre. 

Car.  2. — If  k  increases,  x  decreases  ultimately,  so  that  (c*  —  £*)  is  increasing ; 
at  the  same  time,  the  product  k  {2c  —  k)  increases  and  becomes  greatest  when  k  =  e; 
hence  Jfmax.  is  greatest  for  the  whole  span  loaded. 


1 


Fig.  123. 


The  Bending  Moment  Diagram,  BHEC  (fig.  124),  consists  of  the  aboye  parabola 
with  its  axis  vertical  and  its  apex  A  situated  as  described  above,  and  drawn  both 
ways  till  it  meets  the  verticals  tiirough  the  ends  of  the  load  at  H  and  E^  and  of  the 
straight  lines  HB  and  EC.  In  the  above  equation  to  the  parabola,  the  coefficient 
of  ^r'  is  \wt  and  the  principal  equation  to  the  curve  is   F^  \vfX^.    This  is  the 


Fig.  124. 


principal  equation  to  the  curve  on  fig.  110,  so  that  in  the  present  case  the 
parabola  is  the  satM  as  that  for  an  uniform  load  of  intensity  u>  over  the  whole 
span.  BH  and  CE  are  the  same  as  if  the  whole  load  were  at  O ;  therefore  they 
meet  at  R,  a  point  on  the  vertical  through  Q  ;  if  the  load  were  concentrated  at  &, 
BRC  would  be  the  bending  moment  diagram.  At  any  point  as  X.  the  ordinate  to 
ER  is  greater  thui  that  to  HA^  because  the  former  is  the  product  of  P  into  BL^ 
while  the  latter  is  that  same  product  minus  the  moment  of  the  load  area  to  the  left 
of  L ;  that  is,  every  point  in  HR  is  outside  the  curve.  For  such  a  point  as  Q,  by 
substituting  gQior  x  in  the  equation  to  the  parabola,  its  ordinate  is  again  less  than 
that  of  BH,  so  that  BH  is;  a  tangent  at  ^  to  the  parabola,  and  EC  is  a  tangent  at 
E\  T  and  r are  the  middle  points  of  ^ CT  and  ^Z ;  therefore  TV^\TTZ-k,  the 
half  extent  of  load.  In  short  the  oblique  parabolic  se^ent  HAE  replaces  the 
scalene  triangle  HRE.  See  both  painted  on  the  <<  distorting  table  "  of  the  moving 
model  (fig.  161). 
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(kr. — Since  SAE  is  always  the  same  paraboU  for  the  same  value  of  to,  it  is 
evident  that  A  will  be  higher  when  the  parabola  passes  through  B  and  C ;  tiiat  is, 
when  the  whole  span  is  loaded.  This  is  the  same  result  as  corollary  2,  page  176, 
denred  in  this  case  by  geometry. 

Grapkieal  Qmstrueiion  of  Shearing  Force  and  Bending  Moment  Diagrame. — 
Dnw  BC  to  a  suitable  horizontal  scale  of  feet  to  represent  the  span,  and  draw  the 
panllelc^am  X'l*  to  represent  the  imiform  load  on  a  part  of  the  span.  This  is 
done  twice  on  figs.  123,  124,  over  the  shearing  force  diagram  and  over  the  bending 
moment  diagram. 

Calculate  the  supporting  forces  P  and  Q,  and,  with  a  suitable  scale  of  lbs.,  draw 
a  honzontal  line  through  K  at  the  height  P  above  the  base  of  the  shearing  force 
diagram,  and  another  through  M  at  the  depth  Q  below  it.  These  give  the  shearing 
on  the  unloaded  *'  fields  "  right  and  left  oi  W,  while  KsJIf  is  the  shearing  force  on 
the  central  loaded  field. 

To  draw  the  bending  moment  diagram,  rule  vertical  lines  down  from  JT'  and  P', 
diriding  the  base  BC  into  three  *'  fields."  Choose  a  point  B  directly  below  O,  the 
centre  of  the  load.  Join  BioB  and  C  by  straight  lines,  meeting  the  verticals  from 
K'  and  P'  at  H  and  B.  Then  BBC  would  be  the  bending  moment  diagram,  had 
the  whole  of  Wheen  concentrated  &t  O.  It  only  remains,  then,  to  replace  SOB 
hy  a  parabolic  arc  to  which  SB  and  BC  shall  be  tangents.  Draw  SAI)  vertically 
downwards  from  «,  the  point  where  the  shearing  force  changed  sign,  and  prick  A 
at  a  point  midway  between  h  projected  horizontally  from  H,  and  the  point  where 
BEB  produced  meets  hAS,  The  two  right  parabolic  quadrants  kAS  and  eAB  are 
to  he  constructed.  A  scale  for  foot-lbs.  is  then  to  be  constructed,  so  that  the  height 
of  R  above  BC  shall  represent  P  x  B^Q. 

If  JT'P  be  a  big  fraction  of  the  span,  the  bending  moment  diagram  may  be 
quickly  drawn,  with  any  parabolic  segment  cut  in  brass  or  cardboard  placed  against 
the  blade  of  the  T-square,  and  pushed  up  with  its  vertex  on  the  vertical  through  8 
and  the  arc  SAB  drawn.  Next,  prick  a  point  as  high  above  ^  as  A  is  below  ; 
this  point  joined  to  JJ  is  the  tangent  there  which  is  to  be  produced  till  it  meets  the 
vertical  Ihirough  P'  at  P ;  in  like  manner,  BC  is  drawn,  and  now  B  and  C  are  to 
be  joined  when  BC  should  be  horizontal,  which  will  check  the  accuracy  of  the 
drawing. 

The  construction  is  greatly  simplified  when  the  load  begins  at  one  end  of  the 
beam. 


Beam  Loaded  on  one  Segment. 

Note. — ^This  case  is  of  importance,  as  the  half  span,  only,  loaded  is  required  in 
the  treatment  of  the  Iron- Arched  Girder:  see  figs.  249,  I.,  and  251, 1.  Also  the 
load  covering  a  segment  varying  in  length  is  required  in  the  treatment  of  the  girder 
with  its  ends  fixed  horizontally :  see  fig.  232. 

Graphical  Construction  of  the  Shearing  Force  Dia^am  and 
Bmding  Moment  Diagram  (figs.  125,  126).  Calculate  or  con- 
struct the  supporting  forces  F  and  Q.  To  a  suitable  scale, 
prick  K  at  the  height  F  above  the  base  of  the  shearing  force 
diagram  at  left  end,  and  M  at  the  depth  Q  below  it  at  the  right 
end  of  the  load.  Then  KsM  is  the  locus  for  the  loaded  segment, 
and  a  horizontal  through  M  is  locus  for  the  unloaded  segment. 

Place  a  parabolic  template  with  its  axis  vertical  and  its 
lower  edge  against  the  J -square.     Push  up  the  T -square  and 
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shift  along  the  parabolic  set  square  till  its  curved  edge  passes 
through  B,  the  vertex  being  on  the  vertical  through  5,  then 


w 

K 

G     S 

0                            A 

% 

J         1 

Fig.  125. 
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draw  the  arc  £AJS^  and  join  E  to  C  with  a  straight  line. 
Construct  a  scale  of  foot-tons  to  suit  the  calculated  height  of 
any  point,  say  that  of  H  or  of  A. 


Fig.  126. 

Beam  v/niformly  loaded  on  its  Two  Segments  wUh  loads  of 
differerU  intensities  (fig.  127). — This  case  is  not  of  much  practi- 
cal importance,  but  serves  to  illustrate  the  perfectly  general 
case  of  fixed  loadings  which  is  to  follow. 

To  construct  the  shearing  force  diagram,  calculate  F  and  Q,  the  left  and  ri§^t 
supporting  forces,  by  taking  moments  about  one  end.  Prick  JT  at  P  tons  aboye  the 
left  end  of  the  base,  and  htXQ  tons  below  the  right  end.  Draw  the  straight  Iocub 
JTJf  falling  w\  tons  vertically  per  foot  horizontsd  so  that  M  shall  be  Wi  tons  lower 
than  JT.  Draw  Ilk  falling  %02  tons  per  foot.  The  maximum  bending  moment 
must  occur  at  t  where  this  locus  crosses  the  base. 

To  construct  the  bending  moment  diagram  (fig.  128).  If  W2  to  the  right  of  Z 
were  the  only  load  on  the  span,  then  the  locus  of  the  bending  moment  diagram 
on  left  segment  would  be  a  straight  slope  B'K. 

Suppose,  again,  that  the  whole  span  was  loaded  with  wi  lbs.  per  foot  when  the 
bending  moment  diagram  would  be  a  parabolic  locus  standing  on  B'  (T  with  its  Tertez 
under  O  the  middle  point  of  the  span,  the  modulus  of  the  parabola  being  |iPi.  Now 
remove  completely  the  load  to  the  right  of  Z,  which  is  the  same  as  adding  an  upward 
load ;  from  ^'  to  /  this  would  require  the  ordinates  of  a  straight  slope  to  be  subtracted 
from  those  of  the  parabolic  arc  which  then^by  Thtorenn  A,  p.  131,  would  still  be  an  arc 
B'ae  of  the  same  parabola  of  modulus  \vd\  but  with  its  vertex  a  shifted  to  the  left 
imder  8\. 
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Lasdy,  adding  the  ordinatee  of  the  loci  Ifw  and  JffK^  we  have  for  the  left 
Afield"  BF  the  parabolic  locus  BA\E  of  moduluB  \m\  with  its  Tertex  over  T\ 
dafined  by  i  where  the  slope  KM.  of  the  shearing  force  diagram  crossed  the  base. 

In  Ihe  same  way  the  locus  of  the  bending  moment  diagram  for  the  *'  field  "  FC 
is  a  parabolic  locus  A%BC  of  modulus  \wt^  and  with  its  vertex  oyer  2*2  defined  by 
the  pomt  on  the  shearing  force  diagram  where  the  slope  KM  produced  meets  the  base. 


Fig.  127. 


ifsMMfm  Bending  Moment. — It  is  easy  on  any  numerical  example  to  find  ^Ti  so 
thBt  the  load  on  it  shall  equal  the  supporting  force  P  at  B.  Then  M  =  TiJi  a 
ffiHTJiniim  is  to  be  calculated  directly  at  that  section. 


^6     ^1 
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Fig.  128. 

Gr^hical  OoMtruetion  of  Bending  Moment  Dii^nim.— Having  first  constructed 
the  shearing  force  diagram  as  explained  above,  construct  two  parabolic  segments 
itanding  on  a  common  base,  but  with  the  height  of  their  vertexes  in  the  ratio  of  wi 
to  w,.    These  are  to  be  cut  out  in  cardboard.    The  first  is  to  be  phiced  against  the 
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T  square  and  pushed  up^  with  its  vertex  on  the  vertical  through  Ti  (where  the  slope 
of  me  shearing  force  diagram  crossed  the  hase),  and  shifted  till  the  curved  edge 
passes  through  B,  and  the  arc  BA\E  drawn.  This  same  parabolic  template  is  then 
to  he  pushed  up  with  its  vertex  on  the  vertical  through  6>  till  its  curved  edges 
passes  through  B  and  C7  simultaneously,  and  its  vertex  Ao  pricked.  There  a  sc»le 
is  to  be  constructed  so  that  OA^^  shall  read  on  it  ^i/'  where  I »  span,  when  the 
maximum  T\A\  can  be  scaled  off.  To  finish  the  locus  for  the  right  segment  the 
second  parabolic  template  must  be  used,  and  pushed  up  with  its  vertex  on  Uie  vertical 
through  Tt  (where  the  corresponding  slope  hM  produced  on  the  shearing  force 
diagram  meets  the  base)  wheu  its  curved  edge  will  simultaneously  pass  through  E 
nnd  (7,  and  the  arc  EC^b  then  to  be  drawn. 


I  Beam  Loaded  in  any  manneb  with  Fixed  Loads. 

Oraphical  Conttruetion  of  the  Shearing  Force  Diagram. — The  supporting  forces 
P  and  Q  at  the  left  and  right  supports  are  to  be  calculated  by  taking  moments  about 
one  end  of  the  span.  Or  all  the  distributed  loads  may  temporarily  be  concen- 
trated at  their  centres  of  gravity,  and  F  and  Q  constructed  by  drawing  a  load  Hne 
and  link  polygon  as  on  fig.  101.  To  a  suitable  scale  of  feet  for  horizontals,  draw 
a  hase  line  for  the  shearing  force  diagram,  and  with  a  suitable  scale  of  tons  lay  P 
upwards  from  the  left  end,  and  Q  downwards  from  the  right  end.  Starting  from  the 
top  of  P,  draw  a  locus  which  will  cross  the  base  once  and  end  at  the  bottom  of  Q. 
This  locus  will  cover  '<  field  "  after  "  field  "  of  the  span  thus.  It  will  cross  unloaded 
fieldi  horizontally ;  at  a  concentrated  load  it  will  drop  the  amount  of  that  load 
vertically,  and  will  cross  uniformly  loaded  fields  sloping  downwards  with  a  straight 
slope  inclined  at  the  given  rate  of  loading. 

Graphical  Conatruction  of  the  Bending  Moment  Diagram. — If  there  be  *'  fields  " 
of  the  span,  some  loaded  at  one  iiniform  rate,  and  some  at  others,  then  as  many 
parabolic  cardboard  templates  should  be  prepared  as  there  are  varieties  of  uniform 
load.  These  templates  should  have  a  common  hase  and  their  heights  be  in  a^  con- 
tinned  proportion  the  same  as  that  of  the  different  intensities  of  uniform  loads  (see 
fig.  158). 

The  base  for  the  bending  moment  diagram  heing  drawn,  it  is  to  be  divided  into 
**  fields  ** ;  each  concentrate  load  is  the  houndary  between  two  '* fields";  so  also  is 
a  point  at  which  the  intensity  of  the  uniform  loaid  suddenly  changes  induding  the 
ends  of  unload  fields.  The  locus  of  the  bending  moment  diagram  will  begin  at  one 
end  of  the  hase  and  end  at  the  other ;  being  a  maximum  at  the  same  point  at 
which  the  shearing  force  changes  sign.  This  locus  will  cross  the  fields  thus ;  it 
will  cross  unloaded  fields  with  a  straight  locus  sloping  up  at  a  rate  given  by  the 
absolute  height  of  the  shearing  force  horizontal  locus  in  that  field,  or  down  at  the 
depth  of  it.  It  will  cross  umfonnly  loaded  fields  in  a  parabolic  arc  the  vertical 
axis  of  the  parahola  heing  the  vertical  tiirough  the  point  where  the  sloping  locus  of 
the  shearing  force  diagram  for  that  field  crosses  the  hase  when  produced.  Also  the 
modulus  of  the  parahola  shall  be  half  the  intensity  of  the  uniform  load  in  the  field. 
Lastly,  the  arc  ahall  at  its  ends  have  a  common  tangent  with  the  arc  in  adjoining 
field,  or,  if  the  locus  in  the  adjoining  field  be  straight,  it  shall  be  a  tangent.  At 
points  where  a  load  is  concentrated,  the  loci  meet  at  an  angle  whose  tangent  is  the 
sudden  fall  on  the  shearing  force  diagram.  The  locus  is  readily  drawn  over  field 
after  field,  usiug  the  template  for  any  loaded  field  already  prepared  to  correspond 
to  it. 

The  scale  is  to  be  prepared  to  give  the  value  at  some  point  as  calculated  there, 
say  at  the  point  where  the  shearing  force  diagram  crossed  the  hase ;  or  with  one  of 
the  prepared  parabolic  segments,  a  parabolic  segment  mav  be  drawn  standing  on  the 
span  as  base  when  a  scale  is  to  be  prepared  upon  which  the  height  of  its  vertex 
shall  measure  \wl^,  where  w  is  the  intensity  corresponding  to  the  template 
used. 
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EXA^MPLKS. 

137.  A  beam  is  unifonnly  loaded,  and  a  prop  in  the  centre  bears  one-tliird  of 
the  load.    Find  the  TnaTiTniim  bending  moment  (fig.  117). 


Let 


U  Bs  the  amount  of  the  uniform  load, 
W  s  the  upward  thrust  of  central  prop  ^  \U. 


Here  a  «  \e\  and  since  a<\c,  the  two  parabolas  intersect  above  the  span,  and 

there  are  no  negatiye  bending  moments ;  there 

is   a  positiTe  Tniniimiin   at  the  centre,  and 

a  posidTe  maximum  at  a  on  each  side  of  the 

centre. 

The  base  of  the  segment 


HAiH'  =  2/3  =  t(?  =  §/. 

Height  SiAi  :  Height  OA  :  :  (}}>  :  V  ; 

uierefore 

8iAi  B  iOAf 
at 

Ma  B  i  x^UJ  "  "fiV'^t  maximum. 

138.  A  cantilerer  18  feet  long  is  loaded 
mnfionnly  for  two-thirds  of  its  length  from 
the  free  end,  with  10  cwt.  per  foot-run.  Find 
the  bending  moments  at  inteirals  of  two  feet. 
See  fig.  130. 

L(X)k  upon  the  loaded  part  as  a  cantilever 
mdfcffmly  loaded,  then 

Jf.  =  |(tf-a?)»  =  5(18-«)»; 


Fig.  129. 


therefore 

Jfis  »  0,    and    Jfe  «  720 


M^WiCri) 


DE. 


Fig.  130. 


Now  consider  BK  a  cantilever  loaded  at  B  with  120  cwts. ;  then 

Jf,  =  JT  (<?  -  ^  -  «\  =  120  (12  -  x) ; 


•othat 


ir«  =  720  s=  DE,    and    Mo  =  1440  ft. -cwts. 
Am.  0,  20,  80,  180,  320,  500,  720 ;  960,  1200,  1440  ft.-cwts« 


A  graphical  solution  is  obtained  by  drawing  fig.  130  upon  a  large  scale,  and 
neisaring  the  ordinates  at  intervals  of  two  feet. 

139.  A  beam  72  feet  span  is  loaded  with  8  and  10  tons  at  points  18  and  6  leet 
to  the  left  of  the  centre,  and  with  18  and  1 3  tons  at  points  12  and  24  feet  to  the 
ikht  of  the  centre ;  there  is  also  an  uniform  load  of  naif  a  ton  per  foot  of  span. 
And  the  poeition  and  value  of  the  maidmum  bending  moment.  These  data  are 
dawn  to  scale  on  figs.  120  and  121. 

Taking  moments  about  the  right  support 

Px  72  =  8  X  54  +  10  X  42  +  18  X  24  +  13  X  12  +  36  X  86. 
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So  that  P  s  38  tons,  including  the  reaotioms  for  spread  load.  At  the  central  point  0 
the  shearing  force  is  Po^jP— 8  —  10  —  18e:2  tons ;  and  to  bring  this  to  zero,  we 
must  pass  to  a  point  4  feet  further  to  the  right ;  hence  F^  =  0.  The  maximum 
bending  moment  will  be  at  a  point  4  feet  to  the  right  of  the  centre,  and 

M.4,  =  38  X  40  -  8  X  22  -  10  X  10  -  20  X  20  =  844  ft.-tons. 
To  find  the  shearing  forces  at  intervals  of  4  feet.    For  the  fixed  loads  alone 

Pss  to  18  -  P  =  20,        Pis  to  8  =  12,        J«to  -12  =  2, 
F.itUi  -24  =  -  16,        F-Ti  to-86  =-Q  =  -29  tons. 

For  the  uniform  load  alone  F^  =  P  s=  18  tons,  and  by  proportion  the  shearing 
force  at  each  point  is  half  the  abscissa  of  the  point. 

For  the  two  loads  combined,  the  shearing  forces  at  points  4  feet  apart  are 


Feet. 

Tons. 

Feet. 

Tons. 

Feet. 

Tons. 

Feet. 

Tons. 

36 

38 

16 

20 

-    4 

0 

-24 

-41 

32 

36 

12 

18 

-    8 

-    2 

-28 

-43 

28 

34 

8 

16 

-12 

-22 

-32 

-46 

24 

32 

4 

4 

-16 

-24 

-36 

-47 

20 

30 

0 

2 

-20 

-26 

The  shearing  force  changes  sign  at  the  point  a; »  -  4,  and  at  this  point  the 
bending  moment  is  a  maximum. 

140.  A  beam  54  feet  span  is  loaded  uniformly  for  two-thirds  of  its  length 
from  the  left  end  with  10  cwt.  per  foot-run.  Find  the  position  and  magnitude  of 
the  maximum  bending  moment.    (See  fig.  126.) 

In  this  case,  «  =  27  ft.,  and  OQ  =  9  ft.,  measured  to  the  left  of  0. 

From  G  lay  off  (?^  =  6  ft.  »  ^GO,  since  the  load  extends  oyer  two- thirds  of 
the  span,  and  the  maximum  moment  occurs  at  8^  that  is,  at  3  ft.  to  the  left  of  the 
centre.    Suppose  the  whole  load  W  =  360  cwt.  is  concentrated  at  O ;  then 

360 
P=— -X  36  =  240  cwt. 
64 

This,  of  course,  is  equal  to  load  up  to  S,  that  is,  24  x  10. 

Taking  a  section  at  S,  the  portion  of  the  span  to  the  left  is  24  ft.,  so  that  the 
load  upon  it  is  240  cwt.  acting  downwards,  and  if  supposed  to  be  concentrated  at 
its  centre,  its  leyerage  about  the  section  is  12  ft. ;  at  the  same  time  Pacts  upwsrds 
with  a  leverage  of  24  ft.,  and 

Jfs  =  240  X  24  -  240  x  12  =  2880  ft.-cwts.  max. 

141.  The  left  half  of  a  beam  32  feet  span  is  uniformly  loaded  with  1  ton  per 
foot-run.    Find  the  position  and  magnitude  of  the  maximum  bending  moment. 

Ant.  The  TWRTi'mmn  occurs  at  the  section  4  feet  to  the  left  of  the  centre, 
and  its  value  is  Ifi  =  72  ft.-tons. 

142.  A  beam  50  feet  span  is  uniformly  loaded  from  the  right  end  for  an  extent 
of  10  feet,  with  2  tons  per  foot  run.  Find  the  position  and  magnitude  of  the 
maximum  bending  moment. 

Ans.  The  maximum  occurs  at  the  section  16  feet  to  the  right  of  the 
centre,  and  its  value  is  Jf-ie  =  81  ft. -tons. 
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143.  A  beam  36  feet  span  is  loaded  uniformly  from  the  middle  point  towards 
the  left  to  an  extent  of  12  feet,  with  2  tons  per  foot-run.  Find  the  position  and 
maaiitude  of  the  maximum  bending  moment.     (See  fig.  124.) 

In  this  case,  OG  =  6  ft.,  and  GS  »  \0G  =  2  feet,  since  the  extent  of  load  is 
one-third  of  span ;  the  maximum  bendii^f  moment  is  at  6*,  4  ft.  to  the  left  of  the 
centre.    Suppose  the  whole  load  Wy  24  tons,  concentrated  at  G^  we  have 

24 
P  =  --  X  24  =  16  tons. 
o6 

Taking  a  section  at  8,  the  extent  of  the  load  to  the  left  is  8  ft. ,  and  is  equivalent 
to  16  tons  acting  downwards  with  a  leverage  of  4  feet,  while  P  acts  upwards  wiUi 
a  leverage  of  14  feet ;  hence 

J/*  »  16  X  14  -  16  X  4  rr  160  ft.-tons. 

144.  A  beam  72  feet  span  is  loaded  in  two  segments ;  the  left  segment  is  two- 
thirds  of  the  span,  and  is  loaded  imiformly  at  the  rate  of  two  tons  per  foot.  The 
light  s^ment  is  uniformly  loaded  at  the  rate  of  one  ton  per  foot.  Find  the  podtion 
and  amount  of  the  maximum  bending  moment. 

¥v^,  128  is  thiB  example  drawn  to  scale. 
The  data  in  symbols  are 

2e  =  72,     2ki  =  48,     2k%  =  24,     u^i  =  2,    and    W2  ^  I; 
P  X  72  s  96  X  48  +  24  X  12    and    P  =  68  tons. 

In  order  that  the  shearing  force  at  Ti  may  be  zero,  it  is  necessary  that  the  load 
between  the  left  end  and  Ti  should  equal  P,  that  is  68  tons  ;  hence  Ti  is  34  feet 
from  die  left  end  or  2  feet  left  of  the  centre.    And 

Jfz  =  68  X  34  -  68  X  17  s  1156  ft.-ton  maximum. 

145.  A  beam  50  feet  span  is  loaded  with  4  cwts.  per  foot  for  a  distance  of 
30  feet  beginning  at  the  left  end,  and  the  remainder  is  loaded  with  9  cwts.  per  foot. 
Find  the  maximum  bending  moment. 

Intensity  on  left  segment  x  square  of  its  length  =  4  x  30'  b  3600 ; 
intensity  on  right  segment  x  square  of  its  length  b  9  x  20*  »  3600 ; 

since  these  are  equal,  the  maximum  bending  moment  is  at  the  junction  of  the 
segments,  that  is  5  feet  to  the  right  of  the  centre. 
To  find  P,  we  have 

P  X  50  =  120  x  35  +  180  x  10  ;    therefore    P  =  120. 

Taking  a  section  at  the  junction  of  the  segments 

M.6  »Px30~4x30x¥«  1800  ft-cwts.  maximum. 

146.  A  beam  is  64  feet  span;  its  left  segment,  40  feet  long,  is  loaded  with 
3  cwts.  per  foot,  the  right  segment  with  5  cwts.  per  foot.  Find  the  maximum 
bending  moment. 

Ans,  At  3  feet  to  right  of  centre,  M^  =  1837*5  ft. -cwts.  maximum. 
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147*  Draw  the  shearing  foroe  diagianu  for  the  heam  and  cantileTer  where  a 
imiform  load  is  comhined  with  concentrated  loads  (figs.  131  and  132). 


Fig.  131. 


Fig.  132. 


Fig.  131  comhines  figs.  102  and  110  ;  fig.  132  oomhines  figs.  104  and  113. 

148.  A  heam  72  feet  span  supports  an  uniform  load  of  2  tons  per  foot-run, 
extending  from  the  left  end  to  the  point «  b  -  12,  and  an  uniform  load  of  1  ton  per 
foot-run  extending  from  the  right  end  to  the  point  d;  b  .  12.  Find  the  shearing 
forces  at  intenrals  of  12  feet.     (See  example  >io.  144,  and  figs.  127  and  128.) 

P  =  68  tons ;  F  decreases  at  the  rate  of  2  tons  per  foot  for  the  left  segment, 
and  at  the  rate  of  1  ton  per  foot  for  the  right  segment. 

Ans,  ^36  =  68  ;     Pai  -  44  ;     Pu  =  20 ;     JFb  =  -  4 ;     F.it  =  -  28  ; 
J5L34  =  -  40 ;  i?j«  «  -  62  («  -  Q). 

1*  changes  sign  at  d;  =  2. 

149.  Find,  hy  analysis,  the  positions  of  the  apexes  in  the  example  solred 
graphically  on  fig.  120. 

On  the  shearing  force  diagram  the  locus  begins  at  a  height  38 ;  it  then  slopes  at 
^  to  1,  so  that  Bdi  =  76,  or  Od\  =  40.    The  second  slope  heing  8  lower,  then  d\d2 
18  16  and  Od%  s  24.    See  the  numbers  engraved  at  the  centres  of  the  circles  at  foot 
of  fig.  121. 
Just  as  OAo^  324  =  \  (36)>  »  \  {B0)\ 


so  also 


DUi  =  J  {Bdi)^  =  J  (76)«  «  1444, 


measured  on  the  scale  of  ft -tons.  So  also  the  height  of  A%  aboye  B  is  ^th  tlie 
square  of  their  Imown  horizontal  distance  apart.  Adding  this  height  to  the  calcu- 
lated height  of  E  itself  we  have  IhA^  »  1044.  See  the  heights  of  the  apexes 
Az,  Aif  and  A^  engraved  on  fig.  120. 


CHAPTER  X. 


BENDING  MOMENTS  AND  SHEARING  FORCES   FOR  MOVING  LOADS. 

In  the  first  Chapter  the  action  of  a  live  load  when  applied  to 
a  tie  or  strut  is  described ;  the  action  is  somewhat  similar  when 
a  live  load  is  applied  to  a  beam.  Thus  for  a  beam  loaded  at  the 
centre,  the  load  W  may  at  one  instant  be  in  contact  with  the 
central  point  of  the  beam,  and  yet  not  be  resting  any  of  its 
weight  on  the  beam ;  the  next  instant  its  whole  weight  may  be 
resting  on  the  beam.  It  does  not  follow  directly  from  Hooke's 
Law,  but  is  a  matter  for  demonstration,  that,  for  an  instant,  the 
strain  thus  produced  is  double  that  which  the  dead  load  pro- 
duces, provided  the  greatest  strain  does  not  exceed  the  proof 
strain. 

One  way  of  applying  the  actual  weight  W  to  the  centre  as 
a  dead  load  is,  as  in  the  case  of  a  tie,  to  put  it  on  bit  by  bit ; 
another  way  is  to  put  the  whole  weight  W  on  the  end  of  the 
beam,  when  the  strain  is  zero,  and  then  push  it  very  slowly 
towards  the  centre,  when  the  strain  gradually  increases  to  the 
full  intensity  due  to  fF  as  a  dead  load.  If  W,  on  the  other 
hand,  be  pushed  from  the  end  to  the  centre  in  an  indefinitely 
short  time,  it  will  be  the  same  as  if  it  had  been  applied  suddenly 
at  the  centre ;  in  this  case,  then,  W  is  applied  as  a  Uve  load. 

Definttion. — A  load  which  passes  along  a  beam,  and  which 
thus  occupies  at  dififerent  instants  every  possible  position  upon 
the  span,  is  called  a  moving  or  travelling  load, 

A  moving  load  may  be  dead  or  live  or  of  intermediate 
importance,  but  not  of  greater  importance  than  a  live  load. 
A  travelling  crane,  which  moves  very  slowly,  and  so  as  not 
to  set  the  suspended  weight  swinging,  is  practically  a  dead 
moving  load.  The  action  of  a  moving  load  on  a  railway  bridge 
is  of  intermediate  importance ;  when  the  span  of  the  bridge  is 
short,  say  less  than  20  feet,  this  importance  is  about  equal  to 
that  of  a  live  load ;  and  when  the  span  is  long,  say  more  than 
200  feet,  it  may  be  considered  as  about  midway  between  a  dead 
load  and  a  live  load. 
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The  Commissioners  on  the  Application  of  Iron  to  Eailway 
Structures  at  p.  xviii  of  their  report  say: — "That  as  it  has 
appeared  that  the  effect  of  velocity  communicated  to  a  load  is 
to  increase  the  deflection  that  it  would  produce  if  set  at  rest 
upon  the  bridge ;  also  that  the  dynamical  increase  in  bridges  of 
less  than  40  feet  in  length  is  of  suflBcient  importance  to  demand 
attention,  and  may,  even  for  lengths  of  20  feet,  become  more 
than  one-half  of  the  statical  deflection  at  high  velocities,  but 
can  be  diminished  by  increasing  the  stiffness  of  the  bridge ;  it 
is  advisable  that  for  short  bridges  especially,  the  increased 
deflection  should  be  calculated  from  the  greatest  load  and 
highest  velocity  to  which  the  bridge  may  b6  liable ;  and  that 
a  weight  which  would  statically  produce  the  same  deflection 
should,  in  estimating  the  strength  of  the  structure,  be  considered 
as  the  greatest  load  to  which  the  bridge  is  subject." 

In  the  same  way  the  shearing  strain  produced  by  a  moving 
load  is  greater  than  that  produced  by  the  same  load  when  fixed. 
In  the  cases  which  follow,  it  is  to  be  understood  that  the  loads 
as  given  are  dead  loads,  or  the  equivalent  reduced  dead  loads. 
When  the  load  is  partly  fixed  and  partly  moving,  the  equivalent 
dead  load  is  the  sum  of  the  actual  dead  load  and  the  dead  load 
equivalent  to  the  actual  moving  load. 

Definition. — For  any  point  x,  the  Bange  of  Shearing  Force 
due  to  a  moving  load  is  its  extent ;  and  the  limits  of  this  extent 
are  the  maximum  positive  and  maximum  negative  values  which 
Fz  assumes  during  the  transit  of  the  moving  load. 

Classes  of  Moving  Loads. — ^An  uniform  load  coming  on  at 
one  end  of  the  span,  covering  an  increasing  segment  till  it  is 
oil  on,  then  moving  to  a  central  position  on  the  span,  and 
passing  off  at  the  other  end,  is  called  an  advancing  load.  A 
train  of  trucks,  shorter  than  the  span  of  a  bridge,  coming  on  at 
one  end,  travelling  across  and  going  off  at  the  other  end  of  the 
bridge,  is  an  approximate  example  of,  and  is  generally  to  be 
reckoned  as,  an  advancing  load.  The  reason  that  it  is  called 
approximate,  is  that  although  the  weight  of  the  trucks  may  be 
uniform  per  foot  of  length,  yet  they  are  not  continuously  in 
contact  with  the  bridge  but  transmit  the  load  thereto  by  means 
of  wheels  at  a  number  of  points.  An  advancing  load  may  be 
equal  in  length  to  the  span  ;  in  which  case,  in  passing  across,  it 
covers  the  whole  span  for  an  instant.  If  the  load  be  longer 
than  the  span,  it  will  continue  to  cover  it  for  a  definite  time 
while  passing,  but  as  time  does  not  come  into  our  consideration, 
it  will  be  included  in  the  advancing  load  equal  in  length  to  the 
span. 


FOR  MOVING  LOADS.  187 

A  load  concentrated  at  a  point,  and  which  moves  backwards 
and  forwards  on  the  span,  is  called  a  rolling  load;  a  wheel 
which  rolls  along  a  be^  is  a  practical  example  of  this.  In 
reality  the  load  is  distributed  over  a  small  area,  and  if  now 
the  load  be  taken  to  be  imiformly  distributed  over  this  small 
area,  it  may  be  considered  as  an  advancing  load  of  small 
extent ;  on  the  diagrams  it  is  represented  by  a  wheel  or  circle. 

A  Travelling  Load  System  is  a  load  transmitted  to  the  beam 
in  definite  amounts  at  points  fixed  relatively  to  each  other,  the 
whole  load  moving  into  all  possible  positions  on  the  span ;  a 
locomotive  engine  is  a  practical  example  of  such  a  system,  and 
a  rolling  load  is  its  simplest  form.  On  the  diagrams,  the  load 
is  represented  by  a  nimiber  of  circles  or  wheels  with  their 
centres  fixed  on  a  frame  (see  fig.  79),  or  for  ease  in  drawing  by 
a  number  of  vertical  arrows  connected  by  a  thick  horizontal 
line  (see  fig.  139). 

It  will  not  be  necessary  to  consider  moving  loads  upon 
cantilevers,  as  in  practice  there  is  seldom  such  a  thing.  It  is 
only  necessary  to  suppose  the  load  fixed  in  the  position  most 
remote  from  the  fixed  end ;  this,  it  is  evident,  gives  the  greatest 
bending  moment  at  each  point,  the  maximum  being  at  the 
fixed  end. 

Bending  MoirteTUs  on  a  beam  under  an  adva7icing  load  equal  in 
length  to  the  span. — Suppose  the  load  to  come  on  from  the  left  end 
and  cover  a  segment  of  the  span,  the  bending  moment  diagram 
is  shown  on  fig.  125  ;  when  the  whole  span  is  covered,  on 
fig.  110 ;  and  when  the  load  is  passing  off,  by  fig.  125  reversed. 
Since  the  parabolas  in  these  two  figures  are  the  samey  it  is 
evident  that  the  apex  A  is  higher  on  fig.  110  than  upon  fig.  125, 
because  on  the  former  the  base  of  the  parabolic  segment  is  the 
whole  span ;  the  ordinate,  not  only  for  A,  but  for  every  point 
on  fig.  110,  p.  154,  is  greater  than  the  corresponding  ordinate 
upon  fig.  125,  p.  178.  Hence  the  maximum  bending  moment  at 
each  point  of  the  span  occurs  when  the  whole  span  is  loaded ; 
of  these  maxima,  the  maximum  is  at  the  centre,  and  this  case 
resolves  into  that  of  a  beam  uniformly  loaded. 

Shearing  Forces  on  a  beam  under  an  advancing  load  of 
uniform  intensity  (fig.  133). — ^At  any  point  x,  the  positive 
TnaTrimum  shearing  force  occurs  when  the  front  of  the  load 
is  at  the  point.  Suppose  the  load  to  be  in  the  position  shown 
at  the  top  of  the  diagram,  then  the  shearing  force  is  positive 
and  equal  to  P.  If  the  load  move  towards  the  right,  P  will 
decrease,  and  F^  will  equal  that  decreased  value.  If  the  load 
move  towards  the  left,  and  if  the  total  load  be  not  yet  on  the 
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span,  then  the  new  load  is  exactly  the  same  as  the  first  with 
an  additional  load  to  the  left  of  x ;  this  additional  load  is 
shared  in  some  manner  between  the  two  supports,  so  that 
the  increase  of  P  is  only  a  fraction  of  that  added  load ;  in 
reckoning  I\,  however,  we  subtract  from  this  increased  value 
of  P,  the  whole  of  the  added  load,  that  is,  we  subtract  more 
than  we  add.  Again,  if  the  load  be  shorter  than  the  span 
and  be  wholly  on  the  span,  then,  after  the  advance,  the  new 
load  is  the  same  as  the  first  with  a  portion  added  to  the  left 
of  X  and  an  equal  portion  taken  off  at  the  tail  of  the  load ;  the 
portion  added  increases  by  a  fraction  of  itself  the  value  of  P, 
while  the  portion  taken  ofif  decreases  by  a  smaller  fraction  of 
itself  the  value  of  P;  and  in  reckoning  P^,  we  substract  the 
whole  of  the  added 
portion  from  this  in- 
creased value  of  P. 
Hence,  whatever  be 
the  length  of  the  load, 
Fx  is  a  positive  maxi- 
mum when  the  front 
of  the  load  is  at  j-. 
Similarly,  by  cal- 
culating the  negative 
shearing  forces  from 
the  supporting  force  Qj 
it  can  be  shown  that 
the  shearing  force  is 
a  negative  maximum 
when  the  tail  of  the  ^^?-  ^'^'^' 

load  is  at  the  point. 

At  each  point,  during  the  transit  of  the  load,  the  shearing  force 
assumes  all  values  ])etween  the  two  maxima,  and  passes  gra- 
dually through  the  whole  range  in  the  same  time  that  the  load 
takes  to  make  a  transit. 

Sliearing  Force  Diagram,  —  Length  of  load  equal  to,  or 
greater  than,  span  (fig.  133).  When  the  front  of  the  load  is 
at  the  left  end  of  span,  the  whole  span  is  covered,  and  P  =  i  JF, 
where  W  is  the  load  which  covers  span  ;  hence  the  positive 
maximum  at  the  left  end  is  ^  W.  When  the  front  of  the  load 
is  at  the  right  end  of  span,  P  is  zero  as  no  load  is  on  the  span  ; 
hence  the  positive  maximum  at  the  right  end  is  zero.  When 
the  front  of  load  is  at  any  intermediate  point,  the  right  segment 
is  loaded,  and  P^  =  P  a  positive  maximum ;  the  value  of  this 
maximum  increases  as  the  point  approaches  the  left  end  of 
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span,  because  the  length  of  the  loaded  segment  is  increasing, 
and  because  its  centre  of  gravity  is  nearer  the  left  end ;  or  in 
symbols,  this  positive  maximum 

load  on  span     length  of  loaded  segment       w 
^'=         ^^^         ""  2  i^^'^"^)' 

Hence,  the  locus  giving  F^  the  positive  maximum  shearing 
force  at  each  point  is  a. parabola  with  its  axis  vertical  and  its 
apex  at  the  right  end  of  the  span,  and  whose  ordinate  at  the 
left  end  ia  \W\  the  locus  giving  the  negative  maximum  is  a 
similar  parabola  below  the  base  and  with  its  apex  at  the  left 
end  of  span;  the  range  at  each  point  is  given  by  the  double 
ordinate. 

Orajphical  Solution. — Length  of  load  equal  to,  or  greater 
than,  span.  With  any  paraboUc  segment  draw  a  curve  with 
its  apex  at  the  right 
end  meeting  the  ver- 
tical through  the  left 
end  at  D  (fig.  133) ; 
draw  another  below 
the  base,  and  con- 
struct a  scale  for  ver- 
ticals upon  which 


BD  =  iW, 

where  W  is  the  load 
which  covers  the  span. 

Shearing  Force  Diagram, — Length  of  load  less  than  span 
(fig.  134).  Let  2k  be  the  length  of  the  load.  While  the  load 
advances  from  the  right  end,  and  so  long  as  it  completely 
covers  the  right  segment,  that  is  up  to  a  distance  2k  from  C, 
the  dif^ram  is  a  portion  of  the  parabola  (fig.  133) ;  for  the 
further  advance  of  the  load,  the  maximum  shearing  force  is 
increasing,  because  the  centre  of  gravity  of  the  load  is  approach- 
ing the  left  end,  and  the  remainder  of  the  locus  is  therefore  a 
straight  line.  The  straight  portion  of  this  locus  and  the  locus 
for  an  equal  rolling  load  (see  fig.  138)  are  parallel,  and  are 
separated  from  each  other  by  a  distance  k  measured  horizontally ; 
this  straight  portion,  when  produced,  cuts  the  base  at  a  point  F 
such  that  CF  =  i,  and  it  is  therefore  a  tangent  to  the  parabola. 

Graphical  Solution. — Length  of  load  less  than  span  (fig.  134). 
Draw  the  parabola  CD  as  in  the  previous  case;  construct  a 
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vertical  scale  such  that  BD  -  vx,  that  is  equal  to  half  the  load 
which  would  be  on  the  span  supposing  the  whole  span  covered ; 
ink  in  CJE  the  portion  of  this  parabola  extending  from  the  apex 
C  through  a  horizontal  distance  equal  to  2k ;  and  draw  for  the 
remainder  of  the  span,  a  tangent  to  the  parabola  at  the  point  j?; 
this  tangent  is  drawn  by  laying  ofif  OF «  k,  drawing  IE,  and 
producing  it  to  Z. 

Betiding  Moment  for  a  Beam  under  an  advancing  load  leu  in  length  than  the 
Span  (fip^.  135). — Let  2e  -  span ;  2k  »  extent  of  load;  w  =  intensitj  of  load ; 
C  the  on^in,  and  centre  of  span  ;  0  the  centre  of  load  ;  and  let  the  load  be  upon 
the  span  m  any  position. 

Here 

k  <  Cy    and     W  =  2tok  »  total  load. 

To  find  F,  we  may  suppose  the  whole  load  concentrated  at  G,  and  we  have 

where  x  is  the  abscissa  of  any  point  of  the  span  reckoned  positive  to  the  left  of  C, 
and  y  is  the  distance  of  the  same  point  reckoned  positive  to  the  left  of  G.  Taking 
a  section  at  the  point  x,  we  have  two  forces  acting  on  the  portion  of  the  span  to  the 


(c-x^y) 


ir=l  2  tck 
— J<-- (c  +  x- 


y) 


i 


Mowing  Uniterm  loud  of  inttnalty  w  aiK/  extent  2h 


5  ^  X         H 

!         1*^1      Section  at  x 


(Span*2C) 


Q 


I 


< /c-xj.. 


Fig.  185. 

left  of  the  section,  viz.  F  acting  upwards  with  a  leverage  {e  —  x),  and  a  load  az«a 
equivalent  to  a  force  w{k  ^y)  acting  downwards  with  a  leverage  ^{k  -  y) ;  hence 
the  bending  moment  at  this  section  is 


Mt  =  F{c-x)'W  (*-y)  X 


k  —  y       w    .  w 


(__(.._,.,.       ,^_)    +_(_..  y)y. 


(1) 


As  the  load  moves  about,  y  varies  and  the  bending  moment  Afx  at  the  section 
X  depends  upon  the  position  of  the  load,  that  is,  upon  the  value  of  y.  To  find  the 
position  of  the  load  which  gives  the  greatest  bending  moment  at  the  point  Xy  it  is 
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only  neceflsary  to  find  the  value  of  y  which  makes  Mm  a  maximum ;  now  Mm  is 

i2kx        \ 
greatest  when  when  the  product  I VlV^  greatest ;  and  as  the  sum  of  the 

two  {actors  of  this  product  is  constant,  the  product  is  greatest  when  the  factors  are 
equal  to  each  other,  that  is  when 


2kx 
so  that  we  have 


—  -  y  -  y; 


kx 

y  «  ~,  (2) 

or 

y  :  k    :  :     X  :  c,  (3) 

Hus  proportion  expressed  in  words  gives  the  following : — 

Rule. — The  greatest  hending  moment  at  any  point  of  the  span  occurs  when 
there  is  directly  over  it,  that  point  in  the  load  which  is  situated  in  the  extent  of 
the  load  in  a  position  similar  to  that  in  which  the  point  is  situated  in  the  extent  of 
the  span. 

Substituting  in  (1)  the  value  of  y  in  (2),  we  have 

This  is  the  equation  to  the  maxima  hending  moments,  and  may  be  written  thus 

m  juMm  =  Co  («»  -  «»), 

▼here  Co  is  a  constant  quantity ;  the  locus  is  therefore  a  parabola  with  its  apex 
above  the  centre  of  sx>an,  and  the  maximum  of  these  maxima — that  is,  the  maximum 
for  the  whole  span — ^is  at  the  centre,  or  where  d?  s=  0 ; 


max. 


(5) 
For  the  maximum  bending'moment,  the  coefficient 


m 


i  (2  --j  ;  (Seepage  151; 


and  the  principal  equation  to  the  parabola  is 


-J(-9- 


Compare  the  above  with  the  result  of  investigation  at  p.  174,  from  which  this 
might  have  been  deduced.    See  also  fig.  124. 
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By  the  preceding  rule  the  maximum  bending  moment  at  the  centre  of  the  span 
occurs  when  the  centre  of  the  load  is  over  the  centre  of  the  span. 

Graphical  Solution. — Fig.  136.  With  a  scale  of  feet  lay  off  the  span  and  draw 
a  vertical  upwards  through  0  the  centre ; 
iipply  the  rollers  to  the  span ;  place  any 
parabolic  segment  against  the  rollers  with 
its  apex  on  the  vertical  through  0;  shift 
the  rollers  till  the  curved  edge  passes 
through  the  ends  of  the  span,  which  it 
will  do  simultaneously,  and  draw  the  curve. 
Construct  a  scale  of  ft. -lbs.  for  verticals 
such  that  OA  =  J^(/-  *),  where  IF  is 
in  lbs.,  and  /  and  k  are  in  feet. 

Note  that  to  give  the  maximum  bending 
moment  at  any  point,  the  load  assumes  a 
different  position  for  each  point  according  to 
the  above  rule,  and  that  it  is  possible  to  ful- 
fil the  condition  of  the  rule  for  every  point 
without  any  of  the  load  going  off  the  span. 


Fig.   136. 


Cor,  1. — Suppose  the  extent  of  load  equal  to  the  span ;   then 


and  we  have 


/.  =  ..      (2-*)=l. 


w 

mKz.Mx  -  --  {e'-  -a'),     and    niax.ifo  =  JW^-^ 
4e 


the  same  as  for  the  span  uniformly  loaded  (fig.  110),  and  as  shown  in  the  preceding 
case.  Note  further,  that  the  rule  for  fixing  the  position  of  the  load  so  as  to  give 
the  maximum  bending  moment  at  any  point  is  fulfilled  simultaneously  for  all  points 
of  the  span  ;  as  it  is  evident  that  when  the  centre  of  load  is  over  the  centre  of  span, 
every  point  of  the  load  is  over  the  corresponding  point  of  the  span. 
Cor.  2. — Suppose  the  extent  of  load  to  be  zero  ;  then 


*  =  0,      (2-^*)    =2. 


and  the  load  is  n  rolling  load  for  which 


JF 


2c 


When  the  rule  for  finding  the  position  of  the  load  which  gives  the  maximum 
bending  moment  at  any  point  is  applied  to  this  case,  it  is  found  that  the  mftTtmntn 
occurs  at  any  point  of  span  when  the  rolling  load  is  at  that  point. 

As  this  is  an  important  case,  and  leads  to  caaes  still  more  important,  we  will 
give  a  separate  investigation. 

Bending  Moments  for  a  beam  under  a  rolling  had  (fig.  137). — 
Consider  any  point  of  the  span  at  the  distance  x  from  the  centre, 
distances  to  the  left  being  reckoned  positive.  Let  R  be  the 
amount  of  the  rolling  load,  and  suppose  it  over  the  point  in 
consideration. 
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We  may  calculate  the  bending  moment  M^.  from  either  of 
the  two  equations 

M^  =  P(c  -  x\    or    if,  =  Q{c  +  X). 

If  the  load  moves  to  the  right,  then  the  upward  supportiuj^ 
force  P  is  less  than  P,  and 

if  now  the  load  moves  to  the  left,  the  supporting  force  (^  is  less 
than  Q,  and 

thus  Mg  decreases  whether  B  moves  to  the  right  or  left,  that  is, 
Mg,  the  bending  moment  at  any  point  x,  ia  greatest  when  B  the 
rolling  load,  is  over  the  point. 
Let  B  be  over  the  point  x,  then 


max, 


M,  =  P(c  -  X)  =  I  (c  +  x){e  -x)  =  ^ie'-  ■x'). 


This  is  the  equation  to  the  maxima  bending  moments;  the 
bending  moment  diagram  ia  a  parabola,  with  its  axis  vertical 
and  its  apex  above  the  centre  of  span ;  and  the  maximum  of 
these  maxima,  that  is  the  maxi- 
mum bending  moment  for  the 
whole  span  occurs  at  the  centre 
when  the  load  is  over  the  centre ; 
putting  X  =  0,  we  have 

B 

the  value  of  the  constant  ?w  =  ^, 
and  the  principal  equation  to 
the  parabola  is 

V  -  —  r* 


Y>^^' 


Fig.  137. 


Grapkiml  SoliUion  (fig.  137). — With  a  scale  of  feet  for 
horizontals  lay  off  the  span,  and  draw  a  vertical  upwards 
through  0  the  centre  ;  apply  the  rollers  to  the  span,  place 
any  parabolic  segment  against  the  rollers  with  its  apex  on 
the  vertical  through  0;  shift  the  rollers  till  the  curved  edge 

o 
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passes  through  the  ends  of  the  span,  which  it  will  do  simul- 
taneously, and  draw  the  curve.  Construct  a  scale  of  foot-lbs. 
for  verticals,  such  that  OA  =  ^Bl. 

Bending  Moment  for  a  beam  under  both  a  rolling  and  an 
uniform  dead  load. — Let  B  be  the  dead  load  equivalent  to 
the  actual  rolling  load,  and  U  the  uniform  load.  For  each 
load  separately  the  bending  moment  diagram  is  a  parabola 
with  its  apex  over  the  centre.  For  the  combined  load,  the 
diagram  is  a  parabola  whose  apex  is  also  over  the  centre,  and 
whose  modulus  is  the  sum  of  their  moduli ;  hence 


and 


^       (U     B\.,       ,,       U^2B^^       ,, 


^ 


Mq  =  T  (  ^  +  2iJ)  =  i  ( C/'  +  2B) .  Z,  max.  of  maxima, 
4 


the  bending  moments  being  in  terms  of  a  dead  load  throughout. 

Graphical  Solution, — ^With  any  parabolic  segment  draw  a 
parabola  with  its  apex  over  the  centre  and  passing  through  the 
two  ends,  and  make  a  scale  for  verticals  upon  which  the  middle 
ordinate  OA  ^  \{U ^^  2R).l. 

SJiearing  Forces  in  a  beam  under  a  rolling  load  (fig.  138). — 
At  any  point  of  the  span,  F^  the  shearing  force  is  positive  and 
equal  to  P,  so  long  as  jB  is  to  the  right  of  the  point ;  since  P 
increases  as  R  moves  towards  the  left  support,  Fj.  is  evidently  a 
positive  maximum  when  jB  is  indefinitely  close  to,  and  on  the 
right  side  of,  the  point. 
When  R  passes  to  the  (^ 

left  of  the  point,  F^^P         r ^^-^ j 

-  jK  =  -  G  ;    since  Q  in-       ^^  A< 

creases  as  R  comes  closer        (P^^^^JTrT--^  ' 

to  the  right  support,  it  is 

again  evident  that  P^  is  a 

negative  maximum  when 

jB  is  indefinitely  close  to, 

and  on  the  left  side  of, 

the  point.     When  B  is 

indefinitely  close  to  the 

point,  P  and  Q  have  sensibly  the  same  values  as  for  B  exactly 

at  the  point,  and  we  have  the  following : — 

To  find  the  maximum  shearing  force  at  any  point  x,  place  R 
over  the  point,  and  calculate  P  and  Q  for  that  position  of  the 
load ;  these  are  respectively  the  maximum  positive  and  maxi- 
mum negative  values  of  Fx- 


Fig.  138. 
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During  the  passage  of  the  load,  the  shearing  force  assumes 
ail  values  lying  between  these  maxima ;  and  it  is  important  to 
observe  that  the  shearing  force  not  only  changes  sign  at  any 
point  as  R  passes  over  the  point,  but  that  it  changes  from  its 
great^t  positive  to  its  greatest  negative  value,  or  vice  versa, 
according  as  i2  is  moving  to  left  or  right,  and  does  so  even 
although  the  load  be  moving  slowly.  If  moving  quickly,  this 
sudden  change  produces  what  is  called  a  hammer  blow. 

The  positive  maximum  at  each  point  is  the  value  of  P  as  jB 
comes  to  the  point ;  and  since  P  is  proportional  to  the  remote 
s^ment,  it  follows  that  the  positive  maximum  at  each  point  is 
proportional  to  the  distance  of  the  point  from  the  right  end  of 
span ;  it  is  zero  for  the  right  end,  and  increases  uniformly  till  it 
is  R  for  the  left  end ;  for,  when  R  is  just  to  the  right  of  the 
right  end  of  span,  P  is  zero,  no  load  being  on  the  span ;  and 
again,  when  jR  is  just  to  the  right  of  the  left  end  of  span,  P  is 
s^isibly  equal  to  R. 

For  a  roUing  load  the  range  at  each  point  is  constant  and  is 
equal  to  R. 

Graphical  Sohdion, — From  the  left  end  of  the  base  draw 
upwards  a  vertical  equal  to  iJ,  and  join  its  extremity  to  the 
right  end  of  the  base ;  similarly  from  the  right  end,  draw  down- 
wards a  vertical  equal  to  jK,  and  join  its  extremity  to  the  left 
end  of  the  base ;  at  each  point  the  ordinate  upwards  gives  the 
maximum  positive,  and  the  ordinate  downwards  the  maximum 
native,  shearing  force;  while  the  double  ordinate  gives  the 
range. 

Two -Wheeled  Tkolly  confined  to  a  Girder  like  a 

Travelling  Crane. 

Bending  Maments  for  a  team  under  a  travelling  load  system 
of  two  equal  weights  at  afioced  interval  apart  (fig.  139). — Let  R  be 
the  total  load,  and  W^  =  W^  the  weights  numbered  from  the  left 
end ;  let  4s  be  their  distance  apart,  so  that  if  G  be  the  origin  for 
loads,  the  abscissae  of  W^  and  W^  are  2s  and  -  2s,  respectively ; 
the  origin  for  the  span  is  0  the  centre,  and  x  is  the  distance 
from  0  to  G. 

First,  let  W^  be  over  the  point  x,  the  whole  load  being  on 
the  span;  then  P  may  be  calculated  as  if  the  whole  load  R 
were  at  G,  that  is, 

R  R 

P  =  --  (c  -  ^),    and    ^M^  =  P{c  -x)  =  -^  {c-'x){c-  x),     (1) 

02 
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If  the  load  travels  a  little  to  the  r^ht,  P  diminisheB,  and 
therefore  the  bending  moment  at  x  diminishes ;  if  the  load 
travels  until  W^  is  at  a  small  distance  a  to  the  left  of  the 
section,  then  (fig.  140) 

and,  if  x  is  positive, 

J/-, -/"(e-»)-H^,»-|('-«  +  «)(«-«)-f - 
Ra  „ 


m-vi-'A~k~"-~Vri-a  W.     o 


F=r 


Pig.  138.  Fif.  HO. 

Hence  ^Mx  is  the  maximum  bending  moment  for|Values^'of 
X  from  0  to  c ;  that  is,  for  any 
point  in  the  left  half  of  the  span 
the  maximum  occurs  when  TF"^ 
is  over  it,  provided  the  whole 
load  be  then  on  the  span.  By 
symmetry  the  maximum  for  any 
point  in  the  right  half  of  the  span 
occurs  when  W^,  the  right  weight, 
is  over  it. 

Bending  Moment  Diagram,  (fig. 
141). — Substituting  for  x  its  value 
(2e  -  x),  we  have 

1^.  =  ^{c-2s  +  x){c-  x),    (2) 

'    '     2c^  '  ^        "    ^  '  Pig,  Ml. 

the  equation  to  the  maxima  bend- 
ing moments  for  first  half  of  span.     The  locus  is  a  parabola  with 
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its  axis  vertical,  and  the  principal  equation  is  Y  =  —  JC*;  it  is 

therefore  the  saTue  parabola  as  for  a  rolling  load  It  (see  fig.  92, 
p.  130).  To  find  the  horizontal  distance  to  the  apex  A^,  find 
that  value  of  x  which  makes  the  product  (c  -  2s  +  x)  {c  -  x) 
greatest;  since  the  sum  of  the  factors  is  constant,  this  occurs 
when  they  are  equal ;  thus 

c  -  2s  +  a;  =  c  -  a?,     or    x  =  s,  (3) 

That  is,  the  apex  -4^  lies  to  the  left  of  0  at  a  distance  s,  one 
quarter  of  the  distance  between  the  two  weights.  To  find  the 
height  of  A^y  put 

j> 

x^s,    and    ^Jf,  =  --  (c  -  s)',  (4) 

the  maximum  of  maxima  for  first  half  of  span. 

It  is  evident  that  A^  wiU  lie  to  the  right  at  a  distance  s, 
and  that  the  two  parabolas  will  intersect  at  D  on  the  vertical 
through  the  centre.  It  is  convenient  to  call  the  first  half  of 
the  span  field  1,  and  to  say  that  this  field  is  governed  by  W^ ; 
and  we  observe  that  the  maximum  in  field  1  occurs  when  JF^, 
being  in  its  own  field,  lies  as  far  to  one  side  of  0  the  centre,  as 
dies  to  the  other. 

If  it  be  possible  for  W^  to  occupy  every  point  in  its  field 
without  W^  going  off  the  span,  we  say  that  W^^  can  overtake 
its  field.  In  the  present  problem  it  is  necessary  that  4s,  the 
distance  between  the  weights,  be  not  greater  than  c  the  half- 
span,  in  order  that  each  weight  may  be  able  to  overtake  its 
field.    The  problem  divides  into  two  cases. 

Cote  1,  4«  =  or  <  e. — On  fig.  141,  4«  «  0;  and  it  is  evident  that  one  weight 
hB  may  be  at  any  point  of  the  half-span,  while  the  other  weight  is  not  on  the  span. 
Hence  the  locus  of  the  maximum  bending  moment  at  each  point  when  only  one 
vdght  is  on  the  span  is  the  parabola  BEC,  due  to  a  rolling  load  ^R  as  in  fig.  137* 

The  apex  S  of  this  parabola  coincides  with  D,  the  intersection  of  the  pair  of 
parabolas.  This  may  be  seen  thus : — Shift  the  load  until  JFt  is  oyer  the  centre ; 
then,  since  Wi  is  over  J9  the  extremity  of  the  span,  we  may  either  consider  it  not 
yet  on  the  span  when  0£  is  the  bending  moment,  or  we  may  consider  that  Wi  is 
just  on  the  span  when  OD  is  the  bending  moment.  Also  note  that  OJE  =  ^OAo, 
as  BEG  is  the  parabola  due  to  the  rollmg  load  §22,  while  BAoC  is  the  parabola 
vhieh  would  be  due  to  a  rolling  load  E, 

The  apex  Ai  is  higher  than  the  apex  E;  the  two  parabolic  arcs  BAi  and  BE 
interact  at  B,  and  every  point  on  the  arc  BAiD  is  outside  of  BEC,  Hence  the 
locus  BA1DA2C  is  eveiywhe^re  outside  of  BEC,  and  gives  the  maximum  bending 
moment  for  each  point  of  span. 


198  BEXDIXG   MOMENTS  AND  SHEARraG  FORCES 

Again,  on  fig.  112,  4a  <  e ;  that  ia,  Ai  and  Ai  are  closer  together  than  on 
flg.  Ill;  hence  iJ  jg  higher  Vkxa  E  mA  BAxDAtC  \b  again  outside  of  A£C.  BF 
and  BC,  partu  of  the  parabola  BEC,  are  shown  by  heavy  dotted  linee,  and  tbey 
Indicate  the  bending  moments,  when  one  weight  only  ia  on  the  span. 

Graphical  Soiulion  ;  4»  ?  «  (flgi.  HI,  U2).— With  a  scale  of  feet  laj  off  SC 
equal  to  the  span,  and  upon  each  side  of  the  centre  lay  off  OSi  =  OSt  =  i ;  apply 
the  rolleie  to  BC;  place  any  parabolic  segment  against  the  rollers  with  its  apex 
on  the  vertical  through  Si  ;  shift  the  rollers  till  the  curved  edge  passes  through  Jl. 
and  draw  BAiH:  similarly  draw  DAtC.  Then  BAiBAiC  ia  the  diagram  <  f 
mazimum  bending  moment  at  each  paint,  the  commoa  height  of  Ai  and  Ai  bein:; 
vuutimum  for  the  whole  span. 

Place  the  segment  with  it*  apex  on  the  vertical  through  the  centre,  and  move 
the  Tollen  till  ue  curved  edge  passes  through  B  and  C;  mark  An,  and  construct  a 
vseie  of  ft. -lbs.  tar  verticals  such  that  OAt  ••  ^Rl. 

Can  2,  4«  >  e,  flg.  113.— In  this  case  the  apexes  Ai  and  At  are  farther  spait 
than  on  fig.  141 ;  hence  D  is  behnr  E ;  hSf,  the  central  portion  of  the  parabola 


0H=  0F=  it  -  t; 

for,  suppoM  Wt  at  F,  then  Wi  is  at  B,  and  F/,  representing  the  bending  moment 
at  F,  is  the  ordinate  of  SEC  or  of  DAjC,  accmding  as  we  consider  that  Wi  i>  not 
yet  on,  or  is  just  on,  the  span.  Id  this  case,  JTi  cannot  overtake  the  portion  SO, 
neither  can  Wi  overtake  the  portion  OF,  of  their  respective  fields.  Tbei«  are  two 
equal  maxima  at  A  i  and  Aj,  and  a  third  maximum  at  B ;  and  the  greatest  of  these 
is  the  maximum  for  the  whole  span.  The  point  S  may  thus  be  the  same  height 
ai,  or  higher  or  lower  than,  Ai. 

Suppose  that  £  is  of  the  same  height  a*  Ai,  then  Aa  will  be  twice  as  high  a* 
Ai ;  and  we  will  have 

OB  :  8iB  :  :  -Ji  :  \  ;    that  is,    s  :(«-*)::  VS  :  I, 

4.  :  2<:  :  :  (2  -  ■v'2)  :  1 ;    hence    Is  -  (2  -  V2)  .  2e, 

or  (he  dial  am  e  between  the  wdghta  =  (2  -  V!)  time*  the  span. 
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Thus  if  the  distance  between  the  weights  equals  or  exceeds  the  quantity 
(2  -  V2) .  2c,  or  about  -^ths  of  the  span,  the  nm-ri¥»^^^Tt^  bending  moment  for  the 
▼hole  span  is  at  the  centre. 

Graphical  Solution :  4a  >  e  (fig.  143. — Lay  off  ^C  equal  to  the  span ;  on  each 
side  of  &e  centre  lay  off  OSi  =  OS2  =  «,  and  OH  =  OF  =  4«  —  0;  draw  yertical  s 
through  ^1,  Sf  Oj  F,  8%\  apply  the  rollers  to  BC\  place  anj  parabolic  aepient 
againat  the  rollers  with  its  apex  on  the  yertical  through  8\ ;  shift  the  rollers  tiU  the 
carved  edge  passes  through  B,  and  draw  BA\hy  stopping  at  the  yertical  through  £: 
ooiilazly  draw  CA^f.  Shift  the  segment  till  the  apex  is  on  the  vertical  tluough 
the  centre ;  move  the  rollers  tiU  the  ourred  edge  passes  through  B  and  C,  and  draw 
BA/tO.  Bisect  OA^  in  E ;  and  plot  as  many  points  in  hBfaB  may  be  neceaoary,  by 
bisecting  the  ordinates  of  h'A^'y  or  in  any  manner  construct  the  parabola  BBC, 
Then  BAihJ^AiC  is  the  diagram  of  maximum  bending  moment  at  each  point) 
Constnict  a  scale  for  yerticals  such  that  OAo  —  \B  .U 
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Fig.  144. 


The  complete  interpretation  of  the  locus  ^^ii)^3t7  is  shown  in  fig.  144. 
Suppose  the  beam  to  extend  beyond  the  supports  at  B  and  C,  and  to  be  fixed  at 
these  supporta  so  that  F  and  Q  may  act  upwards  or  downwards.  In  the  figure  the 
trayelling  load  is  standing  with  G  over  B,  so  that  P  b  J2,  and  Q  is  zero ;  hence  at 
£1,  the  point  under  W29  the  bending  moment  is  zero,  and  this  is  the  point  at  which 
CA%D  meets  BC.  Let  the  load  moye  towards  the  left  until  JFt  is  over  any  point 
uK;  Q  now  acts  downwards ;  at  the  point  K,  the  beam  is  bent  upwards  and  the 
bending  moment  is  negative ;  the  value  of  this  rMj^ative  moment  is  Q  .  KG,  and  it 
is  given  by  the  downward  ordinate  Eb.  When  W2  arrives  over  B,  the  bending 
moment  at  S  is  negative ;  and  its  value,  Q  .  BO  =  Wi  .  it,  is  given  by  the 
ordinate  J<f. 

As  the  load  moves  farther  to  the  left,  the  bending  moment  at  each  point,  as  Wt 
comes  over  it,  is  of  the  constant  value  Bd ;  BC  is  now  a  cantilever  under  the  down- 
ward load  Qf  and  the  bending  moment  at  each  point  of  BO  is  now  negative, 
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increasing  indefinitely  as  the  load  moves  towards  the  left.  For  all  positions  of  the 
load,  with  no  restriction  on  the  value  of  4«,  BA\DA%C  gives  the  maximum  positive 
bending  moment  at  each  point;  and  the  height  of  ^i  is  the  greatest  positive 
bending  moment  that  can  possibly  be  produced  by  the  load  system. 

Bending  Moments  for  a  beam  under  a  travellvng  load  system 
of  two  uneqiud  weights  at  a  fioced  interval  apart  (fig.  145). — Let 
B  be  the  total  load ;  (F^  and  TFg  the  weights  numbered  from 
the  left  end;  let  G  their  centre  of  gravity  be  the  origin  for 
loads,  2h^  and  -  2^2  being  the  abscissae  of  W^  and  W2?  so  that 
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Fig.  145. 


Fig.  146. 


the  distance  between  the  weights  is  2\  +  2h^    Let  W^  be  over 
any  point  of  the  span  whose  abscissa  is  x  measured  (positive  to 
left)  from  the  centre  as  origin,  and  let  it  be  understood  all 
through  that  the  whole  load  is  on  the  span. 
As  in  the  previous  case, 


i^x  =  2^  ^^  "  "^^  ^^  "  ^^ 


(1) 


is  the  equation  to  the  bending  moment  at  any  point  x  when  W^ 
is  over  it. 

If  the  load  travels  a  little  to  the  right,  P  diminishes,  and 
therefore  -M,  diminishes ;  if  the  load  travels  until  W^  is  at  a 
small  distance  a  to  the  left  of  the  section,  then  (fig.  146) 

B 

^'  =  9"  (c  -  iP  +  a)  (c  -  ic)  -  W^a 


B 

2c 


(c  ^x)(c-'X)  +  j- (c  -x)-  JTij  a 


=  ^^-h(^-5-2^)|t<^^-  if  .>(.-5.2c). 


That  is,  the  bending  moment  at  x  any  point  of  the  span,  when 
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Wj  is  over  it,  is  greater  than  when  the  load  is  in  any  other 
position,  provided  that  the  point  itself  is  situated  between  B 
the  left  end,  and  F  a  point  whose  distance  from  the  centre  is 

W 

0F=  c-  -Tr-2c, 


or  from  th.e  left  end  is 


Further, 


BF  ^  -^'.2c. 


w. 


OF  =  -r^.2c, 


and  the  bending  moment  is  greatest  at  any  point  of  OF  when 

W^  is  over  it.     BF  and  CF  are  fields  1  and  2,  and  they  are 
commanded  by  W^  and  TTj,  respectively. 

Bending  Momeftit  Diagram  (fig.   147).  —  For   x  substitute 
2Aj  -  a;  in  equation  (1),  and  we  have 

1^.-  ^(c-2Ai  +  a:)(c-a;),  (2) 

the  equation  to  the  maxima  bending  moments  for  field  1. 

The  locus  is  a  parabola  whose  axis  is  vertical,  and  principal 
equation  is 

^  -2c       ' 

it  is  therefore  the  same  parabola  as  for  a  rolling  load  B, 

The  abscissa  of  the  apex  A^,  that  is  OS^,  is  found  as  before 
by  equating  the  factors  of  equation  (2),  thus 

c  -  2^1  ■{■  X  =  c  -  X,    or    X  =  Ti^. 

That  is,  the  apex  A^^  lies  to  the  left  of  0  at  a  distance  OS^  =  h^ ; 
similarly  A^  lies  to  the  right  of  0  at  a  distance  OS^  =  Ag,  each 
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being  half  the  distance  between  W  and  G.     Putting  x  =  A^, 
we  have 


S,A,  =  I  (c  -  h,)\  (3) 


Similarly, 


2c 


S^,  =  ^  (c  -  h,r.  (4) 


If  the  point  S^  does  not  lie  in  field  1,  the  ordinates  which 
are  the  bending  moments  for  field  1  continually  increase  from 
zero  at  B  the  left  end  to  their  greatest  value  at  F  the  other 
end  of  the  field ;  if  /S^  lies  in  field  1,  then 

,M,,  =  S,A,  =  I  (c  -  h,y  (5) 

the  maximum  of  maxima  for  field  1. 

Similarly,  if  ^g  be  situated  in  field  2,  the  height  of  A^  will 
be  the  maximum  bending  moment  for  field  2. 

Suppose  W2>  W^\  then,  since  both  parabolas  are  the  same 
as  that  for  the  rolling  load  E,  and  are  therefore  the  same  as 
each  other,  A^^  is  higher  than  A^  because  the  quadrant  CA^^, 
stands  on  a  longer  base  than  BA^S^ ;  and 

^I.H^  =  ^^2  -  ^  (c  -  A,)»  (6) 

the  maximum  of  maxima  for  field  2,  and  maximum  for  whole 
span. 

Now  F  is  both  in  field  1  and  field  2 ;  and  when  W^  arrives 
at  F,  the  ordinate  of  the  first  parabola  gives  the  maximum 
bending  moment  at  F\  again,  when  W^  arrives  at  F^  the 
ordinate  of  the  second  parabola  also  gives  the  maximum  bend- 
ing moment  at  F ;  that  is,  the  ordinates  at  F  are  equal,  or  the 
two  parabolas  intersect  at  2>  a  point  on  the  vertical  through  F. 

It  is  well  to  observe  that  the  maximum  in  either  field  occurs 
when  the  weight  commanding  the  field,  while  lying  in  its  own 
field,  is  as  far  from  the  centre  of  the  span  upon  one  side  as  ff  is 
upon  the  other.  If  it  be  impossible  in  one  of  the  fields  for  the 
weight  so  to  lie,  then  for  that  field  the  bending  moment  con- 
tinuously increases  towards  the  end  of  the  field  not  coinciding 
with  the  end  of  the  span. 
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w;'j;._gA^_gA,|Tr, 


Case  1,  2hi  +  2Aa  p  ; r-r—  x  span,  or  distance  between  the  weights 

^    total  weight 

^  shorter  field. — In  this  case  it  is  eyident  that  each  weight  can  oyertake  its  field. 

Suppose  now  that  the  distance  between  the  weights  is  equal  to  the  smaller  field, 
imd  that  the  load  stands  with  the 
greater  weight  just  over  ^the  junction 
of  the  fields,  then  the  smaller  weight 
is  directly  over  the  support.  We  may 
consider  that  the  whole  load  is  on  the 
span,  so  that  FJ),  the  ordinate  of  the 
interaection  of  the  parabolas,  gives 
the  bending  moment  at  jP;  or  we  may 
consider  that  the  greater  load  alone  is 
on  ^e  span,  so  that  the  ordinate  at  F 
to  the  parabola  for  the  greater  load 
alone  as  a  rolling  load  al^  gives  the 
bending  moment  at  F;  that  is,  the 
last-named  parabola  passes  through  D. 
The  parabola  JBDC  for  the  greater 
load  alone  can  be  derived  from  JBAaC 
by  taking  the  same  fraction  of  its 
ordinatesas  the  greater  loadisofthe  total 
load ;  it  is  therefore  everywhere  flatter 
than  BAoC;  and  since  JBAiJ)  and 
DA2C  are  the  same  parabola  as  jBAqC, 
it  follows  that  the  locu8^^ii>^s(7is 


Fig.  147. 


eTcrywhere  outside  of  the  parabola  for  either  load  alone. 

Again,  suppose  the  distance  between  the  weights  to  be  decreased,  then  the 
apexes  Ai  and  A%  approach,  and  J)  their  point  of  intersection  lisee ;  here  again  the 
locus  i?^i2>^3(7  is  outside  of  the  parabola  for  either  load  alone.  Therefore,  for 
Que  1,  the  locus  BAiDAtC  giTes  the  ma-riTnuTn  bending  moment  at  each  point  of 
span  due  to  the  load  coming  on  at  either  end,  passing  across,  and  going  on  at  the 
other  end. 

Oraphieal  Solution  (fig.  147).— Find  G  the  centre  of  gravity  of  the  loads,  by 
dividing  the  total  distance  between  the  loads  inveisely  as  tihe  loads  by  arithmetic 

or  by  the  construction  on%.  101.    Divide  the  span  BCin  F,  so  that  BF=-rs^2c; 

or  draw  parallels  in  opposite  directions  from  JB  and  C,  and  of  lengths  equal  to  the 
loads  respectively,  when  the  line  joining  their  extremities  will  cut  HCrnF;  and 
observe  that  the  distance  between  the  weights  is  not  greater  than  BF,  From  the 
centre  of  the  span  lay  off  OSi  =  hi  towards  the  left,  and  OS2  =  h%  towards  the 
right ;  draw  verticals  through  0,  F,  Si,  and  S2 ;  on  the  diagram,  the  vertical 
through  F  is  drawn  with  dash  and  dot,  to  indicate  that  it  separates  two  fields ; 
those  through  81  and  S2  shown  by  fine  continuous  lines  give  maxima  bending 
moments,  and  that  through  0  shown  by  a  dotted  line  is  only  constructive.  Apply 
the  roUers  to  JBC;  place  any  parabolic  segment  against  the  rollers  with  its  apex  on 
the  vertical  through  Si ;  shift  the  rollers  till  the  curved  edge  passes  through  5,  and 
draw  JBAiD :  similarly,  draw  CAiDf  and  the  segment  should  now  pass  through  0 
and  2)  simultaneously  if  the  drawing  has  been  accurately  constructed.  The  figure 
BAiDAiC is  the  diagram  of  maximum  bending  moment  at  each  point  of  the  span. 
Shift  the  segment  till  its  apex  is  on  the  vertical  through  the  centre ;  move  the  rollers 
till  the  curved  edge  passes  through  B  and  C,  and  mark  Ao ;  construct  a  scale  for 
verticals  such  that  OAo  =  iB  .  I. 

smaller  iveiffht 
Case  2,  2Ai  +  2A2  >  . — .  ^      x  span,  or  distance  between  the  weights  > 

shorter  field  (fig.  148).--The  two  apexes  Ai  and  A2  are  further  apart  than  in  the 
previous  case  ;  D  occupies  a  lower  position  and  is  no  longer  on  BBC,  of  which  a 
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portion  kSh  is  above  BA1DA2O ;  and  the  diagram  showing  the  maximum  bending 
moment  at  each  point  Ib  now  BkEhA^C. 

To  find  ^e  points  h  and  k  ;  let  Wi  be  oyer  B,  then  W2  is  at  J7,  where  BH  is 
the  distance  between  the  weights.  We  may  either  consider  that  Wi  is  not  yet  on 
the  span,  when  the  ordinate  at  S  to  BEC  gives  the  bending  moment  there  ;  or  that 
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Fig.    148. 


7Fi  is  just  on  the  ''span,  when  the  ordinate  at  fiTto  i>^2C  gives  the  same  moment ; 
that  is,  the  parabola  intersect  at  h.  Again,  equating  the  value  of  the  ordinate  of 
the  parabola  BA\D  to  that  ^A  BBC,  we  find  the  abscissas  of  tiie  points  of  inter- 
section ;  thus 

I  (0  +  *  -  2A,)(*  -  *)  =  5  ("^  "  *^'' ' 


(»  -  *){  JJ  («  +  «  -  2Ai)  -  W^j (e  +  x)}  ■  0 ; 


(7) 


putting  (  —  d;  =  0,  then  «  =  ^,  or  tbe  parabolas  intersect  at  Bj  which  we  already 
know;  putting 


then 
and 


It{c^  X-  2/<i)  -  W2{c  +  a;)  e  0, 

W\(c  +  a?)  =  22 .  2Ai, 
E 


Wi 


.  2Ai  -  c  =  OK, 


(«) 


which  gives  K  the  point  on  OB  under  the  other  point  of  intersection  of  the  parabolas. 
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but 
iherefoie 


B  :   JFi  :   Jr2    :  :     hi-h  h%  :  ht  :  hi; 

CK  =  ^ii^'  •  2A,  =  ^  (2Ai  +  2A2)  =  (2Ai  +  2A2)  ^  (9) 

=  the  diBtance  between  the  weights  increased  in  the  ratio  of  the 
weights. 

It  may  happen  that  E  and  At  are  of  the  same  height,  in  which  case  there  are 
two  equal  maxima  for  the  whole  span,  one  at  the  centre,  the  other  at  St ;  again, 
B  may  be  higher  than  At  when  the  maximum  for  whole  span  is  at  the  centee.  .  To 
inyestigate  this,  we  have  (equation  4) — 

jp 
8%At-  ^  {e-MYi     and    OE  =  ifTt.l  ^  iJTt-e; 

equating  these  quantities,  we  have 

fjc^ht)^^iJrt.c; 
or 


therefore 


Also 


(tf-A2)«  =  -gV;    or    e-ht^  ^-^'C; 


(10) 


therefore 


'■-f>-S('-J5)"  "•> 

hi  +  h%      Wi-V  Wt     VJZ-Vy2, 
e      ^       Wi      *        y/E       ' 

2Ai  -f  2A2  -g        y/E-y/JTt^ 

2e        "  iJ  -  ^2  •        V  Ji        ' 

distance  between  weights  «  --^ ;-=:  .  2*  = — 2e,  (12) 

That  is,  if  the  height  of  At  be  equal  to  the  height  of  E  the  apex  of  the  parabola 
due  to  the  rolling  load  Wt,  the  distance  between  the  weights  Wi  and  Wt  is  equul 

to  the  fraction  —^ — -=  multiplied  by  the  span ;  JTt  being  the  greater  weight, 

and  E  the  total  load.    This  fraction  is  always  greater  than  J,  and  therefore  it  is 
possible  for  JFz  to  be  at  the  centre  without  Wi  being  on  the  span.    If  the  weights 


or 


or 


or. 
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are  fixed  at  this  fraction  of  the  span  apart,  then  during  their  transit  there  are  two 
equal  maxima  for  the  whole  span,  one  at  0  when  W%  is  oyer  the  centre,  and 
another  at  S%  when  W^  is  over  iSt. 

If  the  distance  hetween  the  weights  is  increased,  the  apexes  A\  and  Az  are 
lowered,  and  A^  becomes  lower  than  E  the  apex  of  the  parabola  for  W^  alone ;  so 
that  during  the  transit  of  the  load,  the  maximum  for  the  whole  span,  would  occur 
at  the  centre  while  W%  is  over  it. 

It  is  thus  shown  that,  when  the  distance  between  the  weights  equals  or  exceeds 
the  above  fraction  of  the  span,  the  maximum  bending  moment  for  the  whole  span 
occurs  at  the  centre  when  the  greater  weight  is  over  it,  and  equals  the  maximum 
due  to  the  greater  load  alone  as  a  rolling  load,  viz. 

max.iro  =  J  ^Ta . /.  (13) 

By  taking  W\  small  enough,  the  fraction  --^ — -—  may  be  made  to  differ  from 

one-half  by  a  quantity  as  small  as  we  please  ;  on  the  other  hand,  this  fraction  is 
greatest  wnen  W%  takes  its  smallest  possible  value.  Since  W^  is  the  greater  weight, 
it  is  always  greater  than  \R ;  putting  W2  equal  to  }J2,  we  find  that  the  greatest 
value  of  the  fraction  is  equal  to  (2  —  V2)  or  -586,  and  we  have  the  following : — 

If  the  distance  between  the  unequal  weights  exceeds  the  half -span  by  y^^ths 
of  the  span,  or  about  \Vth  part,  then  during  the  transit  of  the  load,  the  maximum 
bending  moment  for  the  whole  span  occurs  at  the  centre  M'hen  the  greater  weight 
is  over  it ;  should  the  weights  be  very  unequal,  the  maximum  will  occur  at  the 
centre  if  the  distance  between  the  weights  be  only  a  little  (less  than  a  twelfth  of 
the  span)  greater  than  the  half  span. 

Oraphxcal  Solution  (fig.  148). — Construct  BAiLA^C  as  in  Cm»  1,  and  observe 
that  the  distance  between  the  weights  is  greater  than  BF ;  this  determines  that 
it  belongs  to  Case  2.    Lay  off 

BE  =  2Ai  +  2*2,    and    CK  =  (2Ai  +  2A,)  — '• 

Wi 

Draw  verticals  through  JET  and  K\  ink  in  the  portions  Bk  and  Ch  of  the  locus 
BA1DA2C,  and  construct  a  number  of  points  on  kEh  by  cutting  the  ordinatesof 

BAqCvd.  the  ratio  — -.    If  JTdoes  not  lie  on  CB,  the  arc  Bk  is  inadmissible,  and 

the  locus  is  BBhAzC,    Construct  the  scale  for  veiticals  such  that  OAq  -  ^B  .  I. 

Note. — During  the  transit  W2  really  commands  from  Cto  II. 

Cor,  1. — If  GK  equals  CBy  the  points  k  and  B  coincide,  and  the  parabolas  touch 
at  ^ ;  if  CK  exceeds  CB  then  k  is -beyond  B,  In  either  case  B EC  is  outside  of 
BAii),  and  W2  commands  the  whole  span. 

Cor.  2. — If  the  beam  extends  past  the  supports  as  in  fig.  144,  and  if  P  and  Q 
are  able  to  act  upwards  and  downwards,  then  the  locus  BAiDAzC  gives  the 
maximum  positive  bending  moment  at  each  point  for  aU  cases ;  each  curve  drawn 
as  on  that  figure  gives  the  bending  moment  at  each  poiut  when  the  corresponding 
weight  comes  over  it. 

Cor,  3. — Let  both  weights  (fig.  148)  be  confined  to  the  span,  then 

1°.  If  FC  >  (2Ai  +  2*2),  the  locus  for  maximum  bending  moment  at  each 
point  is  the  arc  BI)^  chord  DA,  and  arc  hA%C ; 

2*.  If  FC<  (2Ai  +  2A2),  the  locus  is  arc  Bh'y  chord  h'D,  chord  2>A,  and  arc 
hAtC.  The  point  h!  is  nbove  H'  and  on  the  arc  BAiD,  and 
CM'  =  (2Ai  +  2 A3).    H"  and  h'  are  not  shown  on  the  figure. 

The  maximum  will  be  at  S2  or  JI. 
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DraveUing  load  eoneentrated  on  two  wheels  together  with  fixed  loade. — Let  tlie 
trayelling  load  be  such  as  is  described  in  Case  1,  fig.  147.  With  any  parabolic 
segment  draw  the  diagram  as  on  fig.  147  ;  on  this,  to  the  same  scales,  draw  tlie 
diagram  for  fixed  loads  as  on  fig.  120.  Through  Si  draw  a  vertical,  and  find  the 
points  diy  diy  &c.,  as  described  for,  and  shown  on  fig.  120 ;  in  this  case  2S\Ai  »  XiV, 
and  BSi  —  LS,  With  the  same  parabolic  segment,  placing  its  apex  successiyely 
on  the  verticals  through  ^i,  d%^  &c.  :  draw  the  arcs  BE^  EF,  &c.,  as  on  fig.  120, 
until  the  vertical  dividing  the  two  fields  is  reached.  Again,  draw  a  vertical  through 
8%  and  find  the  points  d^y  di,  &c. ;  in  this  case  2^2^^ 2  «=  XiV,  and  CSi  =  L8;  with 
the  same  parabolic  segment  draw  the  arcs  CH,  SG,  &c.,  until  the  point  formerly 
fixed  is  reached. 

For  Ccue  2,  fig.  148,  the  method  to  be  employed  is  somewhat  similar: — Draw 
the  diagrams  as  on  figs.  148  and  120.  Draw  the  arcs  BEj  EF,  &c.,  of  fig.  120, 
until  the  vertical  through  K  is  reached,  and  the  arcs  CH,  HGy  &c.,  also  of  fig.  120, 
until  the  vertical  through  S  is  reached,  all  with  the  parabolic  segment  used  for 
drawing  BA\DAiC  of  fig.  148,  as  for  Case  1.  Complete  the  figure  by  drawing  the 
the  arcs  between  the  verticals  through  K  and  S  with  the  same  parabolic  segment 
us  BEC  (fig.  148)  is  drawn  with ;  here,  20E  ^  LN,  and  e  =  Z6',  where  e  equals 
the  half -span. 

One  case  is  of  special  interest,  viz.,  that  of  case  fig.  147,  together  with  a  fixed 
load  W  9t  F  the  junction  of  the  fields.  The  effect  of  adding  this  weight  is  to  make 
the  apexes  A\  and  A2  move  horizontally  toward  each  other.  Some  particular  value 
of  W  will  make  them  come  on  the  same  vertical  when  it  is  evident  that  they  must 
coincide ;  any  value  of  W  greater  still  will  cause  them  to  pass  each  other  as  on 
fig.  116  ;  and  it  can  easily  be  shown  that  the  value  of  W  which  makes  them 
coincide  is 


Hence,  if  on  fig.  147,  besides  the  load  shown  on  the  beam,  there  be  added  at  J^the 
junction  of  the  fields,  a  weight  which  is  the  same  fraction  of  B  that  the  distance 
between  the  wheels  is  of  the  span,  then  BAqC  is  the  bending  moment  diagram, 
just  asii  B  were  concentrated  on  one  wheel  as  a  rolling  loud.  And  conversely,  if 
B  be  concentrated  as  a  rolling  load,  und  at  the  same  time  the  weight  above- 
mentioned  act  upwards  at  F  then  BA\DA2C\a  the  bending  moment  diagram  for 
the  combined  load  ;  that  is,  we  may  construct  a  bending  inumeut  diagram  for  case 
tig.  147  by  drawing  the  parabola  BAqC,  and  above  the  same  base  a  triangle  corre- 
£])onding  to  the  upward  weight  at  F ;  the  distances  between  the  triangle  and  parabola 
give  the  bending  moments,  but  there  is  the  disadvantage  of  having  a  figure  which 
consists  of  two  irregular  outlines,  and  which  fails  to  show  directly  the  positions  of 
the  maxima  Ai  and  A2- 

Beam  wider  a  travelling  load  concentrated  on  two  w heels f  together  with  an  uni/ortn 
dead  load. — This  divides  into  the  same  cases  as  lor  the  travelling  load  alone  (figs. 
147  and  148). 

The  locus  hLC  still  has  D  on  the  vertical  through  F,  but  the  modulus  of  the 
curves  is  the  simi  of  the  moduli  for  the  loads  separately,  that  is,  for  the  uniform 
load  and  the  rolling  load ;  the  abscissa  of  each  apex  is  the  same  fraction  of  the 
abscissa  of  the  corresponding  apex  for  the  rolling  load  alone,  OSi  and  OS%y  figs.  147 
and  148,  that  the  modulus  is  of  the  sum  of  the  moduli  (see  Theoretn  //,  fig.  94). 

Sum  of  moduli  —       ^ —  and  the  fi-aotion  mentioned  above  is 

4c 

2R 


IB\  ^  (^      £\        _2^ 
\2c)   •    \2e'^  ic)  ^  W+ 


2B 
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hence  the  equations  to  the  maxima  bending  moments  are 

,M,  =  ■^^—  (e-^x-  -^c^j  .  2aA  {e  -  x)  for  first  field  ;  (1) 

zM,  =  — - —  (<:-«+  — — --  .  2hi\(e  +  x)  for  second  field.        (2) 

Such  portions  of  the  fields  as  were  bounded  by  the  chord  instead  of  the  arc  are 
still  so  bounded.  In  the  case  where  for  the  transit  kEh  superseded  BLC  (fig.  148), 
the  same  central  portion  is  now  bounded  by  the  locus 

m:  =  E±IEi  (,.  _ ,.).  (8) 

Oraphieal  Solution.^Tor  an  uniform  load  U  combined  with  any  of  the  cases, 

figs.  141, 142, 143, 147y  and  148,  the  graphical  solution  is  the  same  in  all  particulars, 

2J2 
case  for  case,  except  that  OSi  and  0S%  are  now  to  be  laid  off  a  -= — r^th  part  of 

what  they  were  laid  off  for  the  travelling  load  alone ;  the  vertical  scale  is  to  be 
constructed  so  that 

OAo  =  J(Cr+2i?)  .  /, 

where  H,  as  previously  stated,  is  the  dead  load  equivalent  to  the  actual  rolling 
load. 

EZAMPLBS. 

150.  An  advancing  load,  as  long  or  longer  than  the  span,  and  of  intensity  1^ 
tons  per  foot,  comes  upon  a  beam  36  feet  long.  Find  the  maximum  bending 
moment  for  the  whole  span  for  all  positions  of  the  load 

max. -Wo  =  J  ?r .  /  =  J64  X  36  =  243  ft.-tona. 
Find  the  maxima  at  intervals  of  six  feet 

maxJCr  ^^((^-x^  =i  (18-  -  ar«) ; 
therefore 

if ±18  =  0,     M±i2  s  136,     M±i  s  216,     and    Mo  =  243  ft.-tons, 
all  maxima. 

161.  For  the  same  beam  of  36  feet  span,  with  the  same  intensity  of  load  Htons 
per  foot,  the  whole  length  of  the  load  being  now  only  12  feet.  Find  the  maximum 
for  the  whole  span 

max.Jfo  =  iJr(l'  k)  =  J  x  18  x  (36  -  6)  =  136  ft.-tons. 

Find  now  the  maxima  at  intervals  of  9  feet 

mMX.Ar.  =  ^{e^'X^}U-^\   -  A  (324  -  a:»)  ; 

and 

Jfi8  =  0,    Jfi,  =  lOlJ,     Mo  =  136  ft.-tons, 

all  maxima. 
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152.  In  Szample  151,  find  maz.if»  by  plaoing  the  load  in  its  proper  position 
npon  the  span,  and  taking  a  section  at  a;  s=  9. 

Nine  feet  to  the  left  of  the  centre  is  one-fourth  of  the  span  to  the  left  of  the  centre ; 
to  ^Ye  the  maTimiim  bending  moment,  the  load  is  to  be  placed  so  that  the  point 
which  ia  one-fourth  of  the  extent  of  the  load  to  the  left  of  its  centre  shall  be  oyer 
the  point.  That  is,  the  point  of  the  load  3  ft.  to  the  left  of  (?  is  to  be  over  the 
point  of  the  span  9  feet  to  the  left  of  C;  hence  &  is  6  feet  to  the  left  of  C,  and 

P  =  iS  X  24  »  12  tons. 

Taking  a  section  at  a;  a  9,  we  have  upon  its  left  a  load  area  extending  for  3  feet 
and  equiYalent  to  4}  tons ;  hence 

mMx,^9  "  12  X  9  -  4}  X  1}  =  101}  ft. -tons. 

153.  Find  the  principal  equation  to  the  parabola  which  is  the  curve  of  maxima 
bending  moments  in  example  151. 


^-•^-J(2-*)^-Al». 


154.  A  beam  42  feet  span  is  subject  to  an  advancing  load  of  3  tons  per  foot  and 
12  feet  long.  Find  the  maximum  bending  moment  at  7  feet  on  either  side  of  the 
oeiitie.     where  is  the  centre  of  the  load  situated  when  this  maximum  is  produced  P 

Aru.  mmT.Jf-t-T  s  288  ft.-tons.    Five  feet  from  centre  of  span. 

155.  In  the  previous  example,  find  the  maximum  bending  moment  for  the 
▼hole  span,  for  all  positions  of  the  above  load. 

Ana,  maxMo  -  324  ft. -tons. 

156.  A  beam  30  feet  span  is  subject  to  a  rolling  load  of  40  tons ;  find  the  maxi- 
mom  bending  moment  for  whole  span.  At  what  point  does  it  occur,  and  how  is 
the  load  then  situated  ? 

Ans.  nuucifb  «  }J2  .  7  «  300  ft. -tons,    i^  is  at  centre. 

157.  In  the  previous  example,  find  the  maxima  bending  moments  at  intervals 
of  5  feet.    How  must  the  load  be  situated  in  each  case  ? 

therefore  "^'""  ™^^'  '  l^''"**)  "  t(226.**); 

jr±i5  s  Oy    Jf±io  «  166i,    M±i  s  266},    and    Jfo  «  300  ft. -tons, 

all  maxima.    The  above  load  of  40  tons  in  eaoh  case  is  over  the  point. 

^  158.  If  the  load  of  40  tons  in  the  above  examples  be  spread  uniformly  over 
3  inches,  instead  of  being  concentrated  at  a  point,  how  much  are  the  above^results 
inenor? 

-K  /  •      ^x  /«     extent  of  load\ 

nax.if*=  r(*^  -*    (2 r-T-i )• 

ie  \       extent  of  span/ 

this  differs  from  the  above  expression  by  the  factor 

btnce  the  results  above  would  be  in  excess  by  a  iri^th  part,  or  by  i^ths  per  cent. 

P 
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169.  A  beam  36  feet  span,  bean  a  travelling  load  of  18  tons  concentrated  on 
two  wheels  12  feet  apart,  there  being  12  tons  on  the  left  and  6  tons  on  the  right 
wheel.  Find  the  maTimmn  bending  moment ;  the  equations  to,  and  amounts  at 
intervals  of  6  feet  of,  the  maTima  bcooding  moments. 

Data :   JTi  -  12,     ^s  »  6,    J2  ■>  18  tons,    e  s  18,    2hi  «  -  4,  2As  =  8  feet 

Dividing  86  directly  as  1  and  2,  we  have  BP  and  FO,  fields  1  and  2,  equal 
respectivelv  to  24  and  12.  Since  the  distance  between  the  wheels  is  not  greater 
than  the  shorter  field,  the  example  comes  under  Case  I.  (see  fig.  147),  and  the 
maximum  bending  moment  at  each  point  is  the  locus  JBDC,  whether  the  load  is 
confined  to  the  span  or  makes  a  transit. 

The  maximum  bending  moment  for  whole  span  occurs  at  a;  s  Ai  «  ~  2 ;  its  value 
is  to  be  found  by  supposing  the  load  standing  with  the  left  wheel  two  feet  to  the 
left  of  the  centre  as  on  the  model  (fig.  149)  to  which  the  text  now  refers,  and  then 
calculating  the  moment  at  that  point, 

P  rs  8  tons,    and    iif.s  *  128  ft. -tons  max. 

The  equations  to  the  maximum  bending  moment  at  each  point  are. 

For  field  1,  iJfm  s  ^  (14  -  a;)(18  +  »),  for  Talues  of  x  from  -  18  to  6. 
For  field  2,  tifa  »  ^  (10  +  x)(lS  -  x),  for  values  of  x  from  6  to  18. 

And  evaluating  at  intervals  of  six  feet,  we  have 
if.u  "  0,  ICis  B  78,   Jf^  =  120,    Mo  "  126,   JTe  •  96,  ifu  =  66  ft.-tons,  &c. 

NoTB. — The  height  of  At  may  be  calculated  from  fig.  147  thus : — OSi  »  2,  the 
base  of  quadrant  then  is  16  ;  the  modulus  is  the  load  divided  by  span,  that  is  ( ; 
hence  the  height  of  apex,  or  modulus  into  base  squared,  is  128. 

To  nuike  the  graphical  solution,  lay  off  OSi  =  2,  OSt  »  4,  and  draw  BDC  as 
previously  described  ;  make  a  vertical  scale  upon  which  OjU  ^1^x18x18  =  1 02 
(see  model,  fig.  161). 

160.  A  beam,  36  feet  roan,  beai-s  a  travelling  load  of  18  tons  concentrated  in 
equal  portions  on  two  wheeu  12  feet  apart.    Find  the  maximum  bending  moment. 

In  this  case,  JFi  s  TTs,  and  4t  <  «,  so  that  (fig.  142)  OSi  =  OS2  =  «.  The 
maximum  occurs  at  3  feet  on  either  side  of  the  centre,  whether  the  load  is  confined 
to  the  span  like  a  travelling  crane  or  makes  a  transit  like  a  truck ;  its  amount  is 
found  by  assuming  the  load  to  be  standiug  with  the  left  wheel  3  feet  to  left  uf 
centre. 

Ans.  P  B  7)  tons;     iJfs  s  tif-s  «  112}  ft.-tons,  maximum  for  whole 
span.    That  is,  half  of  the  square  of  fifteen  (see  the  model,  fig.  161). 

161.  If  the  load  of  Ex.  160  shift  till  the  left-wheel  is  6  feet  from  the  left  end 
of  the  beam,  calculate  the  bending  moment  9  feet  from  tlie  left  end, 

P  «  12  tons,    ifs  =  12  X  9  -  9  X  3  B  81  ft.-tons. 

This  is  the  position  of  the  load  on  the  model  (fig.  161),  and  is  the  bending  moment 
on  the  girder  under  a  point  3  feet  to  the  right  of  the  left  wheel.  Also  f  (6*  —  3') 
or  20^  is  the  bending  moment  at  the  same  point  on  the  wheel  base  or  12  i6ot  beam, 
joining  the  two  wheels  due  to  the  uniform  load  of  Ih  tons  spread  over  it.  These 
two  added  together  give  81  +  20J  e  101^  ft.-tons.  This  is  the  maximum  bending 
moment  on  the  girder  at  the  point  9  feet  finom  the  left  end,  if  the  uniform  load 
rested  directly  upon  it  without  the  intervention  of  the  two-wheeled  trolly. 

Comparo  this  Example  with  the  preceding,  and  with  Exeroises  161,  162. 


FOE  MOVING  LOADS.  211 

162.  A  beam  66  feet  span  bears  a  trayelling  load  of  16  tons  concentrated  on  two 
wheels  32  feet  apart,  7  tons  being  on  the  left  wheel  and  9  tons  on  the  right.  Find 
the  maximum  balding  moment  during  the  transit. 

From  equation  12  at  fig.  148, 


= *  2e  =  32  feet. 

Wi 

▼hieh  happeoB  to  be  the  distance  between  the  weights ;  hence  there  will  be  two 
equal  m^TiTnitj  one  at  7  feet  to  the  right  of  the  centre  when  the  greater  load  is  over 
it ;  the  oUier,  at  the  centre  also  when  the  greater  load  is  over  it,  the  smaller  load 
not  being  then  on  tJie  span.  Pbice  the  load  in  those  positions  respectively,  and 
wilenlHta  tiie  moments. 

Ans*  iMjj  s  siTo  B  126  ft. -tons. 

163.  A  travelling  load  of  6  tons  concentrated  on  two  wheels  10  feet  apart,  1  ton 
being  on  the  left  wheel  and  4  tons  on  the  right,  pasnes  over  a  beam  of  40  feet  span. 
Knd  the  maxima  bending  moments  at  intervals  of  4  feet,  and  the  maximum  for 
the  whole  span. 

Distance  between  weights  x  ratio  of  weights  =  40  feet  «=  span,  so  that  k 
cdacides  with  B  (fig.  148),  and  therefore  arc  BhE  lies  everywhere  above  arc  BD ; 
thst  ifl,  the  maximum  at  each  point  of  span  occurs  when  the  greater  weight  is  over 
it  Fvrther,  the  height  of  A%  is  greater  than  that  of  J?,  since  the  distance  between 
the  wet^ts  does  not  exceed  -^ths  of  the  span.  Placing  the  greater  load  over  points 
St  inlervalfi  of  4  feet  and  calculating  the  bending  moments,  or  substituting  into  the 
eqoatiotns  to  the  loci  Bh  and  hAtC,  we  have 

sJTao  =  O,     2iri6  =  14-4,    jJTw  =  26-6 ;    aJG  =  36,    zMi  «  42,    jifo  =  46, 
ajr^  =  44,     »lf«  =  39,    %M.ii  =  30,    »Jf.i«  =  17,  jJf-jo  =  0  ft.-tons. 

Since  the  greater  weight  lies  2  feet  to  the  right  of  the  centre  of  gravity  of  the  load, 
the  m^Timiim  lies  at  1  foot  to  the  right  of  the  centre  of  span,  and 

sJT.i  s  45^  ft. -tons  maximum  for  whole  span  during  transit. 
The  equations  to  the  loci  from  which  these  may  be  calculated  are  for  Bh, 

aJT,  =  A(«»-**)  «  A(400-«»), 
ixa  values  of  «  from  20  to  10 ;  and  for  KA^Ct 

Of.  «  A(tf  +  2Aa-«)(tf  +  «)  =  J(18  -  *)(20  +  «) 
for  valnes  of  s  from  10  to  -  20. 
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CHAPTER  XL 


MOVING  MODEL  ILLUSTRATIKa  THE  BENDING  MOMENTS  AND 
SHEARING  FORCES  ON  A  GIRDER  BRIDGE  DUE  TO  A 
LOCOMOTIVE    PASSING    OVER    IT, 

A  MODEL  appeals  to  some  minds  to  which  analysis  and  descrip- 
tive geometry  are  tiresome. 

The  model  consists  of  two  boards  about  18  inches  square, 
with  a  girder  a  foot  long  at  the  top  of  each.  The  rails  are 
directly  over  the  girders,  so  that  the  boards  are  spaced  about 
2  inches  apart,  the  gauge  of  the  rails  (fig.  149).  The  locomo- 
tive is  supposed  to  weigh  36  tons,  and  it  has  three  wheels,  the 
two  wheels  on  the  near  side,  aides  12  feet  apart,  ride  on  the 
near  girder  and  transmit  to  it  a  total  load  of  18  tons,  12  by  the 
leading  and  6  by  the  trailing  wheel.  The  axle  of  the  single 
wheel  on  the  remote  side  is  at  the  centre  of  gravity,  being 
4  feet  from  the  leading  and  8  feet  from  the  trailing  axle,  and 
rides  on  the  remote  girder,  transmitting  18  tons  directly  to  it. 

On  the  face  of  the  model  are  three  hands  which  turn  upon 
pivots  as  the  locomotive  is  pushed  along  the  bridge.  The  side 
hands  are  pivoted  at  the  ends  of  a  horizontal  line  representing 
the  span  of  the  girder^  36  feet  to  a  scale  of  3  feet  to  an  inch. 
This  line  is  the  base  of  the  bending  moment  diagram.  The 
central  hand  is  pivoted  directly  over  the  point  lying  6  feet  ta 
the  right  of  the  centre  of  the  span,  the  point  dividing  the  sp€ui 
in  the  ratio  2  to  1,  just  as  the  two  wheels  share  the  load.  The 
height  of  the  pivot  is  5}  inches. 

As  the  locomotive  is  shoved  along  the  bridge,  the  hands 
turn  so  that  their  intersections  are  always  directly  under  the 
wheels.  At  the  same  time  the  pole,  at  the  extreme  left  of  the 
model,  moves  up  and  down,  keeping  the  three  threads  attached 
to  it  always  parallel  to  the  three  hands,  one  to  each.  The  other 
ends  of  the  threads  pass  through  three  eyelet  holes  in  the  face 
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of  the  model,  and  little  weights  are  attached  to  them  to  take  up 
the  alack  out  of  sight.  The  eyelet  holes  are  ranged  on  a  vertical 
line,  which  is  the  load  line  to  a  scale  of  3  tons  to  an  inch.  The 
polar  distance  is  6  feet,  the  scale  for  bending  moments  is  conse- 
quently 18  foot-tons  to  an  inch. 

While  the  locomotive  stands  still,  the  three  hands  form  a 
polygon  of  three  sides  standing  upon  the  base.  This  polygon 
is  the  instantaneous  bending  moment  diagram.  It  also  is  a 
balanced  frame  for  the  loads  fixed  in  that  position,  and  the 
threads  from  the  pole  form  the  reciprocal  figure  giving  the 
thrusts  along  its  sides. 

Between  the  boards  a  pantagraph  is  pivoted  loose  on  the 
pivot  of  the  central  hand.  One  point  of  the  pantagraph  is 
driven  by  the  locomotive,  and  therefore  the  middle  point  of 
the  pantagraph  describes  a  horizontal  path,  with  half  the 
travel  of  the  locomotive.  From  it  a  thread  passing  over  a 
pulley  makes  the  pole  move  up  and  down  with  half  the  speed 
of  the  locomotive.  From  the  central  point  of  the  pantagraph 
three  wires  radiate  out — the  middle  one  slides  in  a  tube  fixed  at 
right  angles  on  the  pivot  of  the  central  hand,  and  rocks  the 
pivot  about;  the  other  two  wires  in  the  same  Way  rock  two 
pivots  (not  seen  on  the  woodcut),  which  are  placed  horizontally 
right  and  left  of  the  central  one,  just  as  the  end  eyelet-holes  are 
placed  above  and  below  the  central  one.  These  end  pivots 
transmit  the  rocking  motion  to  the  pivots  of  the  end  hands  by 
means  of  cranks  and  connecting  rods. 

The  mechanism  will  be  readily  understood  by  supposing  the 
threads  from  the  poles  to  be  wires  transpiercing  journals  at  the 
eyelet-holes,  and  causing  them  to  rock  as  the  pole  goes  up  and 
down ;  and  then  supposing  these  geared  to  the  pivots  of  the 
hands,  one  to  each,  by  pulleys  and  endless  bands  between  the 
boards,  thus  compelling  each  hand  to  be  always  parallel  to  the 
corresponding  thread. 

The  intersection  of  the  hands  below  the  leading  wheel 
sweeps  out  a  parabola  which  is  painted  on  the  face  of  the 
model  It  is  at  the  vertex  for  the  position  of  the  locomotive 
shown  on  the  woodcut.  The  leading  wheel  being  16  feet  from 
the  left  abutment,  the  centre  of  gravity  is  16  feet  from  the 
light  abutment.  Now  the  supporting  force  at  the  left  end  is 
proportional  to  the  second  mentioned  16,  being  in  fact  one-half 
of  it,  this  being  the  ratio  of  total  load  to  span.  And  the  lever 
of  the  left  supporting  force  to  cause  bending  on  the  girder 
mider  the  leading  wheel  is  the  first  mentioned  16  feet.     So 
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that  the  bending  moment  there,  for  the-  position  ot  locomotivB 
shown,  IB 

3f-i  -  i  X  16  X  16  -  128  foot-tone,  a  max. 

(Compare  Example  No.  159,  p.  210.) 

Should  the  locomotive  move  one  foot  right  or  left,  one  of 
the  factors  16  becomes  15,  and  the  other  17,  givii^  a  leaser 


Fig.  149. 

product.  Should  it  move  two  feet  right  or  left  of  the  position 
ahown  on  woodcut,  the  factors  become  14  and  18,  with  a  stil! 
smaller  product  by  a  proposition  of  Euclid.  Hence  the  locus 
of  the  intersection  of  left  and  central  hands  is  a  parabolic  right 
segment,  half  base  16  feet,  and  passing  through  the  pivots  of 
those  two  hands. 

When  the  trailing  wheel  is  14  feet  from  the  right  abutment. 
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the  centre  of  gravity  ia  14  feet  from  the  left  abutment,  and  the 
iutersectioa  of  the  central  and  right  hands  is  at  a  height, 

M^  =  ^  xl4  X  li  =  98  foot-tona,  a  max., 

and  is  at  the  vertex  of  its  path,  which  is  again  a  parabolic 
right  segment,  half  base  14  feet,  modulus  one-half,  and  passing 
tluough  the  pivots  of  those  two  hands.     The  position  of  the 


Kg.  160. 

pivot  of  the  central  hand  is  then  on  the  intersection  of  those 
two  parabolas.  The  height  of  that  pivot  is  readily  found  thus  : 
Observe  that  the  perpendicular  dropped  from  the  pole  upon  the 
load  line  divides  it  into  two  segments  which  are  the  supportii^ 
forces.  If  the  locomotive  be  moved  till  the  central  Imnd  is 
horizontal,  then  the  central  thread  being  horizontal  is  perpen- 
dicular to  the  load  line,  and  so  we  have  the  left  supporting 
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force  12  tons,  two-thirds  of  the  whole  load ;  hence  the  centre 
of  gravity  of  the  locomotive  must  now  trisect  the  span,  and  be 
12  feet  from  the  left  abutment.  The  leading  wheel  then  will 
be  8  feet  from  left  abutment,  and  the  bending  moment  under  it 
is  12  X  8,  or  96  foot-tona  But  the  central  hand  being  hori- 
zontal, this  also  is  the  height  of  its  pivot,  namely,  5^  inches. 

On  the  other  face  of  the  model  not  shown  there  is  no 
central  hand  nor  thread,  and  the  triangle  formed  over  the  base 
with  the  two  end  hands  is  the  instantaneous  bending  moment 
diagram  for  the  remote  girder,  upon  which  only  a  single  load, 
18  tons,  rolls.  This  intersection  sweeps  out  a  parabolic  right 
segment,  having  18  feet  for  its  half  base,  with  the  same  modulus 
as  before,  namely,  one-half ;  it  passes  through  the  pivots  of  the 
end  hands,  and  its  vertex  is  over  the  centre  of  span. 

The  fact  that  the  polar  distance  remains  constaTd  shows  that 
the  central  parabola  (giving  the  bending  moments  on  the  remote 
girder  due  to  the  18  tons  rolling  on  one  wheel)  and  the  pair  of 
parabolas  (giving  the  bending  moments  for  the  near  girder) 
constitute  a  pair  of  diagrams  to  one  common  scale.  Of  course 
the  scale  for  the  single  central  parabola,  which  alone  appears  on 
the  back  face  of  the  model,  is  readily  constructed.  The  scale 
must  be  such  that  the  height  of  the  vertex  of  the  central 
parabola  shall  measure  on  it  \WL  =  162  foot-tons.  Otherwise, 
as  already  stated,  the  polar  distance  being  6  feet  makes  the 
scale  for  bending  moment  18  foot-tons  to  the  inch,  that  is, 
6  times  finer  than  the  scale  for  tons. 

The  height  to  the  central  parabola  at  a  point  6  feet  to  one 
side  of  the  centre  is  one-half  of  the  product  of  the  two  segments 
into  which  that  point  divides  the  span  or  it  is  J  x  24  x  12  =  144 
foot-tons.  But  the  height  of  the  central  pivot  is  96  foot-tons, 
80  that  the  depth  of  the  central  pivot  from  the  central  parabola 
is  48  foot-tons.  Now  48  foot-tons  is  the  statical  moment  or 
product  of  12  tons,  the  leading  wheel  into  4  feet  its  distance 
from  the  common  centre  of  gravity. 

Another  way  then  of  stating  the  position  of  the  central 
pivot  is  to  say  that  the  vertical  through  it  must  divide  the 
span  in  the  ratio  2  to  1  in  which  the  leading  and  trailing 
wheels  share  the  total  load,  and  that  it  must  He  on  this 
vertical  at  a  depth  below  the  central  parabola  by  an  amount 
given  by  the  statical  moment  of  either  wheel  about  their 
common  centre  of  gravity. 

The  construction  follows  by  induction  for  a  locomotive  with 
many  wheels.  That  is,  the  angles  of  the  polygonal  instan- 
taneous bending  moment  diagram  for  the  locomotive  at  rest, 
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sweep  out,  when  it  moves,  a  series  of  parabolic  right  s^ments 
with  a  common  modulus,  viz.  the  ratio  of  the  total  load  to  the 
span.  They  intersect  in  pairs  at  the  pivots  on  vertical  lines, 
which  divide  the  span  into  s^^ents,  having  the  same  ratio  to 
the  span  that  the  loads  on  the  wheels  have  to  the  total  load. 
The  vertices  of  the  parabolas  are  over  points  on  the  span,  right 
and  left  of  its  centre,  in  the  same  way,  but  by  half  the  absolute 
amounts  that  the  wheels  are  right  and  left  of  the  centre  of 
gravity  of  the  locomotive.  They  can  readily  be  drawn  with 
one  parabolic  template,  the  scale  being  constructed  so  that  the 
height  of  the  parabolic  segment,  drawn  with  that  template,  and 
standing  on  the  span,  shall  be  a  fourth  of  the  prodiLct  of  the  total 
load  arid  the  span. 

A  still  simpler  process  is  to  draw  semicircles  instead  of 
parabolic  right  segments.  The  locus  will  then  be  a  diagram  of 
the  square  roots  of  maximum  ben£ng  moments,  and  the  scale 
must  be  constructed  so  that  the  height  of  the  semicircle  stand- 
ing on  the  span  shall  be  the  square  root  of  a  fourth  of  the 
product  of  the  total  load  and  the  span.  In  the  next  chapter 
these  diagrams  will  be  shown  drawn  to  scale. 

To  exhibit  the  shearing  force  diagram,  a  board  is  put  on 
front  being  supported  by  the  pole  and  a  point  on  the  opposite 
side  moving  with  it.  This  board  (fig.  150)  moves  up  and  down 
with  the  pole  at  half  the  rate  at  which  the  locomotive  moves 
back  and  forth.  From  the  centres  of  the  two  wheels  a  zigzag 
piece  of  wire  hangs  by  two  light  chains.  On  the  face  of  the 
board  is  painted  the  locus  of  a  the  point  where  the  zigzag 
drops  by  12  tons,  and  also  the  locus  of  h  where  it  has  dropped 
6  tons.    The  slope  of  these  loci  is  1  in  2. 

The  model  is  made  by  Messrs.  Yeates  and  Son,  Grafton- 
street,  Dublin,  and  may  be  seen  in  Dublin  at  the  Engineering 
School,  Trinity  College,  or  at  the  College  of  Science,  Poona. 

The  description  of  this  model  is  published  here  for  the  first 
time,  except  that  the  figure  appeared  on  the  correspondence  in 
Mr.  Farr's  paper  on  "  Moving  Loads  on  Railway  Under-Bridges  " 
in  the  Transactions  of  the  Institute  of  Civil  Engineers,  1900. 

A  model  of  ruder  construction,  with  sliding  frames,  and 
called  "A  Bending  Moment  Delineator,"  is  described  in  the 
Transactions  of  the  Engineers  and  Ship  Builders  of  Scotland, 
November,  1889,  and  was  exhibited  at  the  Munich  Exhibition 
in  1893,  and  described  in  the  Katalog, 

We  add  here  a  photograph  of  the  "  Delineator  "  from  a  large 
black-board  model  (fig.  151).  It  wiU  be  seen  that  the  three 
anDfi  are  constrained  by  slots  to  move  exactly  as  the  hands  on 
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the  model  (fig.  149).  The  loada  on  the  wheels  are  equal,  being 
9  tons  each,  and  are  due  to  a  uniform  load  of  1}  tons  per  foot- 
Bpread  on  the  wheel  base.  The  bending  moments  on  the  wheel 
base  itself  is  shown  by  the  parabolic  segment  painted  on  a 
"Distorting  Table,"  which  conBists  of  a  number  of  vertical 
strips  of  wood  slightly  spaced,  and  connected  to  each  other  by 
two  horizontal  lazytongs  across  their  backs,  each  strip  being 
pinned  to  a  joint  of  the  upper  and  under  lazytongs.  This 
distorting  table  haa  holes,  one  at  each  comer,  which  slip  over 


Fig.  ISI. 

foiu:  pegs  connected  to  the  cross-arm  which  bears  the  two  knob- 
handles  at  the  ends.  If  the  distorting  table  be  pulled  forward 
oflf  the  pins  it  can  then  be  stretched  like  an  accordion,  but,  when 
on  the  pins,  it  can  only  be  subjected  to  pure  distortion. 

In  the  middle  position  the  figure  painted  on  the  distorting 
table  is  a  rigki  parabolic  s^ment ;  but,  when  the  locomotive  is 
shoved  to  one  side  as  shown  on  the  photograph,  it  is  oblique, 
but  of  course  the  lengths  of  the  white  strips  are  unaltered.    The 
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two  oblique  slotted  bars  are  always  tangents  at  the  ends  of  the 
parabolic  s^ment« 

If  the  uniform  load  drop  directly  down  upon  the  girder,  and 
move  about  on  it  without  the  intervention  of  the  trolly,  then 
the  instantaneous  bending  moment,  as  shown  on  the  photograph, 
is  the  parabolic  locus  for  the  loaded  central  segment  of  the  span 
and  the  tangents  to  it  for  the  two  side  unloaded  segments. 
Compare  fig.  124,  p.  176,  which  this  model  illustrates  when  the 
load  is  at  rest. 

In  the  photograph  the  load  is  so  disposed  on  the  girder  that 
the  left-hand  quartering  point  of  the  load  is  directly  over  the 
left-hand  quartering  point  of  the  span.  Consider  the  bending 
moment  at  the  left  quartering  point  of  the  span  for  this  position 
of  the  load.  It  is  given  by  the  height  above  the  base  of  the  top 
of  the  left  quartering  white  stripe  painted  on  the  distorting  table. 
We  know  that  this  is  the  maximum  bending  moment  at  this 
point  of  the  span  (see  figs.  135  and  136).  Now  the  model 
exhibits  this  beautifully ;  for  if  we  move  the  load  a  little  to  the 
right,  the  "  white  strip  "  is  replaced  by  one  shorter  than  itself 
for  which  reason  the  top  is  lower,  but  the  base  of  the  parabolic 
s^ment  has  risen  for  the  cross-bar  on  which  it  stands  has 
rotated  clock-wise  about  a  pivot  under  the  centre  of  the  girder 
which  exactly  neutralises  the  efifect  of  the  shorter  "  white  strip  " 
replacing  the  original  one.  That  is  for  a  small  motion  of  the 
load  to  the  right-hand  the  bending  moment  at  the  quartering 
point  of  the  span  (as  given  by  the  new  instantaneous  diagram) 
is  unaltered.  Similarly  it  is  unaltered  for  a  slight  motion  of 
the  load  in  the  other  direction.  At  that  point,  then,  the 
variation  of  the  bending  moment  is  zero  for  a  small  movement 
which  is  the  criterion  for  a  maximum. 

This  "  distorting  table  "  also  serves  to  illustrate  the  addition 
of  the  parabolic  slope  to  the  straight  slope  (see  theorems  in 
Chapter  VII.,  p.  131). 

It  also  serves  to  show  how  the  shearing  force  diagram 
painted  on  it  for  any  moving  load  is  to  be  distorted  and 
superimposed  upon  the  shearing  force  diagram  for  the  dead 
load.  It  can  also  illustrate  many  points  in  pure  lineal  strain 
and  pure  distortion. 


CHAPTER   XII. 


BENDING  MOMENTS  AND  SHBAEINa  FORCES  DUE  TO  A  TRAVELLING 

LOAD  SYSTEM. 

Bending  Moments  for  a  beam  tmder  a  travelling  load  system  0/ 
unequal  weights  fixed  ai  irregular  intervals,  the  load  being  confined 
to  the  span  so  that  no  weight  passes  off  (fig.  152). — ^Let  B  be  the 
total  load  ;  JT^,  W^  . .  ,JVr  . . .  Wn,  the  weights  numbered  in 
order  from  the  left  end ;  G  the  centre  of  gravity  and  origin 
for  the*  weights  ;   2^^,  2^2  •  -  •  ^^  •  •  •  ^^»>  ^^^  absciss8&  of  the 
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Fig.  162. 


weights,  those  to  the  right  of  0  including  their  negative  sign ; 
0  the  origin  for,  and  2c  the  length  of,  the  span,  distances 
towards  the  left  being  positive;  and  let  x  be  the  abscissa  of 
any  section. 

•  -  First. — ^Let  the  load  be  in  a  position  such  that  the  r**  weight 
is*over  the  section  ;  a^,  x^  .  .  .  av.i,  the  abscissae  of  the  (^  -  1) 
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weights,  measured  from  0 ;  x  the  abscissa  of  <?,  and  c  that  of  the 
left  end  of  span  ;  then 

and  ^=|(-*)' 

R 

-  ...  -  Jr,..i(a',..i  -  x)  -  Wr(:tr  -  x) ;     (1) 

the  last  term  is  zero,  since  Xr  =  x,  and  it  may  either  be  expressed 
as  above  or  omitted. 

Second. — Let  the  load  be  situated  at  a  short  distance  a  to 
the  right  of  its  former  position ;  then 

R 
M'x  =  -^  {c  -\-  X  -  a){c  -  x)  -  W^{Xy^-  a  -  x)  -  W^{x^  -  a  -  a) 

"...  -  Wr-T^{Xr.i  -  a-  X) 

=  rM,  -  1^  (c  -  aj)a  +  (  JT,  +  fT^  +  .  .  .  +  Wr.^)a.  (2) 

<rMr.    if    ^  {c  -  x)  >  ^{''{W),    or  if    c-^^'"'i^\2c>^; 

that  is,  the  bending  moment  for  the  first  position  is  the  greater, 
if  the  distance  of  the  section  to  the  left  of  the  centre  is  less 

than  c ^^— ^ — ' .2c \  or  what  is  the  same  thing, if  the  distance 

of  the  section  from  the  left  end  is  greater  than  --^—5 — - ,  2c. 

Third. — Let  the  load  be  situated  at  a  short  distance  a  to  the 
left  of  the  first  position ;  then 

R 

Af'x  =  ^  (c  +  iT  +  a)  (c  -  a;)  -  W^{x^  -f  o  -  2:)  -  W^{x^  +  a  -  a;) 

-  ...  -  Wr{xr  +  o  -  a;) 
=  rilfx  +  ^  (c  -  aj)a  -  (ITi  +  fTj  +  .  .  .  +  W)a.  (3> 

<rM.,    if    |(c-a:)<S/(Tr),     orif    c -^^^^  .2c  <x'. 
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that  is,  the  bending  moment  for  the  first  position  is  greater  than 
for  the  third,  if  the  distance  of  the  section  to  the  left  of  the 

•centre  is  greater  than  e  -  — ^-~ — ■ .  2c  ;  or,  what  is  the  same 
thing,  if  the  distance  of  the  section  from  the  left  end  is  less 
than  ?lffl.2c. 

m 

Hence  there  is  a  portion  of  the  span,  lying  between  the 
point  whose  distance  from  the  left  end  is  — ^^-^ — - .  2c,  and  the 

point  whose  distance  from  the  left  end  is  —^~ — - .  2c,  such 

that  the  bending  moment  at  any  section  in  that  portion  is 
greater  when  the  r**  weight  is  over  it  than  for  any  other 
position  of  the  load,  if  for  each  position  all  the  weights  are 
on  the  span  as  premised.  This  portion  of  the  span  we  call 
the  r'*  Jieldy  and  we  say  it  is  commanded  by  the  r^*  weight. 
The  extent  of  this  r**  field  is 

Sm.2.-ME.2..5.2.  (4) 

the  same  fraction  of  the  span  as  the  r*^  weight  is  of  the  total 
load;  hence,  in  order  to  mark  the  fields,  the  span  is  to  be 
divided  into  as  many  portions  as  there  are  weights,  these 
portions  being  proportional  to  the  weights  and  in  the  same 
order.  The  maximum  bending  moment  at  any  point  occurs 
when  the  weight,  which  commands  the  field  in  which  the  point 
lies,  comes  over  that  point.  Since  no  weight  is  to  go  off  the 
span,  sometimes  there  is  a  part  of  a  field  which  the  commanding 
weight  cannot  occupy^  and  then  the  weight  is  said  not  to  be 
able  to  overtake  that  part  of  its  field ;  as  will  be  proved  when 
we  come  to  the  graphical  solution,  the  maximum  bending 
moment  for  such  points  occurs  when  the  commanding  weight 
is  as  close  thereto  as  it  can  be  brought. 

Into  the  expression  for  fMx  the  TnaTimnTn  at  any  point  of 
the  r**  field,  substitute  as  follows : — 

x^(x~2hr\    (2i"a?)-(2A^-2Ar),    (x^-x)  ^(2h^-2hrl  &o., 

ft  • .  [Xf^-^  —  X)  =  yZ/iff^-^  —  Zfif)  \ 
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and  we  have 

p 
.-]/.  -  =^  (c  +  a;  -  2Ar)  (c  -  aj)  -  JFi(2Ai  -  2A,.)  -  1F^{2h^  -  2hr) 

-  ...  -  F;.i(2Ar.i  -  2Ar) 
=  J  (c  +  a;  -  2Ar)  (c  -  a;)  +  2Ar  2r'(  W)  -  2i'-'(  IF.  2/i.) ;  (5) 

this  is  the  equation  to  the  maxima  bending  moments  for  the 
r'*  field.  The  locus  is  a  parabola ;  its  axis  is  vertical ;  its  apex 
is  above  the  span,  and  may  lie  to  either  side  of  0,  the  centre  of 

H 

span ;  its  modulus  is  ^,  a  quantity  which  is  the  same  for  all 

fields,  and  is  the  same  as  the  modulus  of  the  parabola  due  to  li 
as  a  rolling  load.  The  abscissa  of  Ar,  the  apex  of  the  i-^^  para- 
bola, is  that  value  of  x  which  makes  r-M^  or  \c  -v  x  -  2ht)  (c  -  x) 
greatest,  that  is  where 

a;  «  A,.;  (6) 

hence  the  apex  of  each  parabola  lies  on  the  same  side  of,  and 
horizontally  half  as  far  from,  the  centre  of  the  span  as  the 
commanding  weight  is  from  (?,  the  centre  of  graWty  of  the  load. 
The  apexes  for  some  of  the  fields  may  lie  in  their  own  fields ; 
and  in  such  fields  the  maximum  of  the  maxima  is  given  by  the 
ordinate  of  the  apex ;  for  other  fields,  the  apexes  may  lie  out- 
side of  their  own  fields,  and  in  these  there  is  no  maximum  of 
maxima,  but  the  maxima  increase  continuously  from  one  end  of 
the  field  to  the  other. 

Bending  Moment  Diagram  (fig.  153). — The  locus  is  the  poly- 
gon BD^D^y  &c.,  formed  with  parabolic  arcs  BD^,  AA»  ^c-  5 
each  parabola  being  the  same  as  BA^C  that  for  the  rolling  load 
Ry  but  lying  with  their  apexes  at  the  distances  OS^  =  h,  OS^  =  Ag, 
&c.,  where  A^,  A^,  &c.,  are  half  the  respective  distances  of  W^, 
W^  &c.,  from  G  the  centre  of  gravity  of  the  load.  The  para- 
bolas intersect  in  pairs  on  the  verticals  through  the  jtmctions  of 
the  fields ;  that  is,  through  F^y  F^^  &c.,  points  such  that 

BF^ :  F^F^,  &c.  :BC  ::  W^:  W^,  &c.  :  J?; 

for,  if  i^,.  be  the  junction  between  the  r**  field  and  the  (?•  +  ly* 
field,  then  Fr  is  the  last  point  in  the  r**  field ;  the  maximum  at 
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Fr  occxirs  when  Wr  is  over  it  and  is  given  by  the  ordinate  at  Fr 
to  the  r**  parabola.  Again,  Fr  is  the  first  point  in  the  (r  +  1)'* 
field ;  the  maximum  at  Fr  occurs  when  TPV+i  is  over  it  and  is 
given  by  the  ordinate  at  Fr  to  the  (r  +  1)**  parabola.  But  the 
maximum  at  Fr  is  some  one  definite  quantity;  hence  the  two 
parabolas  have  a  common  ordinate  at  Fr. 

Maximum  Bending  Moment  for  whole  span. — In  fig.  153, 
A^  and  A^  lie  respectively  in  their  own  fields;  and  the  one 
which  has  the  greater  ordinate  gives  the  maximum  for  whole 
span.  In  the  general  case  one  or  more  apexes  will  lie  in  their 
own  fields ;  one  at  least,  as  we  cannot  conceive  of  such  a  series 
of  curves  lying  so  that  every  apex  is  inside  of  another  of  the 
curves.  The  ordinate  of  the  apex  that  lies  in  its  own  field,  if 
only  one  is  so  situated,  is  maximum  for  the  whole  span;  the 
ordinate  of  the  highest  apex,  if  more  than  one  be  so  situated. 

Suppose  the  first  curve  continued  to  the  right,  past  D^ ;  the 
second  past  D^  &c. ;  then  each  parabola  is  the  locus  of  the 
bending  moment  at  each  point  as  the  corresponding  weight 
comes  over  it,  the  whole  load  being  on  the  span.  If  the  load 
stands  still  in  any  position,  as  for  instance  that  in  which  the 
load  is  drawn  in  fig.  153,  the  bending  moment  at  the  point 
where  W-^  stands  is  the  ordinate  there  of  the  first  parabola, 
at  the  point  where  W^  stands  the  ordinate  of  the  second  para- 
bola, &c.  If  then  the  ordinates  at  these  points  be  drawn  each 
to  the  proper  parabola,  and  the  tops  of  the  ordinates  be  joined, 
we  will  have  the  bending  moment  diagram  for  that  set  of  fixed 
loads  ;  we  will  have  in  fact  the  diagram  shown  in  fig.  100, 
because  the  load  is  now  the  fixed  load  shown  in  fig.  79. 

Further,  for  the  position  of  the  load  shown  in  fig.  153,  the 
straight  line  joining  the  tops  of  the  two  ordinates,  one  drawn  to 
parabola  2  from  the  point  where  fFg  stands,  and  the  other  to 
parabola  3  from  the  point  where  W^  stands,  will  pass  through 
i>2  the  intersection  of  these  parabolas,  because  the  horizontal 
projection  of  that  joining  line  is  constant,  being  equal  to  the 
distance  between  TFg  *^^  ^s  5  *^^  ^®  know  that  one  end  of 
this  joining  line  coincides  with  D^  when  either  of  the  weights 
W^  or  JFj  is  over  F^\  hence  by  the  theorem  (fig.  95)  it  will 
always  pass  through  D^  Now,  for  the  position  of  the  load 
shown,  the  joining  line  gives  the  bending  moments  at  all  inter- 
mediate points,  so  that  the  ordinate  of  D^  is  the  bending 
moment  at  F^  for  that  position  of  the  load  ;  and  similarly  for 
any  other  position  for  which  F^  lies  between  the  weights  W^ 
and  TFg-  ^^  other  words,  the  bending  moment  at  F  the  junction 
of  two  fields  is  the  same,  whether  the  weight  commanding  the 
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field  on  either  side  is  over  it,  or  whether  the  load  stands  in  any 
position  for  which  F  lies  between  those  weights.  When  the 
load  stands  in  a  position  where  those  two  weights  are  both  to 
one  side  of  F,  then  the  joining  line  pradticed  still  passes  through 
D,  but  the  ordinates  of  the  produced  line  are  not  bending 
moments.  For  instance,  the  line  joining  the  tops  of  the  ordi- 
nates on  fig.  153,  one  drawn  to  parabola  4  from  the  point  where 
V^  stands,  and  the  other  to  parabola  5  from  the  point  where 
fFg  stands,  will,  when  produced,  pass  through  2>^,  the  jimction 
of  those  parabolas  ;  however,  not  the  ordinate  at  F^  to  that 
produced  line,  but  the  ordinate  to  the  line  which  terminates 
at  C,  gives  the  bending  moment  there. 

On  fig.  153,  observe  that  if  the  load  moves  more  than  one 
foot  to  the  left,  W^  goes  off  the  span ;  and  there  is  a  portion 
of  field  3  at  its  left  end,  which  JF^  cannot  overtake,  and  for 
which  the  corresponding  portion  of  parabola  3  is  dotted,  being 
inadmissible.  For  the  position  of  the  load  shown,  we  saw  that 
the  bending  moment  at  each  point  of  that  portion  of  field  3 
is  given  by  the  ordinate  to  a  straight  line  from  -Dg  ^  ^^^  ^^P 
of  the  ordinate  of  parabola  3,  at  the  point  where  JFj  is  stand- 
ing; that  is,  by  the  chord  of  parabola  3,  from  D^  to  the  top 
of  that  ordinate.  Now,  the  closer  TF^  comes  to  F^  the  steeper 
will  that  chord  be,  and  consequently  the  greater  the  bending 
moments  at  all  these  points.  Hence  the  chord  of  the  dotted 
or  inadmissible  part  of  parabola  3  gives  the  maximum  bending 
moment  at  each  point  of  the  portion  of  field  3  which  W^  cannot 
overtake.  Similarly  for  any  portion  of  any  field  which  the 
commanding  weight  cannot  overtake,  the  chord  of  the  parabola, 
instead  of  the  arc,  gives  the  maxima  bending  moments  for  the 
whole  load  on  the  span.  Fig.  148  has  already  been  quoted  as 
an  example  of  this,  when  we  assumed  the  arc  Bk,  chord  kD, 
chord  Bh,  and  arc  hC  to  be  the  diagram  of  maxima  bending 
moments  for  load  confined  to  the  span. 

Graphical  Solution  for  Bendinff  Moment  Diagram  (fig.  153). — 
lAy  ofi'  the  wheel  base  and  find  Q  the  centre  of  gravity  of  the 
load  either  by  analysis  as  at  fig.  79,  or  graphically  as  in  fig.  101 
and  indicated  in  fig.  153.  Lay  ofif  BC  equal  to  the  span ;  divide 
it  at  the  points  F  into  fields  proportional  to  the  weights,  either 
by  arithmetic  or  as  indicated  on  the  diagram,  and  draw  vertical 
lines  through  them  to  separate  the  fields.  Lay  oflf  08^  equal  to 
half  the  distance  of  W-^  from  ff,  OS^  equal  to  half  the  distance 
of  W^  from  G,  &c. — each  point  S  being  on  that  side  of  the 
centre  0  on  which  the  corresponding  weight  lies  with  respect 
to  ff ;  draw  verticals  through  the  points  S\  apply  the  parallel 
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rollers  U>  BG\  place  any  parabolic  segment  against  the  rollers 
with  its  apex  on  the  vertical  through  S^ ;  shift  the  rollers  till 
the  curved  edge  passes  through  By  and  draw  the  arc  BD^, 
stopping  at  the  vertical  through  F^ ;  shift  the  segment  till  the 
apex  \&  on  the  vertical  through  /Sg,  move  the  rollers  till  the 
curved  edge  passes  through  D^,  and  draw  the  arc  D^D^,  stopping 
at  the  vertical  through  F^  Similarly  draw  arc  after  arc  in 
succession  for  each  field,  and  if  the  arc  for  the  last  field  passes 
through  C  the  extremity  of  the  span,  it  checks  the  accuracy  of 
the  drawing.  Lastly,  shift  the  segment  till  the  apex  is  on  the 
vertical  through  the  centre;  move  the  rollers  till  the  curved 
edge  passes  through  the  two  extremities,  mark  A^  and  con- 
struct a  scale  for  verticals  and  bending  moments  such  that 

OA^  ■  \R.l.  Find  by  inspection  the  portions  of  the  fields 
which  the  commanding  weights  cannot  overtake,  and  over  such 
portions  replace  the  arcs  by  chords.  Then  the  locus  gives  the 
maximum  bending  moment  at  each  point  for  all  possible  posi- 
tions of  the  load,  the  load  being  confined  to  the  span. 

Graphical  Solution  for  a  Diagram  of  the  Square  Roots  of 
Bending  Moments. — Divide  the  span  into  "fields"  proportional 
to  the  loads  on  the  wheels.  From  the  middle  point  of  the  span 
prick  points  at  distances  one  half  of  those  at  which  the  wheels 
lie  from  the  centre  of  gravity  of  the  load.  From  those  points 
as  centres  draw  circular  arcs  one  over  each  field  and  we  have 
a  diagram  of  the  square  roots  of  the  maximum  bending  moments. 
It  only  remains  to  construct  a  scale.  On  the  span  draw  a 
semicircle  and  construct  a  scale  such  that  a^,,  the  height  of  the 
crown  of  the  semicircle,  shall  measure  on  it  the  square  root  of  a 
fmrth  of  the  product  of  the  total  load  and  total  span. 

The  height  of  a^  may  be  scaled  ofif  the  drawing,  and  its 
value  as  compared  to  the  known  height  of  a^  foimd  directly  by 
the  rule  of  three  without  constructing  a  scale.* 

Shearing  Force  Diagram  (figs.  154  and  157). — ^At  any  point 
shearing  force  increases  as  each  weight  in  succession 
approaches  from  the  right ;  and  when  a  weight  passes  the 
point,  it  suddenly  diminishes  by  an  amount  equal  to  that 
weight  At  each  point  there  is  a  maximum  when  a  weight 
is  just  to  the  right  of  the  point,  and  a  minimum  when  it  is 
just  to  the  left. 


*  This  simple  and  elegant  graphical  solution  of  so  complex  a  problem  by  means 
of  dicalar  arcs  only  was  published  in  a  note  in  the  Transactions  of  the  Institute  of 
Cinl  Engineers  lor  1900. 

Q2 
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In  order  to  find  for  any  point  the  maximum  and  minimum 
corresponding  to  a  particular  weight : — Place  the  load  system 
so  that  this  weight  is  over  the  point ;  from  P  subtract  the 
weights  to  the  left  of  that  weight  for  the  maximum,  and 
further  subtract  that  weight  for  the  minimum.  In  figs.  154 
and  157,  a  locus  giving  the  maximum  at  each  point  due  to  a 
particular  weight  approaching,  is  shown  by  a  full  line  ;  the 
locus  giving  the  minimum  due  to  the  same  weight  is  evidently 
parallel  to  the  first,  and  below  it  at  a  constant  distance  equal  to 
that  weight ;  this  parallel  locus  is  shown  by  a  dotted  line.  In 
each  of  these  diagrams  there  are  five  loci  drawn  in  full  lines, 
and  giving  the  maximum  at  each  point  due  to  the  approach 
from  the  right  of  each  of  the  five  weights  respectively ;  of  the 
five  dotted  loci  giving  the  minimum  at  each  point  due  to  the 
receding  of  each  weight  respectively,  only  one  is  shown,  and 
it  is  drawn  parallel  to  the  locus  shown  by  the  lowest  full  line, 
and  at  a  constant  depth  below  it  equal  to  the  weight  at  the 
right  end  of  the  load.  Having  determined  the  full  Unes  or 
positive  loci,  it  is  easy  to  draw  the  others. 

The  first  locus  Aa  is  the  value  of  P  when  W^  is  over  any 
point;  so  that  as  the  load  comes  on  from  the  right  end,  and 
so  long  as  W^  alone  is  on  the  span,  Aa  is  a  portion  of  the 
diagram  due  to  W^  as  a  rolling  load ;  that  is,  it  slopes  at  an 
angle  whose  tangent  ia  W^-^  2c,  or,  in  other  words,  at  a  rate 
proportional  to  W^ ;  further,  Aa  extends  over  a  horizontal 
distance  equal  to  that  between  W^  and  W^  When  W^  comes 
over  any  point,  W^  and  W^  alone  being  on  the  span,  then  F^  is 
calculated  by  finding  P  and  subtracting  the  constant  quantity 
W^\  P  is  now  increasing  as  for  a  rolling  load  {W^^-  W^  con- 
centrated at  its  centre  of  gravity,  so  that  the  second  Imk  oja 
slopes  at  an  angle  whose  tangent  is  (  fFi  +  W^  -=-  2c,  or,  in  other 
words,  at  a  rate  proportional  to  W^-k-W^',  fiurther,  aa  extends 
from  the  point  where  the  preceding  link  ended,  and  continues 
through  a  horizontal  distance  equal  to  that  between  W^  and  W^. 
Thus,  the  locus  Aa^aa  . . .  begins  at  the  right  end  of  the  span, 
each  link  sloping  more  and  more  at  rates  in  direct  proportion 
to  the  sum  of  the  weights  on  the  span,  and  extending  respec- 
tively over  horizontal  distances  equal  to  those  between  the 
weights;  the  last  link  extends  over  a  distance  which  is  the 
excess  of  the  span  over  the  extent  of  the  load.  On  fig.  157, 
the  first  four  links  are  short  and  equal,  the  last  one  is  long. 
The  other  loci  Bhb  .  .  .,  Ccc  .  ,  ,,  &c.,  consist  of  links  sloping 
more  and  more  as  weights  come  on  at  the  right  end,  and  less 
and  less  as  they  go  ofif  at  the  left ;  for  instance,  Ccc . . .,  fig.  157, 
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consists  of  two  equal  short  links  and  a  long  one  increasing  in 
slope,  and  two  equal  short  ones  decreasing  in  slope ;  the  rate 
of  slope  of  each  link  is  directly  proportional  to  the  sum  of  the 
weights  on  the  span  at  the  time  corresponding. 

After  having  drawn  the  first  locus  Aaob  .  .  .,  the  initial 
points  B,  C,  D,  &c.,  of  the  other  loci  are  found  as  follows : — 
The  ordinate  of  B  represents  the  value  of  the  shearing  force 
at  the  right  end  of  span  when  W^  is  just  to  the  right  of  that 
pomt ;  if  the  load  be  placed  in  this  position,  the  shearing 
force  at  the  right  end  of  span,  and  in  the  interval  between 
that  end  and  the  point  where  JFj  stands,  is  constant ;  the 
value  of  the  shearing  force  just  to  the  left  of  W-^  is  given  by 
the  ordinate  of  a  the  left  extremity  of  the  first  link  Aa,  and 
this  quantity  diminished  by  W^  is  the  value  required.  Hence 
J?  is  on  the  vertical  through  the  right  end  of  span,  and  at  a 
depth  W^  below  the  level  of  the  first  joint  a  on  the  locus 
Ada . . . ;  similarly  (7  is  on  the  same  vertical  and  at  a  depth 
W^  below  the  level  of  the  first  joint  h  on  the  locus  Bbb  .... 

Graphical  SoltUion  for  Shearing  Force  Diagram  (fig.  154). — 
The  example  shown  in  the  figure  is  the  same  as  that  for  which 
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Fig.  154. 


the  bending  moment  diagram  is  given  in  fig.  153.  Lay  the 
weights  up,  in  order,  on  the  vertical  through  the  left  end  of 
span,  and  then  down  again  in  order ;  draw  a  ray  from  the 
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Second. — Let  the  common  interval  decrease  by  28.  In  the  new  Iocub  for  the 
n  weights,  each  pair  of  consecutive  apexes  will  be  closer  by  the  amount  9,  to  that 
every  point  in  the  locus  will  be  higher  than  before ;  in  the  new  locus  for  the  »  —  1 
weights,  any  two  consecutive  apexes  will  be  closer  by  8,  so  that  each  point  in  the 
locus  wUl  be  higher  than  before.  In  the  locus  for  the  n  weights,  the  parabolas 
have  a  greater  modulus  than  those  in  the  locus  for  the  n  —  1  weights,  so  that  the 
increase  of  height  due  to  the  approach  of  the  apexes  by  8  in  the  one  case,  will  be 
greater  than  that  due  to  the  approach  of  the  apexes  by  the  amount  8  in  the  other : 
^at  is,  if  the  distance  between  the  weights  be  decreased,  every  point  in  the  locus 
drawn  with  full  lines  (fig.  166),  will  lise  more  than  the  corresponding  point  in  the 
dotted  locus,  so  that  much  more  will  the  new  dotted  locus  be  entirely  within  the 
other. 

It  follows,  then,  that  if  the  conunon  interval  between  n  equal  weights  be  equal 
to  or  less  than  ^th  of  the  span,  or  in  other  words,  if  each  of  the  n  weights  can 

overtake  its  field,  then  the  loci  due  to  the  n  weights,  to  n  -  1  of  the  same  weights 
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at  the  same  common  interval,  to  n  -  2,  &c.,  are,  in  order,  each  entirely  within  the 
one  preceding  it,  and  therefore  all  the  others  entirely  within  the  first. 

Cor. — If  the  interval  between  the  n  weights  be  greater  than  j^th  of  the  span, 

the  locus  due  to  these  weights  confined  to  the  span  will  intersect  that  due  to  n  - 1 
of  the  same  equal  weights,  also  confinefl  to  the  span ;  for  reasoning  as  before,  when 
the  common  interval  is  increased,  tbe  locus  drawn  with  full  lines  on  fig.  166,  is 
lowered  more  than  the  other.  From  fig.  166,  it  will  be  evident  that  the  points  of 
intersection  a,  b,  e,  c^,  V,  e'  are  found  by  laying  off  the  common  intervals  from  each 
end  of  the  span,  and  that  these  points  are  the  junctions  between  the  alternate  arcs 
and  chords  on  the  diagram  for  the  n  loads  confined  to  span.  In  order  that  the  #• 
weights  may  be  all  on  the  span  at  one  time,  the  common  interval  must  not  be 
greater  than  ^-fii^  of  the  span  ;  so  that,  for  the  case  of  n  —  1  of  these  weights,  each 

could  oyertake  its  field  ;  and  the  loci  for  ft  -  2  weights,  «t  -  3,  &c.,  are  all  within 
the  locus  forn  —  1  weights  shown  by  dotted  lines  on  fig.  166. 

Graphical  Solution  for  Shearing  Force  Diagram  (fig.  167).— Lay  the  weights  up, 
in  order,  on  the  vertical  through  the  left  end  of  span,  and  draw  a  ray  from  tne  right 
end  of  span  to  each  junction ;  each  slope  is  evidendy  the  shearing  force  diagram 
for  a  rolling  load  equal  to  one  of  the  weights,  the  sum  of  two,  the  sum  of  three,  &c., 
respectively.  Draw  verticals  at  intervals  from  the  right  end  equal  to  the  common 
interval  between  the  weights,  and  the  same  in  number ;  draw  the  first  link  Aa 
parallel  to  the  slope  for  one  weight,  the  next  link  aa  parallel  to  the  slope  for  two 
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veighiSy  &c.,  similarly  draw  the  locus  e'e' ...  JB'  below  the  span.  The  ordinates 
to  Aaa  . . .  and  «V  . . .  £'  give  respectively,  the  maximum  shearing  force  positive 
and  negative  at  each  point,  during  the  transit  of  the  load  system  ;  and  in  this  case 
it  is  not  necessary  to  draw  the  other  loci. 

Bmm  under  a  traifeUing  load  system  confined  to  the  span,  togsther  with  a  uniform 
dead  load. — In  the  bending  moment  diagram,  the  locus  consists  of  the  same  number 


rTf7»      >r|fr^     ,,yjr^      yrffr^^      vTf^ 


Fig.  157. 


of  parabolas  as  for  the  travelUng  load  alone,  and  the  fields  are  the  same ;  any 
portion  of  a  field  bounded  before  by  a  chord  is  still  bounded  by  the  chord  of  the 
new  parabola.  The  modulus  of  each  parabola  is  the  sum  of  the  moduli  for  JB  the 
dead  load  equivalent  to  the  actual  travelling  load  and  for  the  uniform  load,  namely, 

2c^  ie  "       4<?     * 

The  distance  OS  of  any  apex  from  the  centre  of  the  span  is  now  only  a  fraction 
of  what  it  was  for  the  travelling  load  alone ;  the  fraction  being  the  modulus  for  H 
rolling  divided  by  the  sum  of  the  moduli,  that  is, 

/|\  J.  f^+  ?\  =  -^^.   (Theorems  at  fig.  94.) 
\2eJ       \2c     iej        U+  2It     ^  ^        ' 

For  the  travelling  load  alone,  we  had  as  the  equation  to  the  maxima  bending 
moments  for  the  r^  field, 

rM,^^(e^-x-  2hr){e  -  a;)  +  2Mi»^'  {W)  -  Si'-*  (V .  2h) ; 

altering  the  modulus  and  putting  in  the  fraction,  we  have,  for  the  combined  load 
for  the  H*  field, 
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Graphical  Solution. — Exactly  the  same  as  that  for  the  travelling  load  alone 
(fig.  163),  ezoeptipg  that 

2E  2R 

^*'  =  WTis  *"       ''*  =  uT2£  *»'  *"•• 

and  the  scale  for  verticals  is  such  that  OAq  sb  |(rr+  2J2)  .  I. 

Beam  under  a  travelling  load  system  eonjinedto  the  span,  together  toithjixed  loads 
at  points.  Graphical  Solution. — Construct  the  diagram  for  moving  load,  as  on  fig. 
163,  and  above  it  construct  the  polygon  for  the  fixed  loads,  as  on  fig.  120,  to  the 
same  scales.  Draw  a  vertical  through  the  first  apex  Ai  up  through  the  polygon, 
and  produce  those  sides  of  the  polygon  that  lie  wholly  or  in  part  over  field  1,  to 
make  intercepts  on  that  vertical  as  on  fig.  120  ;  make  ZS  equal  to  the  semi-base, 
and  ZiV  equal  to  twice  the  height  of  the  apex  of  the  parabolic  segment  whose  apex 
is  ^1 ;  and  otherwise  proceed  exactly  as  on  fig.  120,  till  the  locus  for  the  com- 
bined load  over  field  I  is  completed ;  next  draw  a  vertical  through  Az  up  through 
the  polygon,  and  produce  such  sides  of  the  polygon  as  lie  wholly  or  in  part  over 
field  2  to  make  intercepts  on  that  vertical ;  complete  the  construction  of  the  locus 
for  the  combined  load  over  field  2  exactly  as  on  fig.  120,  except  that  ZS  is  now  to 
be  the  semi-base,  and  XJVthe  height  of  the  apex  of  the  parabolic  segment  whose 
apex  is  ^2.  In  like  manner  draw  for  each  field  till  the  locus  for  the  combined  load 
is  completed  for  the  whole  span. 

One  particular  case  is  of  interest — SAqC,  fig.  163,  is  the  diagram  for  a  rolling 
load  JR.  Suppose  combined  with  this  load  a  system  of  fixed  loads,  one  at  each 
junction  between  two  fields — on  fig.  163,  four  loads,  one  at  each  of  the  points  Fu 
Fit  ^%\  ^i—  then  to  obtain  the  diagram  for  the  combined  load,  we  add  to  the  ordi- 
nates  of  the  parabola  BAqC  those  of  the  polvgon  for  the  fixed  loads ;  and,  as  on 
fig.  120,  the  result  will  be  five  parabolas  lixe  BAoC,  and  the  apex  of  each  wiU 
move  from  the  centre  away  from  the  corresponding  point  F. 

Suppose,  on  the  other  hand,  that  the  fixed  weights  at  Fu  F\,  &o.,  act  upwards ; 
then  subtracting  the  ordinates  of  the  polygon  from  those  of  BAoC,  the  result  will 
be  five  parabolas  like  BAoC,  but  each  apex  will  now  have  moved  from  the  centre 
towards  the  corresponding  point  F. 

YoT  a  certain  set  of  values  of  these  negative  forces  at  F\,  JV,  &c.,  the  five 
parabolas  will  assume  the  exact  position  of  the  parabolas  on  fig.  163,  and  it  can 
easily  be  shown,  that  the  set  of  weights  which  will  produce  this  e£Peet  is  such  that 
the  weight  at  each  junction  is  the  same  fraction  of  R,  that  the  distance  between 
the  weights  commanding  the  fields  of  which  the  point  is  the  junction  is  of  the 
span.    Hence  we  have  the  following 

Alternative  Tnethod  of  dravnng  a  bending  moment  diagram 
for  a  travelling  load  system  confined  to  the  span. — On  a  base 
equal  to  the  span,  construct  a  parabolic  segment  for  the  bend- 
ing moment  diagram  due  to  the  total  load  i2  as  a  rolling  load ; 
upon  the  same  base,  and  on  the  same  side  of  it,  construct  the 
polygon  which  is  the  bending  moment  diagram  due  to  a  set  of 
fixed  loads  JF^.g,  W^-z  ^'>  ^^®  ^^  ^^^  junction  of  each  pair 
of  fields  (the  suffixes  denoting  the  pair  of  fields  between  which 
the  load  is  applied),  and  of  magnitudes  given  by  the  following 
equations : — 

^            2Ai  -  2A2  ^         ^  2Ai  -  2As  «     «_ 

JFi.2  =  — -, B;      Jf^i.z^  —^ — -B;  &c. 

Then  the  ordinate  between  the  parabola  and  the  polygon  ib  the  maximum  bending 
moment  at  any  point ;  the  maximum  for  the  whole  span  is  found  by  drawing  a 
tangent  to  the  parabola  parallel  to  that  side  of  the  polygon  which  slopes  leasts  and 
taking  the  ordinate  at  the  point  of  contact. 
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164.  A  beam  42  feet  span  supports  the  five  wheels  of  the  locomotiye  shown  on 
fig.  79 :  find  the  locus  of  the  maximum  bendine  moment  at  each  point  for  all 
positions  of  the  load,  it  being  understood  that  no  wheel  moves  off  the  span  (fig.  153). 

Loads  5,    5,     1 1,     12,    9  tons       »  42  tons. 

Intervals  5,      8,     10,    7  feet        =  30  feet. 

Distances  from  G,    17»     12,     4,    -  iS,    —  13  feet. 

Dividing  the  span  in  the  ratio  of  the  weights,  we  have  the  extent  of  the  fields  as 
follows : 

Ist  field  from  21  to  16 ;  2nd  field  from  16  to  11 ;  3rd  field  from  11  to  0  ; 

4th  field  from  0  to  -  12  ;     oth  field  from  >  12  to- 21.  | 

Substxtnting  in  the  general  equation 

^,  =  ^  (tf  +  «  -  2hr){c  -  «)  +  2hr:ii^^{W)  -  2i'-»  ( W .  2A), 
we  have 

iMm  =  -  (e  +  X  "  2Jii){e  -  x)  =  (4+«)(21-«), 

for  valnes  of  x  from  21  to  16  ; 

^Mm  =  5-(tf  +  «  -  2hi){e  -  a?)  +  2hi  ,W\-W\.  2h\ 

Ac 

=  (9  +  j»)(21-«)-26, 
for  valnes  of  x  from  16  to  1 1 ; 

jjf,  =  5"  (*  +  «  -  2A3)(tf  -  «)  +  2^8  {Wi  +  JF2)-{JFi,  2hi  +  Wi  .  2A2) 
=  (17  +  aF)(21-ir)-105, 
adminible  for  values  of  x  from  8  to  0. 

iHfm  =-(*  +  «-  2hi){c  -  a?)  +  2hi  {JFi  +  W2  -^-JTs) 

-  (Wi  .  2hi  +  Wi  ,  2ht  +  Wi  .  2As) 
=  (27  +  »)(21  -x)"  316, 

idmissihle  for  values  of  x  from  -  2  to  -  12  ; 

ftJfo  =  --(<.  +  a-  -  2h6)(e  -x)  +  2hi{  Wi+Wi+WzJf  Wi) 

-  (Wi  .  2hx  +  W2 .  2A2  +  Wi  .  2*8  +  Wi  .  2A4) 
=  (34  +  iF)(21  -  a:)  -  546, 

for  values  of  x  from  -  12  to  -  21. 
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To  find  the  ordinates  of  the  apexes ;  substitute  «  =  Ai  »  8*5  in  the  first  equa- 
tion, X  ^  As  B  6  in  the  seoond,  and  so  on,  and  we  haye 

lyg. 5  «  156-25,    aye  =  200    sJfs  »=  256    41^^-261,    sy-e-s  "=  210-25. 

Only  two  are  expressed  by  the  letter  If,  as  they  alone  of  the  five  are  bending 
moments ;  the  omers  do  not  lie  in  their  own  fields.  Hence  the  maximum  bending 
moment  for  the  whole  span  is 

4if.3  s  261  ft. -tons. 

165.  Calculate  the  maxima  positive  and  negative  shearing  forces  at  intervals 
during  the  transit  of  tiie  load  (fig.  154). 

The  slopes  of  the  links  are  5, 10,  21, 33,  42 ;  37,  32,  21,  and  9  tons  per  42  feet ; 
42  feet  being  the  span. 

The  co-ordinates  of  the  joints  of  the  links  are — 


links. 

Ft.      Tons. 

Ft. 

Tons. 

Ft. 

Tons. 

Ft.  Tons.  Ft.  Tons.  Ft.  Tons. 

Aaa,, . 

-  21  -  00-0 

-16 

0-6 

-8 

2-6 

2      7-6 

9  13-0 

21  26-0 

-BW  . . . 

-21  -    4-4 

-13 

-2-5 

-3 

2-5 

4      8-0 

16  20-0 

21  24-4 

Cec 

-21  -    7-5 

-11 

-2-5 

-4 

3-0 

8     16-0 

13  19-4 

21  26-6 

Ddd... 

-  21  -  13-5 

-14 

-8-0 

-2 

4-0 

3      8-4 

11  14-5 

21  19-6 

E^e'... 

-21  -29-0 

-    9 

-17 

-4 

-12-6 

4  -6-5 

14-1-6 

21  00-0 

For  positive  maxima,  the  locus  (Sw ...  is  to  be  taken  between  the  left  end  of 
span  and  the  point  d;  s  —  i,  and  the  locus  Aaa . . .  from  that  point  to  the  right  end 
of  span ;  for  negative  maxima,  the  locus  JE^^e' ...  is  to  be  taken  for  the  whole 
span. 

166.  Find  the  equation  to  the  maxima  bending  moments  in  the  3rd  field  (Ex. 
164]  directly,  and  without  using  the  general  formida 

Choose  any  point  whose  abscissa  is  a;,  such  that  when  the  load  is  placed  with 
the  3rd  weight  over  it,  the  whole  load  will  be  on  the  span.  The  distance  of  G  iht 
centre  of  gravity  from  the  right  end  will  be  (0  +  «  -  2A3),  or  (17  +  x),  and 

P-»x(17  +  «)  =  (17  +  «). 
Taking  a  section  at  x  and  considering  the  forces  on  the  left  side  of  it,  we  have 

zMm  =  P(21  -  «)  -  Wi{b  +  8)  -  »^8  X  8 
=  (17  +  *)(21  -  ar)  -  105. 

167.  Find  the  maximum  bending  moment  at  any  given  points,  say  x  =  8,  and 
«  B  10,  in  Ex.  164 ;  and  find  the  maximum  for  the  whole  span  without  using  the 
general  equations  (fig.  153).* 


*  These  Rules  were  first  published  in  '<  Engineering,"  Jan.  10th  and  July 
25th,  1879. 
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1'.  To  find  the  maximum  bending  moment  at  any  given  point,  diTide  the  span 
into  fields  ptyportional  to  the  weights;  consider  which  field  the  point  lies  in,  and 
place  the  load  so  that  the  corresponding  weight  is  over  the  point.  Then  if  the 
whole  load  be  on  the  span,  the  bending  moment  calculated  at  the  point  for  the 
lead  fixed  in  this  position  is  a  maximum.  If  when  the  load  is  so  placed,  some 
weights  are  off  the  span,  move  the  load  the  least  distance  which  will  bring  them 
all  on  the  span,  and  calculate  the  bending  moment  at  the  point  for  the  load  fixed 
in.  that  position. 

2°.  To  find  the  maximum  bending  moment  for  the  whole  span. — Bj  inspection, 
place  the' load  so  Uiat  any  particular  weight  and  the  centre  of  gravity  may  be  upon 
different  sides  of  the  centre  of  span  and  at  e^ual  distances  therefrom ;  then  if  the 
whole  load  be  on  the  span  and  the  weight  be  m  its  own  field,  calculate  the  bending 
moment  at  the  iraint  where  the  weight  stands  for  the  load  fixed  in  this  position, 
and  it  will  be  the  maximum  at  the  point.  For  ^iEioh  weight  which  can  be  placed 
so  as  to  fulfil  Uiese  conditions,  there  is  a  maximum,  and  having  calculated  these 
TPMim^  the  g^reatest  is  the  maximum  for  the  whole  span. 

In  Ex.  164,  the  point  x  =»  S  lies  in  the  3rd  field  ;  place  the  load  so  that  Wz  is 
over  it,  and  it  will  be  found  that  all  the  wheels  are  on  the  span  ;  calculating  the 
bending  moment  at  ^  =  8  with  the  load  in  this  position,  we  have 

alTs  =  220  ft. -tons  maximum  at  point. 

The  same  result  may  be  obtained  by  substitutiDg  »  =  S  into  slG* 

Again,  the  point  10  lies  in  field  3,  but  when  Wi  ia  placed  over  it,  Wi  is  not  on 
the  span ;  moving  the  load  two  feet  to  the  right  bring^s  Wi  just  on  the  span,  while 
ITs  is  at  8  ;  that  is,  tiie  load  is  in  the  very  same  {position  as  previously.  CaJculat- 
ing  the  bending  moment  at  a;  =  10,  with  the  load  in  this  position,  we  nave 

Jf'io  =  190  ft. -tons  maximum  at  point. 

The  same  result  may  be  obtained  by  substituting  «  »  8,  and  jp  =  11,  into  iMm, 
and  then  adding  one-third  of  their  difference  to  the  smaller. 

In  Ex.  164,  we  find  that  by  placing  JFi  at  the  point  x  =  2,  it  is  in  its  own 
fidd  while  G'  is  at  the  point  x*s  —  2,  and  the  whole  load  is  on  the  span ;  calculat- 
ing the  bending  moment  at  2  for  the  load  in  that  position  we  have  alfa  «  256. 
Again,  by  placing  JFi  at  the  point ««  —  3,  it  is  in  its  own  field  while  (?  is  at  a;  =  3, 
and  the  whole  load  is  on  the  span ;  calcinating  the  bending  moment  at  —  3  for 
the  load  in  that  position,  we  have  (see  example  at  fig.  100)  ilf.s  =  261.  Now 
sinoe  no  other  weight  can  be  placed  according  to  the  rule,  it  follows  that 
j£^  =  261  ft. -tons  is  tiie  maximum  for  span  not  only  for  the  position  shown  on 
fig.  100,  but  for  all  possible  positions  of  the  load  on  the  span. 

168.  Find  the  maxima  bending  moments  at  the  junctions  of  the  ''fields." 
That  IB,  find  the  heights  of  the  points  Di,  Ih,  &c.,  on  fig.  153. 

FiDi  =  iJfie  *=  100ft.-tons;  F2lh  =  sifii    =  176ft.-ton8; 

Filh  »  9^0    =  252  ft.-tons ;  TiDi  =  iif-ia  «  180  ft.-tons. 

Where  lifis  means  the  bending  moment  at  the  point  16  feet  left  of  centre  when 
the  first  wheel  is  over  it ;  tMu  the  bending  moment  at  11  feet  left  of  centre  when 
the  second  wheel  is  over  it,  &c. 

The  equation  to  the  dotted  parabola  BAqC  is 

I  (c»  -  x^)  =  (21»  -  *»), 

BO  that  the  ordinates  at  Fi,  Ja,  Js,  and  Fi  to  this  dotted  parabola  are  to  be  found 
by  substituting  for  x  the  values  16,  11,  0,  and  - 12,  respectively.  They  are  there- 
fore 185,  320,  441,  and  297  ft.-ton8. 
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Hence  the  depths  of  the  points  JDu  i>2,  Iht  and  D4  (which  are  the  junctions  of 
the  *<  fields  ")  helow  the  dotted  parahola^got  by  subtracting  are  85,  145,  189,  and 
117  ft. -tons. 

It  will  now  be  seen  that  the  depth  of  Di  below  the  dotted  parabola  is 

JFi,2hi  ^  bxl7  "    86 
of  2>a  is  »^i  .  2Ai  +  JTa  .  2Aa  =  6  X  17  +  6  X  12  =  146 

of  Dj  is  Wi.  2hi  +  Fi  .  2Aa  +  Fs  .  2A8  =  145  +  11  X  4  a  189 

and  of  Di  it  is  JTi  .  2Ai  .  .  .  »^4  .  2A4  =  189  -  12  x  6  =  117. 

A  general  proof  can  readily  be  made  of  this  remarkable  theorem.  That  the 
junctions  of  the  parabolic  arcs  (fig.  163)  lie  on  vertical  lines  dividing  the  span  in 
segments  which  are  proportional  to  the  individual  load  on  the  wheels,  and  that  the 
depths  of  any  one  of  these  junctions  D  below  the  parabola  which  is  the  bending 
moment  diagram  for  tiie  whole  load  rolUng  on  one  wheel  are  given  by  2  ( WT.  2A)i', 
that  is  by  the  ffeometrieal  moment  of  the  weights  about  their  centre  of  gravity 
from  the  nrst  up  to  and  including  all  those  that  command  fields  left  of  that  junction. 


Beam  subject  to  the  transit  of  a  Travelling 

Load  System. 

Graphical  Solution. — ^We  already  solved  this  problem  for 
the  transit  of  two  weights,  and  saw  that  it  then  had  two 
cases.  The  general  problem  will  have  many  cases,  and  we 
shall  illustrate  the  solution  by  solving  a  particular  problem, 
viz.,  for  the  data  shown  on  fig.  153,  where  the  solution  for  the 
load  confined  to  the  span  is  already  given. 

Suppose  the  load  to  come  on  at  the  left  end  and  pass  off  at  the  right.  First, 
the  weight  Wb  alone  is  on  the  span ;  then  W^  and  Wi^  &c. ;  then  the  whole  load ; 
then  Wi  passes  off ;  and  so  on,  till  Wi  alone  is  on ;  tlus  finaUy  passes  off,  and  a 
transit  has  been  made.  Figs.  169,  160,  161,  162  give  the  maxima  at  each  point, 
while  one  onl^,  two  only,  three  oxdy,  four  weights  only  are  on  the  span ;  fig.  163 
gives  the  maximum  at  each  point,  while  all  five  are  on ;  and  figs.  163,  164,  166, 
166  give  the  maximum  after  one,  two,  three,  and  four  weights  respectively  have 
passed  off. 

The  manner  of  constructing  those  figures  is  as  follows : — Prepare  a  number  of 
parabolic  segments  (fig.  168),  one  corresponding  to  each  of  the  manners  of  loading, 
the  highest  one  being  drawn  with  the  paraboUc  segment  that  was  used  in  the 
c6nstniction  of  fig.  163 ;  divide  its  height  so  that  the  heights  of  the  various 
apexes  will  be  in  the  ratio  of  the  loads,  viz.,  9,  21,  32,  37,  42,  33,  21,  10,  5. 
Draw  a  number  of  ordinates  to  the  curve ;  divide  these  similarly  with  proportional 
compasses,  and  draw  curves  through  the  points  thus  found.  Separate  pieces  of 
cardboard  should  then  be  cut  out  so  as  to  correspond  with  each  of  these  curves. 

A  description  of  the  method  for  constructing  fig.  161  wiU  suffice  for  all.  This 
figure  is  for  the  weights  11,  12,  9  tons  on  the  span ;  and  since  the  total  load  is 
32  tons,  select  the  cardboard  segment  whose  height  is  proportional  to  32 ;  this 
ensures  that  the  verticals  are  drawn  to  the  same  scale  as  those  on  fig.  163.  Lay 
oS  BO  equal  to  the  span  on  the  same  horizontal  scale  as  that  used  in  fig.  163. 
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Dnv  with  a  dotted  line  the  locus  BDiJhC,  aa  for  the  load  confined  to  the  span 
and  capable  of  moying  into  all  positions  on  the  span.  This,  however,  is  not  the 
locus  raquired,  since  it  is  evident  that  the  range  of  motion  of  the  load  is  limited  by 
the  next  weight,  6  toxuB,  not  being  allowed  to  come  on  to  the  spui.  Hence,  place 
the  load  as  &  on  the  span  as  possible,  but  so  that  the  next  weight,  5  tons,  may 
not  be  on  the  span  ;   that  is,  place  it  so  that  the  next  weight  is  over  B  the 


5*5*U*l2'^9'42 


5+77+7?+?*.? 
77+72+£-5; 


3*  5*1  HI  2 


n^^^n 


ls^+5+77 


Fig.  168. 

extmmity;  from  each  weight  draw  an  ordinate  to  the  corresponding  parabola, 
for  instance,  from  the  weight  11  tons  to  the  parabola  whose  apex  is  ^i.  Ink  in 
the  corvee  for  the  portion  of  each  field  which  has  been  travelled  over  by  the  weight 
commanding  ;  the  remunder  of  the  locus  is  made  by  drawing  the  polygon  whose 
SQg^  are  £e  tops  of  the  ordinates  where  the  weights  stand.    Thus,  on  fig.  161, 

^       Max. at  each  point  while  TIJ-9 
. tons, alone  is  on  span. 


Fig.  169. 


the  loens  is  the  arc  J?a  of  the  first  parabola  since  the  weight  11  tons  has  tnyelled 
over  tiiat  part  of  its  field ;  and  the  arc  Dib  of  the  second  parabola  since  the  weight 
12  tons  has  travelled  over  that  part  of  its  field ;  the  remamder  of  the  locus  conauts 
of  parts  of  the  polygon  BahdC,  that  is  the  polygon  for  the  load  fixed  in  the  position 
shoim  on  figure  ;  it  may  be  observed  that  aD\  is  a  part  of  ab  (Theorem  D,  fig.  96). 
Henee  the  locus  (fig.  161)  is  arc  Ba,  chord  aDi,  arc  Dib,  and  chords  bd,  dC. 
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It  is  eyident  tliat  the  arcs  named  give  the  maxima  for  the  portions  oyer  which 
they  stand  for  all  the  possible  positions  of  the  three  weights  on  the  span  ;  and,  that 
the  chord  aD\  gives  tna-n'TTift  for  the  portion  of  span  over  which  it  stands  will  be 
seen  as  follows  : — The  load  cannot  shift  to  the  right ;  suppose  it  shifts  to  the  left, 
then  the  new  position  of  ab  will  still  pass  through  2>i  {Theorem  D,  fig.  95),  but  the 


W4^J2,andW,'9ton8, 
4.1       ]' 


B 


3,0  ^,^ 


Fig.  160. 


>^ 


point  a  will  be  lower  down  on  the  first  parabola ;  that  is,  as  the  load  moves  to  the 
left,  the  chord  I>\a  turns  about  Di  in  the  opposite  direction  from  the  hands  of  a 
watch,  so  that  the  ordinate  of  every  point  in  it  is  decreasing.  Again,  bd  produced 
passes  through  the  point  2>2  ;  and  if  the  load  moves,  the  new  position  of  bd  still 

W^^n,  W4^12,and 
Wg^9ton$on  span. 


passes  through  Da  ;  that  is,  as  the  load  moves  to  the  left,  the  chord  bd  turns  about 
2>2  in  the  ojpposite  direction  from  the  hands  of  a  watch,  so  that  the  ordinate  of 
every  point  in  it  is  decreasing.  Similarly  dC  turns  about  C  in  the  same  direction 
as  the  others,  and  the  ordinate  of  every  point  in  it  is  also  decreasing. 
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If  the  eight  fignres,  for  the  complete  transit  of  the  load,  be  supetimposed  upon 
lig.  153  for  the  load  confined  to  the  span,  the  portions  which  axe  shaded  on  figs. 
161  and  162  will  lie  otUtide  of  the  locus  on  fig.  153  ;  so  that,  replacing  the  oorre- 
nondiiig  portions  of  fig.  163  by  those  shaded  parts,  that  is,  CTerywhere  following 
£e  highest  locus,  we  hare  a  graphical  solution  for  the  transit  of  the  load.  The 
Isboor  of  this  graphical  solution  is  great  if  we  haye  to  prepare  the  parabolio 
segments,  but  the  solution  can  be  drawn  by  means  of  one  parabolio  segment  from 
the  Mowing  consideiationfl. 

Suppose  in  the  example  that  all  the  eight  diagrams  were  drawn  with  the  tame 
psraholic  segment,  then  it  is  evident  that  each  would  be  to  a  different  vertical  scale, 
and  that  noUiing  could  be  determined  by  superposition.  However,  it  can  be  seen 
by  inspection  that  fig.  163  lies  entirely  within  fig,  153  ;  for,  since  the  weight 

»  .  .    . 

Uix,at  each  point  wliile  T^-  5, 1»5 "11, 1^4*12,  and  HJ-9  tons  are  on 
span,  /!*N. 


Fig.  162, 


9  tons  on  fig.  163  is  over  the  point  of  support  B,  we  may  consider  that  it  is  not  on 
the  span  as  we  did  when  constructing  fie.  163 ;  on  the  other  hand,  if  we  consider 
it  to  be  on  the  span,  then  the  total  load  is  on  the  span ;  and  for  that  position  of  the 
total  load  we  may  plot  the  point  a  upon  fig.  163  by  drawing  an  ordinate  to  the 
fint  parabola  from  the  point  whose  abscissa  is  9,  that  is,  from  the  point  where  the 
weight  5  tons  stands  on  fig.  163.  Similarly  the  point  b  is  plotted  on  fi^.  153  by 
diawh^  an  ordinate  to  the  second  parabola  from  the  point  whose  abscissa  is  4, 
that  is,  from  the  point  where  the  second  weight,  5  tons,  stands  on  fig.  163  ;  Ijke* 
vise  the  poxnts  d  and  e  are  plotted.  If  the  one  figure  be  drawn  exactly  above  the 
other,  it  w^  only  be  necessary  to  draw  verticals  from  the  points  a,  b,  d,  e  (fig.  163) 
to  meet  the  1st,  2nd,  3rd,  4th  parabolas  respectively  on  fig.  163,  and  we  have  these 
points  plotted  on  fig.  153.  It  will  then  be  seen  that  these  points  are  inside  tiie 
locus  on  fig,  153;  so  that  the  whole  locus,  fig.  163,  is  inside  that  of.  fig.  153. 
Similarly,  by  drawing  verticals  from  the  points  a,  b,  d  (fig.  164)  to  meet  xesp^tively ' 

R 


242  "BcED    BBNDING  MOMENTS  AKD  SHBABING  FOECKS 

Hm  lit.  Znd.  8rd  paMbolaa  on  fig.  163,  thew  points  are  plotted  on  fig.  163  and  wfll 
bTftmdto  Ite  SSde  o!  it.  Wee  the  looua  (fig.  164)  )ie,mBiie  the  locos 
Xt  IWO.  «d  much  more  will  it  Ue  inside  ol  the  locus  (««•  163).  In  das  way 
itW  fe  seen  that  the  lod  (figs.  166,  166,  164,  163,  168  he  each  witim  the 
oilSin^SrfSr«Sltiieiefo»  that%U  Ue  within  the  locus  (fig.  153). 

T«  the  same  way  tt  can  be  shown  that  the  lod  only  on  figs.  162  and  161  lie 
paX  outside  «t  thJ  locus  (fig.  163).  On  fig.  162  are  shown  ««» P°|f^  »' f '.*^ 
tZZA,«ZTtram  fls   168  in  the  manner  described.    It  is  evident  that  g  and  *  aie 

rSSSdSTof^lii  that  were  par^  of  the  Icj.^  ^''fsSJ^w^^tSfth*^ 

thfi  gMn  •  becauae,  the  reason  we  foUowed  the  chord  at  i)2  (fig.  163)  was  tiiat  ^ 
^SSSing^eigkt  »^>  could  not  overtake  that  part ;  in  other  words,  when ^ 
S^toJTflien  ri  was  over  :5  and  about  to  go  otf  the  apan;  that  la,  the  load  was 

in  the  position  shown  on  fig.  162. 


W'5,'Wg^5,Jfy'71j  and  1^=  12  tons  on  span. 


<1B 


F, 


^IiS,%      SP      ^*'  S,F, 


%'C^'- 


Fig.  163. 


It  will  therefore  always  be  the  case  that  when,  for  the  load  confined  to  the 
^n,  we  have  chords  for  portions  of  the  locus,  then  the  diagram  for  one  load  off 
the  span  lies  in  part  outside  the  locus  ;  and  the  ends  of  such  chords  which  are  not 
junctions  of  fields  are  points  of  intersection. 

Having  ascertained  by  inspection  the  shaded  parts  of  figs.  161  and  162  which 
nlone  lie  outside  of  fig.  153,  it  will  be  necessary  to  plot  points  at  intervals  upon 
fig.  153  with  the  proportional  compasses ;  the  points  thus  got  from  fig.  162  have 
their  ordinatee  reduoed  in  the  ratio  of  42  and  37,  those  from  fig.  161  in  the  ratio  of 
42  and  32,  since  the  diagrams  here  spoken  of  are  supposed  to  be  drawn  with  uie 
e  ime  parabolic  segment,  and  therefore  to  different  vertical  scales. 

We  will  complete  the  analytical  solution  for  the  trsmsit  of  the  load  in  this 
example.     To  find  the  equation  to  Ba  (fig.  161) ;  suppose  the  weight  11  tons 
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to  be  under  this  aro  and  at  any  poiiit  whose  aBsciBea  is  #,  then  it  will  be  found 
bj  taking  moments  round  Q,  that 


Fm 


399  +  32g 
42 


jr«-  P(0-dP)  «  A  (399  +  32j)  (21  -  rp), 
loc  values  of  x  from  21  to  13. 

Max.  at  each  point  while  Wi»5,  Hi -5,  and  W,^  17  tons 
are  on  span. 


ir,«  5;a/i(/  WJ-5fo/?«  on  ap^n,      Ao 


r^s 


>* 


WjV,  5  tons  on  span. 


Figs.  164,  165,  166. 


For  the  are  iff  (fig.  162) ;  let  the  weight  11  tons  be  under  this  arc  at  any  point 
▼bote  abscissa  is  x,  then 

544  -f  37a? 
42        ' 

Jf,  «  P(tf-dt)-6x8  - -A  (544  +  37«)  (21  -  jt)  -  40, 

ioT  Tidues  of  X  from  12  to  8. 

R2 
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For  the  are  Ihh ;  let  the  .veight  12  tons  be  under  tliiB  arc,  and  at  any  point 
whose  abfloiflsa  ia  x,  then 

„     m  +  37« 
^-—42 

jr.  B  P(0  -  «)  -  5  X  18  -  11  X  10  »  -it{9H  +  37^;)  (21  -  a;}  -  200, 

for  Talues  of  x  from  0  to  - 1. 

The  limits  in  each  case  are  found  by  making  the  equation  to  the  arc  simul- 
taneous with  that  to  the  arc  on  fig.  153,  which  is  now  superseded ;  the  limits  as 
giren  above  are  to  the  nearest  whole  number. 

During  the  transit,  it  is  to  be  obseryed  that  in  this  case  the  weight  Wz^ll 
tons  commands  exactly  the  left  half  of  the  span,  while  the  right  half  is  commanded 
by  Wi  a  12  and  Wt»9  tons,  just  as  on  fig.  153  for  the  load  confined  to  the  span. 

Calculating  the  ordinate  at  each  foot  of  span  from  the  equation  just  giren  for 
the  values  of  x  there  specified,  and  from  the  equations  already  given  at  fig.  153  for 
other  values  of  x,  we  find  the  maximum  bending  moment  at  each  foot  of  spaa 
during  the  transit  to  be        . 


Abs. 

B.  M« 

Abs. 

B.  M« 

Abs.   B.  K. 

Abs. 

B.M. 

20  .. 

24-7 

9  .. 

210-6 

-  0  .,  257-0 

-11 

..  197 

19  .. 

48*0 

8  .. 

220-0 

-  1  ;,  259-4 

-12 

..  180 

18  .. 

69-7 

7  .. 

231-0 

-  2  ..  260-0 

-13 

..  168 

17  .• 

89*8 

6  .. 

240-0 

.-  3  ..  261-0 

-14 

..  154 

16  .. 

108-5 

6  .. 

247-0 

-  4  ,.  2600 

-15 

..  138 

15  .. 

125-6 

4  .. 

2520 

-  5  ..  257-0 

-16 

..  120 

14  .. 

141*2 

3  .. 

255-0 

-  6  ..  252-0 

-17 

..  100 

13  .. 

155-3 

2  ., 

256-0 

-  7  ..  246-0 

-18 

..   78 

12  .. 

171-7 

'  1  .; 

265-0 

-  8  ..  236-0 

-19 

..   54 

11  .. 

186-5 

0  .. 

257-0 

-  9  ..  225-0 

-20 

..   28 

10  .. 

199-4 

« 

-10  ..  212-0 

The  maximum  for  the  whole  span  is  still  Jf-s «  261  ft. -tons. 

Bestrieted  ease  of  the  trantk  of  a  e^etom  of  equal  %oeighU  at  equal  intervaU^ 

1.  Load  ehorter  than  span. 

Let  ft  be  the  number  of  weights,  and  s  their  common  distance  apart. 

(a)  Let  the  distance  between  the  weights  be  less  than  or  equid  to  -th  part  of 

the  span,  that  is  let  «  <  — • 

n 

With  any  parabolic  segment  draw  the  series  of  n  parabolas,  as  shown  with  the 

full  lines  fig.  155,  and  the  maximum  bending  moment  will  be  at  the  centre,  or  on 

both  sides  of  the  centre  and  at  a  quarter  interval  therefrom,  according  as  n  is  odd 

or  even.    In  fact  the  solution  is  the  same  as  for  the  load  confined  to  the  span. 
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{b)  Let  tlie  diatance  l)etweeii  the  weights  be  greater  than  ^th  of  the  spaiii  that 

» let «  >  — 
n 

In  this  case  the  double  locus,  as  shown  on  fig.  156,  is  to  be  drawn ;  one  for  n 

▼eights  with  any  parabolic  segment,  the  other  f or  »  -  1  weights  with  another 
paiabolic  segment  prepared  as  on  fig.  158,  and  so  that  its  modulus  and  the  modulus 
of  the  first  are  in  the  ratio  (»  —  1) ;  ft.  Since,  howevery  the  points  of  intersection 
«,&,«...  a'f  y,  ^  may  be  defined  as  shown  on  fig.  156,  both  loci  may  be  drawn 
with  the  same  parabolic  segment,  inking  in  the  arcs  oyer  £a,  o^,  &c.,  alternately 
on  the  two  loci;  a  separate  vertical  scale  will  be  required  for  each ;  or  if  considered 
necesnry,  the  one  locus  may  be  reduced  to  the  same  yertical  scale  as  the  other  at 
a  number  of  points  and  then  drawn. 

The  maTiniTiTn  bending  moment  will  be  the  highest  apex  in  the  one  locus  or  in 
the  other ;  it  must  therefore  be  at  the  centre,  at  a  quarter  interval  from  the  centre, 
or  equally  at  these  three  points.  The  maximum  is  readily  found  as  follows : — 
if  ft  be  odd,  place  the  central  weight  over  the  centre  of  span,  and  calculate  the 
lending  moment  at  that  point ;  this  will  be  the  maximum  required :  if  n  be  even, 
place  either  of  the  two  central  weights,  first  at  the  centre  of  span,  and  afterwards 
at  a  pohit  in  its  own  field  a  quarter  interval  distant  from  the  centre ;  calculate  the 
bending  moment  for  these  two  points,  and  the  greater  will  be  the  maximum  for 
innsit  required. 

2.  Load  longer  than  epan. 

Let  ft  be  the  greatest  number  of  weights  that  can  be  on  the  span  at  once. 

(a)  Let  the  common  interval  be  an  aliquot  part  of  the  span. 

The  series  of  n  parabolas  as  in  1  (a)  is  the  locus  for  transit,  fig.  155. 
{h)  Let  the  interval  be  not  an  aliquot  part  of  the  span. 

The  number  of  weights  on  the  span  will  be  alternately  n  and  n  —  1 ;  •  while  n 
are  on,  fto  weight  can  overtdce  its  field  before  a  weight  goes  off;  while  (n  *  1)  are 
^m,  no  veiRht  can  overtake  its  field  before  another  weight  comes  on ;  it  is  evident 
therefore  tnat  the  locus  for  n,  and  the  locus  for  (ft  -  1)  weights  are  to  be  drawn  as 
Jn  1  {h)  as  shown  on  fig.  156. 

Non. — In  all  the  above  cases  of  transit,  during  the  passing  on  of  the  front  of 
the  load  and  the  passine  off  of  its  rear,  fewer  weights  than  n  or  (ft  -  1)  are  for  some 
time  on  the  span ;  by  me  theorem  immediately  preceding,  the  loci  for  such  smaller 
numbers  of  weights  are  all  wholly  within  the  dotted  loci  on  figs.  1 55  and  156. 

Theorem. — The  locus  of  the  points  of  intersection  Di,  Ih,  &c.»  of  the  regular 
loctis  BDiJ^ ,,.  C  (figs.  155  and  156}  for  equal  weights  at  equal  mtervals  is  a 
parabola. 

Let  «  be  the  abscissa  of  Lr  the  junction  between  the  r*^  and  (r  +  Ijth  fields, 
and  let  the  load  stand  with  the  r*^  weight  over  that  point,  then 


Bemote  s^ment  =  0  +  «  -  distance  of  r*^  weight  from  (?, 


therefore 


-and 


nw  /  ft  +  1   \ 


•°^  (e  +  «  +  w-*5il.V«-«)-w«(l  +  2  +  3  +  ...  +  r-l),     (1) 
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for  such  values  of  «  as  are  abscissae  of  junctions  of  fields.    Putting  y  for  the  ordi- 
nate of  this  locus  at  any  point  x, 

y  --gj  ^<'  +  «  +  r*--2-  *j(«-«)- y'-C'"-!).  (2) 

but 

2c        ...            w  (g  -  g) 
c-x  Si  r  ,  -    so  that    r  ■  —^ • 

Substituting  this  value  for  r  in  equation  2,  ananging  the  terms  and  putting  E  for 
^Hf  we  have 

,.J(^-^(2-"J).  (3) 

Hence  the  locus  of  B,  J)u  Ihf  &c.,  (7  is  a  parabola,  axis  is  vertical,  and  ^>ex 
over  the  centre ;  comparing  it  with  the  equation  at  fig.  186»  we  see  that  it  is  the 
same  as  the  locus  of  bending  moments  for  a  travelling  unifonn  load  of  extent  nt ; 
that  is,  for  the  total  load  M  spread  uniformly  over  the  actual  extent  of  the  load  and 
one  interval  j  more. 

It  is  evident  that  this  i>arabola  gives  too  short  an  ordinate  at  all  paints  except 
the  junctions  of  fields.    Still  we  have — 

Cbr. — Let  S  remain  constant,  and  let  n  increase  indefinitely  while  <  decreases 
indefinitely ;  then  the  locus  of  the  intersections  2>  nearly  ooinGides  with  BD\Ih ...  (7, 
and  the  equation  to  the  locus  is  the  same  as  for  R  spread  uniformly  over  an  extent 
only  greater  than  the  actual  extent  of  the  load  by  <  an  indefinitelv  small  amount. 
In  the  limit,  when  it  is  infinite,  the  load  is  unifonn  and  the  result  (fig.  136)  foUows 
from  the  present  investigation. 

Note. — In  the  general  case,  the  locus  of  2>  is  not  a  parabola  nor  any  conic 
section.    The  genenl  equation  for  any  conic  section  may  be  written  thus 

and  if  we  suppose  the  locus  to  pass  through  the  five  points  B,  Di,  Iht  Dit  and  C^- 
example  96  and  fig.  163,  we  fixid  values  for  the  five  coefficients ;  and  tbe  equation 
becomes 

«'+rfff«y  +  T^flry»  +  «Jy-4«  =  0; 

by  trial  we  see  that  this  locus  does  not  pass  through  Da ;  that  is,  the  locus  is  not 
a  conic  section. 


Examples. 

169.  A  beam  76  feet  span  is  subjected  to  a  moving  load  12  =  19  tons  confined 
to  the  span,  and  concentrated  on  three  wheels  as  under 

Loads  7  4        8    tons  =  19  tone. 

Intervals  30  12    feet  »  42   feet. 

Loads  distant  from  6^    24        -  6         -  18  feet 

The  1st  field  extends  from  38  to  10  :  2nd  field  from  10  to  -  6 ;  3rd  field  from  -  S 
to -38. 
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Substituting  in  the  general  equation,  we  haye 

rJr,  =  J (38  +  «  -  2hr){e  -x)  +  2hr2i^^  (»1  -  Si'-H'^-  2A). 

iMm  =  ^  (14  +  a?)(38  -  «),  for  Talues  of  x  from  38  to  10. 

i^ki  «  iMit  s  169,  maTimum  for  field  1. 

or.  «  I  (44  +  fl?)(38  -x)-  210,  for  yalues  of  x  from  8  to  -  6  ;  the  chord  to 
be  taken  from  8  to  10. 

tMu  s  iMji  a  210^,  maiHTniim  for  field  2. 

iMm  =  i  (56  +  x){9S-'x)  -  342  for  valaea  of  a;  from  -  6  to  -  38. 

slfu  =  zM.9  =  210J,  maximum  for  field  3. 

The  maiimum  for  whole  span  is  equally  %M^  or  sif-9- 

170.  For  Ex.  164,  find  the  equation  to  the  bending  moment  at  each  point^of 
^m  as  (,  a  point  of  the  load  8  feet  to  the  left  of  0,  comes  over  it  (fig.  153). 

To  find  I>%  the  point  of  intersection  on  the  junction  of  the  fields  commanded  by 
Wt  and  Wz  the  weights  on  eidier  side  of  b,  suppose  the  load  fixed  with  either  of 
than  weights  over  the  point  ^2,  where  0F%  »  1 1,  and  calculate  the  bendine  moment 
there ;  or,  substitute  «  =  11  into  %Mm  or  zM,  of  Ex.  164,  and  we  find  the  height  of 
i^  to  be  175 ;  hence  the  coordinates  of  i)3  are  «  a  11,  y  »  175.  The  locus  for 
the  point  b  is  the  parabola  whose  apex  ^  is  on  the  vertical  through  8,  where 
OS^hsa  ^Ob  =s  4 ;  this  parabola  passes  through  I)%,  has  its  axis  yeitioal,  and  its 
modolus  is  the  load  diyided  by  the  span ;  hence 

fcjr,  =  ^  (<J  +  «-2A)((?-«)  +  C=  (13  +  fl?)(21-»)  +  C; 

sboe  it  posses  through  Ih,  we  have  hMn  =  175.    Therefore 

175  «  (13  +  11)(21  -  11)  +  C,    or    (7=  -  65 ; 
and 

&ir.  »  (13  4a;)(21~«)-65, 

ior  values  of  x  from  12  to  0,  since  part  of  the  load  goes  off  the  span  when  b  occupies 
any  position  not  comprised  between  these  two  limits. 

171.  Suppose  the  weights  in  example  164  and  shown  at  fig.  153,  to  be  the 
equivalent  dead  loads  for  the  actual  weights  ;  combine  with  these  an  uniform  load 
ot  }ids  of  a  ton  per  foot  of  span,  that  is,  a  total  load  ^=28  tons,  and  find  the  equa- 
tions to  the  maxima  bending  moments  for  the  various  fields. 

Summing  the  moduli  for  B  rolling  and  for  IT  spread  uniformly,  we  have 

B       U       174  2i2       28  H-  84  _  4 
2i'*"4tf"       ^       ~       84      ~  3* 

the  modulus  of  the  parabolas  for  combined  load. 

The  modulus  for  B  rolling,  divided  by  the  sum  of  the  moduli,  is 


\2e)   '    [20     4e)  "  Cr+ 2J2  *" 


84  3 


28  4  84       4 

Substituting  into  the  general  equation, 

lif.  =  1  (21  +  «  -  J  X  17)(21  -  «)  =  1(8-26  +  »)(21  -  x) 

for  yalues  of  x  from  21  to  16. 

Of.  =  f  (21  +  «  -  }  X  12)(21  -  «)  +  12  X  5  -  5  X  17  =  J(12  +  ar)(21  -  a:)  -  25, 
lor  yalues  of  «  from  16  to  11. 
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ii£%  =  t(21  +  «  -  }  X  4)  (21  -  «)  +4(6  +  6)  -  (6  X  17  +  6  X  12) 
=  1(18  +  *)(21  -  «)  -  106, 
for  yaluefl  of  x  from  8  to  0,  the  chord  being  taken  for  valuOB  from  11  to  8. 

^m  =  1(21  +  «  +  I  X  6)  (21  -  x)  -  6  (6  +  6  +  11)  -  (6  X  17  +  6  X  12  +  II  X  4) 
«  t  (22-6  +  *)(21  -  #)  -  316, 

for  yaluee  of  »  from  -  2  to  -  12,  the  chord  being  taken  for  yalues  from  0  to  -  2. 

fMz  =  1(21  +  «  +  I  X  13)  (21  -  «)  -  13  (6  +  6  +  11  +  12) 

-  (6  X  17  +  6  X  12  +  11  X  4  -  12  X  6) 
=  I  (30*76  +  x)  (21  -x)-  646,  for  yalues  of  x  from  -  12  to  -  21. 

The  abeciBSSB  of  the  apexes  are 

I  X  8-6  =  6-376  ;Jx6»4-6;}x2  =  1-6,  lies  in  field  3 ;  f  x  (-  3)  -  -  2-26, 

lies  in  field  4  ;  f  x  (-  6-6)  »  -  4-876. 

Here  only  two  apexes  lie  in  the  corresponding  fields ;  substituting  for  these, 
ve  have 

sJfi.6     «  402  maximmn  in  field  3 ;  and 

4Jr.i.86  =  406*76  maximum  in  field  4  ;  and  maximum  for  span ; 

the  greatest  bending  moment  occurs  at  2^  ft.  to  the  right  of  the  centre,  when  the 
fourtti  weight  is  over  it.    The  joint  centre  of  gravity  is  %\  ft.  left  of  centre. 

172.  Suppose  the  weights  in  example  169  to  be  the  equivalent  dead  loads  for 
the  actual  weights,  and  combine  an  uniform  load  of  \  ton  per  foot  of  span  with  the 
travelling  load.  Find  the  maxinlum  bending  moment  at  each  point  of  span,  for 
the  load  confined  to  the  span. 

Hie  sum  of  the  moduli  of  the  parabolas  for  TJ^aA.  tor  X  rolling  is 

U-^-^E  ^  38  +  38 
4tf       -      162      "  *' 

the  modulus  for  the  combined  load. 

The  modulus  of  the  parabola  for  22,  divided  by  the  sum  of  the  moduli,  is 

/^\  ^  fS     E\  ^      2iZ  38 

\2c)   '   \2e  ■*"  4e)  "  ir+  222  "  38  +  38  "  ** 

In  the  general  equation  given  for  No.  169  replace  }  by  ^,  and  in  the  trinomial 
factor  replace  2hr  by  hr ;  otherwise  the  expression  remains  the  same ;  thus 

ilf.  =  J  (38  +  a?  -  12)(38  -  a?)  =  J  (26  +  ar)(38  -  x), 

for  values  of  x  from  38  to  10. 

lye  =  i  (32)«  =  612, 
hei£^t  of  apex  of  j)arabobi  1,  not  in  field  1. 

OTc  "  i  (41  +  a;)(38  -x)-  210, 
for  values  of  x  from  8  to  -  6 ;  the  chord  to  be  taken  from  8  to  10. 

alT.i.A  -i  I  (39*6)*  -  210  s  670},  maximum  in  field  2. 
sif,  B  }  (47  +  x)[ZS  -  jp)  -  342,  for  values  of  x  from  -  6  to  -  38. 
3y_i.5  s  }  (42-6)2  -  342  »  661},  height  of  apex  of  parabola  3,  not  in  field  3. 

The^max.  for  span  is  670}  ft.-tons,  and  it  occurs  1}  ft.  to  the  tight  of  the  centre 
when  the  second  weight  is  over  it.    The  centre  of  gravity  is  1}  ft.  left  of  centre. 
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173.  In  a  beam  of  40  ft  span  bearing  a  trayelling  load  W\  a  2,  and  TTs  =  3, 
tons  fixed  20  feet  apart,  for  the  transit  of  the  load  find  a  maximum  of  30  ft. -tons 
at  the  centre,  and  a  maximum  of  32  ft. -tons,  four  feet  to  the  right  of  the  centre. 
Bopponng  these  weights  to  be  the  equivalent  dead  loads  for  the  actual  weights,  and 
talong  the  weight  of  the  beam,  six  tons  uniformly  distributed,  into  account,  make 
the  appropriate  idteration  upon  the  equations  for  the  moving  load  only ;  since  the 
&taDce  apart  of  the  wheels  is  greater  than  the  shorter  ^/<f  of  the  span,  the  equa- 
tions to  the  ma-rifniim  bending  moments  for  the  transit  are  (fig.  148) 

,if,  =  J(8  +  »)(20-«), 
»Jf.  «  A  (400  -  «»), 
,if.  =  i  (12  -  «)(20  +  «) ; 

the  fint  for  values  of  x  from  between  B  and  JT  or  20  to  10,  the  next  from  JTto  H 
or  10  to  0,  and  the  last  from  J?  to  Cor  0  to  -  20. 

Compounding  the  uniform  load  for  the  first  and  third  equations,  22  »  5,  and 
r  s  6  tons ;  hence  the  new  modulus  is 

Cr+272  _  6  +  10  _  1 

."1^  80      ~6*. 

and  the  fraction  2B,  6+10       6 

Cr+2JJ  ■     10      *  8* 

For  centre  equation  W2  «  3,  and  CT  =  6  tons ;  hence  the  new  modulus  is 

U+2Jr%      6  +  6  _   Z^ 
^e        "    80     ""  20* 

Ana.  \Mm  "  i  (20  +  a;  -  7*5)  (20  -  x),  for  values  of  x  from  20  to  10. 
iM'g  =  A  (400  -  a^),  for  values  of  x  from  10  to  0. 
2Mm  =  i  (20  -  a?  -  6)(20  +  *),  for  values  of  x  from  0  to  -  20. 
1^8.75  >»  i  (16-25)>  B  62*81,  height  of  apex,  not  in  field. 
2if  0  »  60,  a  maximum,  at  centre. 
3if.2*9  B  \  (17'6)^  B  61*26,  maximum  in  2nd  field,  and  for  span. 

In  this  example,  where  the  distance  between  the  wheels  exactly  equals  the 
lislf-span,  B  coincides  with  A,  fig.  148 ;  hence  A2  will  alwa^  be  hi^er  than  E 
though  an  unifonn  load  indefinitely  great  be  compounded  with  it.  When,  how- 
ever, the  distance  between  the  whe^  is  greater  tlum  the  half -span,  the  diagram  is 
as  ihown  upon  fig.  148 ;  and  if  the  B  be  higher  than  A%y  much  more  wUl  it  be 
Ingher  when  we  add  the  ordinates  of  the  parabola  due  to  any  uniform  load ;  if  E 
be  bwer  than  A%f  there  is  some  uniform  load  which  being  added  will  make  them 
c^oal  in  height ;  an  uniform  load  greater  than  this  being  added  will  cause  i?  to  be 

*  9r  than  A2, 


174.  A  beam  20  feet  span  is  subject  to  the  transit  of  6  weights,  each  2  tons  and 
fixed  at  intervals  of  3  feet.  Find  the  maximum  bending  moment  at  each  point 
daring  the  transit. 

All  the  loads  may  be  on  the  span  at  once,  therefore  »  b  6  ;  since  the  common 
interval  is  less  than  a  fifth  of  the  span,  the  locus  is  that  for  tlie  whole  load  on  the 
«^  (fig.  166).    For  the  left  half  of  span 

iMm  -  ^(<?  +  a?-2»)(<?-«)  =  J(4+'»)(10-a?), 

for  values  of  x  from  10  to  6. 

iM.^  J(10  +  a;-3)(10-«)-2x3  =  J  (7  +  »)(10  -  a?)  -  6, 
for  Tslues  of  x  from  6  to  2. 

jlf,  =  J(10+«-0)(10-«)-2x6-2  x3  =  J  (10 -a?) -18, 
to  values  of  a;  from  2  toO. 


{: 
{ 
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By  symmetry  the  values  lor  the  right  half  of  the  span  may  be  obtained,  and  the 
■MiTimiim  for  span  during  tnuisit  is  sifo  *  82  ft.-tons. 

175.  A  beam  20  feet  span  is  subject  to  the  transit  of  6  weights,  each  2  tons, 
and  fixed  at  intervals  of  3  feet.  Find  the  maximum  positive  and  negative  shearing 
force  at  each  foot  of  span  during  the  transit.    See  example  174. 

The  slopes  in  fig.  167  are — Ist  link,  'f^  vertical  to  1  horizontal ;  2nd,  -^  to  1 ; 
8rd,  1%  to  1 ;  4th,  ^  to  I ;  and  6th  i^  to  1 ;  hence  upward  ordinatee  to  Aaa.,., 
foot  by  foot  from  left  end  are 

1st  link  ^a...    0»    -1,    %    '3;         2nd  link  oa...    '3,    '6,    -7,     -9; 

3rd    „    aa...   '9,  1*2,  1*5,  1*8;         4th    „     „ ...  1-8,  2*2,  2*6,  3*0; 

5th    „    „ ...  8-0,  3-5,  4*0,  4*5,  5-0,  5'5,  6*0,  6*5,  7*0. 

Hence  the  maxima  are 

.Fio   B     7  and        0,    JFg   ■>  6*5  and  -    '1,    1^8-6  and  -    -2, 

f-io  «     0  and  -     7,    F.9  =    -1  and  -  6*5,    J?_8  =     2  and  -     6, 
Ft     =  5-5  and  -    '3,     F«  =    *6  and  -    -5,    F^    =»  4*6  and  -    -7, 

F.^   =    -3  and  -  6-6,    F^  =    *6  and  -     5,    F^  =    -7  and  -  4*5, 
Fa    =     4  and  -    -9,    Ft  =  3-6  and  -  1-2,    Ft   =     3  and  -  1*5, 

F-4   -    *9  and  -     4,    F^  =  1*2  and  -  3-6,    Fjt  -  1-6  and  -     3, 

Fi    «  2-6  and  -  1*8, 

,      „  I  and  l^o  =  2-2  and  -  2-2. 

F.i  =  1*8  and  -  2*6, 

176.  A  beam  30  feet  span  is  subject  to  the  transit  of  5  weights  each  3  tons,, 
and  fixed  at  intervals  of  7  feet.  Find  the  maximum  bending  moment  at  each 
point. 

The  interval  is  not  an  aliquot  part  of  the  span,  and  when  5  weights  (the  whole 
load),  or  when  only  4  weights,  are  on  the  span,  no  weight  can  overtake  its  field  ; 
the  parts  of  the  fields  overtaken  in  each  case  correspond  exactly  with  the  parts  not 
overtaken  in  the  other. 

Hence  we  have  to  find  the  locus  ^2>i2)2...^,  when  5  weights  are  on  the  span, 
and  also  the  locus  BIf\I]f% . . .  C,  when  4  weights  are  on,  and  take  parts  aHemately 
of  the  two  loci ;  the  limits  being  found  by  laying  off  a,  d,  r,  &c.,  a',  h\  ^,  &o.,  at 
intervals  of  7  feet  from  each  end  (see  fig.  156).    For  left  half  of  span 

lif,  -  ^(tf  +  «-2»)(<J-*)  =  J(l  +  a:)(15-*), 

lor  values  of  %  from  15  to  13. 

lif '.  »  ^  (^  +  «  -  f  •) (<»  -  «)  «  f  (4  -5  +  »)  (1 5  -  *), 

for  values  of  x  from  13  to  8. 

hvD 
iMx  =  — (tf  +  «-«)(tf-*)-fr»  =  J(8  +  ar)(15-a:)-21, 

for  values  of  x  from  8  to  6. 

^M\  =  ^(<.  +  «- J,)(tf-j)-fr#  =  J(ll-5  +  a:)(16-ir)-21, 

for  values  of  x  from  6  to  1. 

bw 
zMji  a  — -  (tf  +  a?  -  0)(tf  -  «)  -  w  .  2«  -  U7«  =  J  (15  +  »)(16  -  *)  -  63,. 

for  values  of  x  from  1  to  0. 
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By  g^mmetrj  the  values  for  the  right  half  of  the  span  may  he  obtained.    The 
two  iMirinia  are 

tMo  s  49*5  ft.-tona  at  the  centre,  and  aJr'1.75  «»  49*255  ft -tons  at  a  quarter 
intenral  from  the  centre ;  the  former  is  the  maximum  for  the  transit. 

Note. — ^The  solution  would  be  exactly  the  same  although  there  were  many 
I,  each  3  tons,  and  fixed  at  the  same  intervals,  viz.  7  feet. 


177.  A  beam  42  feet  span  is  subject  to  the  transit  of  a  row  of  trunks  50  feet 
or  more  in  length ;  the  common  interval  between  the  wheels  Ib  4  feet,  and  the 
weight  on  each  wheel  is  2  tons.    Find  the  maximum  bending  moment  for  transit* 

The  greatest  number  of  wheels  that  can  be  on  the  span  at  once  is  n  a  11;  and 
smce  <  B  4,  the  distance  between  the  wheels  is  not  an  uiquot  part  of  the  spun,  and 
the  two  loci  for  11  and  for  10  weights  respectively  intersect;  the  one  has  a  mazi* 
mom  at  the  centre,  and  the  other  at  .1  foot,  a  quarter  interval,  from  the  centre ; 
80  that  it  is  only  necessary  to  take  the  bending  moments,  one  at  the  centre  when 
a  weight  is  over  it,  and  another  at  1  foot  on  either  side  of  tiie  centre  when  a 
weight  is  there ;  in  each  case  the  load  being  supposed  to  extend  beyond  the  span 
00  both  sides.    A  weight  at  the  centre  gives 

nto  ,  »i  —  1    fi  +  1 

2  ^22 

«  ^  {inc  -  s(n*  -  1)1  =  111  ft.-tons. 

o 

When  a  weight  is  over  the  point  1  foot  from  the  centre,  another  is  just  over  th» 
left  point  of  support,  and  we  may  say  that  either  1 1  or  10  weights  are  on  the  span ; 
that  is,  the  two  loci  intersect  at  :p  «=  1.  The  maximum  for  the  10  weights  is  the 
tame  as  the  ordinate  at «  s  1  to  the  locus  for  11  weights,  and  its  height  is  less  than 
the  above  calculated  value. 

178.  Find  the  locus  of  the  bending  moment  at  each  point  of  the  span  (fig.  153)^ 
when  a  narticular  point  of  the  wheel  base  of  the  locomotive  is  over  it  point  by 
pomt.    Numerical  solution  Ex.  170. 

Let  h  be  any  point  on  the  wheel  base,  or  that  base  produced,  and  suppose  th& 
load  standing  as  on  fig.  163  ;  let  ordinates  be  drawn  from  the  points  where  JF%  and 
Wt  (the  weights  on  each  side  of  b)  stand  to  the  corresponding  parabolas  2  and  3, 
and  let  V  and  if  the  tops  of  those  ordinates  be  joined  by  a  straight  Une,  which,  aa 
we  have  already  seen,  passes  through  i>2  the  intersection  of  those  parabolas.  Let 
3  be  the  point  on  that  joining  line  on  the  same  vertical  with  b,  then  the  ordinate 
of  jB  is  the  bending  moment  at  the  point  over  which  b  stands.  Now  by  theorem, 
fig  95,  when  the  load  moves,  the  joining  line,  or  double  chord  of  the  two  parabolaa 
torn  about  Dt ;  and  since  vb  the  horizontal  projection  of  VB  is  constant,  the  point 
J^  traces  out  a  parabola.  This  parabola  passes  through  Ds,  and  is  the  same  para- 
bola aa  the  others  of  the  series ;  also  by  comparing  figs.  95  and  153,  it  can  be  shown 
that  its  apex  A  lies  to  the  left  or  right  of  0  the  centre,  according  as  b  lies  to  the 
left  or  right  of  O  the  centre  of  gravity,  and  at  a  distance  given  by  the  equation 
08^ieb. 

Graphically. — Construct  as  much  of  the  general  solution  as  determines  Ihf 
the  junction  of  the  parabolas  corresponding  to  W'2  and  JFs  the  weights  on  the  twa 
sides  of  b.  Lay  off  OS  equal  to  half  of  'Gb,  and  draw  a  vertical  through  S ;  shift 
the  parabolic  segment  till  its  apex  is  on  that  vertical,  move  the  rollers  till  the 
curved  edge  passes  through  Ih,  and  draw  the  parabola  whose  apex  is  A,  If  b  lies 
between  the  two  end  weights  JFi  and  Fa,  the  curved  edge  passes  through  />i ;  if 
^  is  on  the  wheel  base  produced  to  the  left,  the  curved  edge  passes  through  the 
extremity  JB.  If  the  beam  extends  beyond  the  supports,  as  on  fig.  144,  the  props- 
being  fixed  and  able  to  act  upwards  and  downwaids ;  then  for  the  load  in  any 
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positioii  on  the  beam  whatsoever,  the  locus  BBiDz,  ftc,  of  fig.  153  gives  the 
positive  maxima  bending  moments,  and  the  negative  ordinates  have  the  intezpreta- 
tion  given  at  fig.  142.  • 

179.  In  example  159,  find  the  locus  of  the  bending  moment  at  each  goint,  as  O 
the  centre  of  gpvitv  of  the  load  comes  over  it  (fig.  147).    Data  on  model,  fig.  149. 

Put  d;  =  6  in  either  equation,  and  we  find  the  height  of  i)  to  be  96  ;  so  that  the 
coordinates  of  2)  are  a;  =  6,  ^  =  96.  The  parabola  for  O  has  its  apex  on  the  vertical 
through  the  centre  0 ;  its  axis  is  vertical  and  it  passes  through  2> ;  the  modulus  is 
the  load  divided  hj  the  span ;  hence 

^Jf.  =  ^(<j  +  «-0)(tf-»)  +  C-K324-»«)  +  (7; 

but  gMt  «  96,    therefore    96  «  ^(324  -  36}  +  C,    or    (7»  -  48 ; 

therefore  gM^  -  i  (324  -x^)-  48, 

for  values  of  x  from  14  to  -  10,  that  is  for  the  whole  load  confined  to  the  span. 

If  the  load  makes  a  transit,  the  above  is  still  the  locus  for  the  central  portion. 
For  the  left  end  portion,  Wi  alone  is  on  the  span  as  0  comes  over  each  point ;  and 
for  that  portion  the  locus  is  the  parabola  for  JFz  rolling ;  the  apex  is  on  the  vertical 
throuffh  the  point  a;  s  4,  since  G'  is  no  longer  the  centre  of  gravity,  but  only  a 
point  lying  8  feet  to  the  left  of  W2  which  is  its  own  centre  of  gravity ;  the  parabola 
passes  through  the  left  end,  and  the  equation  is 

9^*  "  A  (18  +  d;  -  8)(18  -  «),  for  values  of  x  from  18  to  14. 

Similarly  glTm  -  ii  (18  -  a;  -  4)(18  +  x),  for  values  of  x  from  -  10  to  -  18. 


CHAPTER   XIII. 

OOMBINKD  LIVE  AND  DEAD  LOADS  WITH  APPROXIMATION  BY  MEAN* 
OF  AN  EQUIVALENT  UNIFORM  LIVE  LOAD. 

We  already  found  that  when  the  loads  were  all  dead  or  fixed 
the  joint  construction  of  the  shearing  force  diagram  and  the 
bending  moment  diagram  recommended  itself,  the  one  aiding 
in  the  construction  of  the  other.  The  shearing  force  diagram 
in  itself,  easy  to  draw,  helped  to  construct  the  more  dij£cult 
bending  moment  diagram. 

For  moving  loads  we  continued  to  discuss  the  two  diagrams 
together  although  they  no  longer  had  much  in  common,  owing 
to  the  fact  that  the  posUion  of  the  load  for  a  maximum  bending 
moment  and  for  a  maximum  shearing  force  at  the  same  point 
was  not  the  same  position. 

In  the  combination  of  live  with  dead  loads  to  be  dealt  with 
in  this  Chapter  matters  are  reversed,  for  the  bending  moment 
diagram  is  easily  dealt  with,  while  the  shearing  force  diagram 
demands  thorough  investigation. 

For  practical  purposes  the  dead  load  is  to  be  reckoned  as 
of  uniform  intensity  per  foot  of  span.  The  live  load  is  also 
reckoned  as  uniform  per  foot  of  length,  and  as  of  sufficient 
length  to  cover  the  whole  span. 

The  actual  live  load,  no  matter  how  it  may  be  disposed,  in 
positions  concentrated  on  wheels  regularly  or  irregularly  spaced 
is  to  be  replaced  by  an  equivaient  uniform  load.  That  is,  a 
uniform  advancing  load  (at  least  as  long  as  the  span)  which,, 
in  its  transit,  produces  the  same  maximum  bending  moment 
at  the  central  point  of  the  span  as  the  actual  load  produces  at 
or  near  the  centre.  It  is  to  be  noted  that  although  irregular 
load  systems  produce  their  maximum  effect  at  a  section  a  few 
feet  from  the  centre,  yet  this  is  covered  by  the  fact  that  in 
the  practical  design  of  girders  the  cross-sections  at  the  centre 
and  for  a  few  feet  on  each  side  of  it  are  identical.  The 
equivalent  load  also  produces  the  same  shearing  forces  at  the 
abutments  as  the  actual  load. 
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Again,  it  is  necessary  to  augment  the  actual  moving  load 
to  allow  for  the  impulsive  eflfect  due  to  high  velocities  in  a 
large  proportion  for  short  spans,  and  in  a  lesser  proportion  for 
longer  spans.  This  we  will  afterwards  illustrate  by  tables  from 
a  recent  paper  in  the  Transactions  of  the  Institute  of  Civil 
Engineers. 

The  moving  load  when  thus  augmented  and  equivalated  to 
a  uniform  intensity  may  now  be  called  the  effective  equivalent 
uniform  live  load^  but  for  brevity  it  will  now  be  called  simply 
the  li/oe  had. 

Seeing  that  both  the  dead  and  live  loads  are  now  imiform, 
the  maximum  bending  moment  will  simply  be  a  right  parabolic 
segment  standing  on  the  span,  for  the  live  load  must  be  put 
covering  the  span  for  maxima. 

The  bending  moment  diagram  is  now  a  parabola,  the  height 
of  its  vertex  being  one-eighth  of  the  product  of  the  total  load 
and  the  span ;  where  the  total  load  means  the  sum  of  the  dead 
load  and  of  the  equivalent  live  load  covering  the  span.  If  i^  be 
the  dead  load  per  foot  oiE  span,  and  w  the  live  load  per  foot,  the 
equation  to  the  bending  moment  diagram  is 

where  2c  =  Z  is  the  span,  and  x  the  distances  of  any  cross- 
section  from  the  centre.  Now  we  shall  investigate  the  impor- 
tant practical  case  of  the 

Shearing  Force  for  a  beam  under  a  fixed  uniform  load  together 
with  an  advan/ying  load  of  uniform  intensity  (fig.  167J. — ^Let  u  be 
the  intensity  of  the  fixed  uniform  load,  and  w  the  intensity  of 
the  advancing  load  in  terms  of  its  equivalent  dead  load ;  as  in 
fig.  Ill,  draw  D£  for  the  uniform  dead  load,  and  from  D£  as  a 
sloping  base  plot  the  ordinates  of  the  two  parabolas  (fig.  133) 
up  and  down  respectively ;  the  two  loci  FLE  and  JDKG  give  the 
maximum  and  minimum,  or  the  positive  and  negative  maximum, 
shearing  force  at  each  point. 

In  fig.  133,  p.  188,  the  parabola  DC  may  be  supposed  to 
be  drawn  on  the  "  Distorting  Table  "  described  in  Chapter  XL, 
p.  218.  The  table  is  then  to  be  distorted  till  its  base  is  at  the 
slope  DF  (fig.  167)  when  we  have  FLF  as  the  locus  for  the 
joint  loads ;  this  is  still  an  arc  of  the  same  parabola  with  its 
vertex  at  A^,  for  which  see  Theorem  A,  p.  131. 

The  ordinates  to  DKN^  the  portion  of  the  curve  which 
extends  over  the  left  half  of  span,  are  derived  by  taking  the 
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ordinates  of  the  8lope  OD  due  to  the  dead  load  alone  (fig.  Ill), 
and  subtracting  the  ordinates  of  BN  (fig.  133) ;  or,  what  is  tbs 
same  thing,  by  adding  the  ordinates  of  the  slope  OD  (fig.  Ill), 
and  of  the  parabolic  segment  JBN  (fig.  133),  and  then  sub- 
tracting the  constant  quantity  OiV.  When  the  ordinates  of 
the  slope  and  of  the  s^ment  are  added  by  the  Theorem  A, 
p.  131  the  resulting  locus  is  a  portion  of  the  same  parabola 
as  BN,  but  with  its  apex  to  the  left  of  £  at  a  distance 


^^--  =  ^-^^- 


w 


2xiW 


.c 


w 


(1) 


When  the    constant  quantity   ON  is   subtracted,   the  locus 
unaltered  in  form  moves  vertically  downwards  through  that 


M^^-^)'i 


T 


»-— G(La52c 


Fig.  167. 


distance ;  the  apex  stiU  remains  to  the  left  of  B  at  the 
distance  a  ;  the  curve  passes  through  the  point  -D  whose 
height  is  BD  =  tic,  and  through  the  point  G  whose  depth  is 
CG  =  (u  +  w)  c.  Similarly  BLF  is  symmetrical,  left  Mid  right, 
np  and  down. 

Taking  the  centre  of  span  as  origin,  the  equation  to  the 
parabola  A^J)G  is  . 


w 


X  -  —  X 

4c 


a 


(2) 
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The  point  K  is  found  by  making  y  =  0,  and  finding  the  corre- 
sponding value  of  X ;  thus 

The  ordinate  to  the  apex  A^  is  found  by  substituting  (c  +  a) 
for  X  in  equation  (2) ;  and  is 

^^, -(!%«)«.  ■         (4) 

Oraphical  Solution  (fig.  167). — Lay  up  BD  and  lay  down 
CEy  efiwh  equal  to  half  the  dead  load.  Then  further  lay  down 
EG  equal  to  half  the  live  load.  To  construct  as  many  points 
on  the  parabolic  arc  DKG  as  may  be  required,  divide  CB  m 
any  manner.  In  fig.  169  it  is  divided  into  twelve  equal  parts 
corresponding  to  the  bays  or  panels  in  the  girder.  More  cor- 
rectly, however,  it  should  have  been  divided  by  points  over  the 
centres  of  the  hays,  that  is,  it  should  have  been  divided  into 
eleven  equal  central  divisions  and  two  half  end  divisions.  Now 
divide  EG  similarly  to  the  manner  in  which  BC  has  been 
divided ;  then  vectors  drawn  from  D  to  the  points  of  division 
of  EG  meet  verticals  drawn  through  the  points  of  division  of 
BC,  and  determine  the  corresponding  points  of  the  curve  DKG^ 
ELF  is  the  same  curve  transferred  by  the  dividers. 

To  the  left  of  K  the  shearing  force  \a  always  positive,  to 
the  right  of  L  it  is  always  negative,  and  between  K  and  L 
there  are  both  positive  and  negative  maxima.  The  range  at 
the  centre  is  J  W^  as  for  fT  alone ;  if  i^  be  great  compared  to 
w,  the  range  between  K  and  L  is  nearly  constant  and  equal 
to  JJT,  since  the  apex  is  then  far  out  and  the  portion  of  the 
parabola  over  KL  is  very  flat. 

The  critical  points  K  and  Z,  between  which  the  shearing 
stress  sometimes  produces  distortion  of  the  girder  in  one  direc- 
tion and  at  other  times  in  the  opposite  direction,  according  to 
the  position  of  the  live  load,  are  of  great  importance.  Between 
these  points  the  girder  requires  counterbradng.  When  the 
fig.  167  is  drawn  graphically,  K  and  L  are  at  once  fixed ; 
while,  by  calculation,  the  exact  position  of  JT  is  given  by  a 
modification  of  equation  (3) ;  thus 

BK~2c(  1^^-^).  (5> 

W^     ^     wJ 

This  equation  is  so  awkward  and  the  position  of  K  so 
important  that  we  will  determine  its  position  by  ascertaining 
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the  position  of  the  live  load  which  shall  bring  the  common 
centre  of  gravity  of  the  girder  and  the  load  on  its  left  segment 
as  near  to  the  left  abutment  as  possible. 

The  centre  of  gravity  of  the  girder  itself  is  at  the  middle. 
As  the  live  load  is  pushed  on  from  B,  the  common  centre 
of  gravity  moves  from  the  middle  point  0  nearer  and  nearer 
the  left  abutment  B  for  some  time;  then  it  begins  to  move 
back  towards  the  centre  0  where  it  arrives  when  the  whole 
girder  is  covered  with  the  live  load.  For  some  segment  such 
as  BK  loaded,  the  conmion  centre  of  gravity  of  girder  and 
load  will  be  nearer  the  abutment  B  than  for  any  other.  This 
is  the  case  when  the  common  centre  of  gravity  is  at  f  the  end 
of  the  loaded  segment.  For  adding  a  load  to  the  right  of  K 
will  move  the  centre  of  gravity  to  the  right  of  K\  and  re- 
moving a  load  to  the  left  of  K  vdll  have  the  like  effect.  To 
find  K  then  it  is  only  necessary  to  assimie  the  shorter  s^ment 
BK  to  be  covered  with  the  live  load  and  at  the  same  time  the 
common  centre  of  gravity  to  be  at  JT,  This  is  readily  remem- 
bered,  and  can  be  applied  at  once  to  any  numerical  example. 

That  it  leads  to  equation  (5)  is  proved  at  once,  for  the 
supporting  force  at  the  right  end  can  be  calculated  in  two 
ways.  First,  we  may  suppose  the  dead  load  w ,  2c  concen- 
trated at  the  centre  0,  and  the  live  load  w .  BK  concentrated 
at  the  middle  of  BK,  when  the  right  reaction  is 


i^BK  w 


Q  =  uc-¥w.BK^-^  ^  uc^-r-  BK^. 

^C  4c 

Again,  we  may  suppose  the  whole  load  (?* .  2c  +  «? .  BK) 
concentrated  at  if,  when 

Q  =  {2uc-Yw.BK)?^  ^  uBK+^^BK\ 

Equating  these,  and  solving  the  quadratic  equation,  we 
have  the  same  value  for  BK  as  that  in  equation  (5). 

Another  way  of  considering  the  live  load,  that  which  Levy 
uses  in  his  Gfraphigue  StcUique,  and  which  we  follow  in  Chapter 
XXL,  is  to  consider  an  equivaient  rolling  load  on  one  wheel 
which  will  produce  the  same  bending  moment  at  the  centre, 
and  the  same  shearing  force  at  the  abutment  as  the  maxima 
produced  by  the  actual  load.  If  i2  be  the  rolUng  load  and 
^  the  dead  load,  then  the  bending  moment  di^am  is  a 
parabola,  the  height  of  the  vertex  being  (Jif  +  iU)L  By 
superposition  of  the  diagrams,  figs.  Ill  and  138,  first  distorting 

s 
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fig.  138,  80  that  its  base  will  coincide  with  the  slope  DE,  we 
have  the  shearing  force  diagram,  fig.  168. 

Girder  bridges  are  tested  by  passing  back  and  forth  over 
them  two  or  three  locomotives  of  the  heaviest  type  and  fully 
loaded,  during  which  the  deflections  are  observed.  The  effect 
is  the  more  marked  the  shorter  the  span.  With  spans  above 
100  feet  the  effect  is  nearly  the  same  as  that  calculated  for  a 


Fig.  168. 

uniform  load.  That  is  the  fact  of  the  load  being  concentrated 
in  parcels  at  the  wheels  may  be  overlooked  almost.  Compare 
figs.  155  and  156,  and  the  formulae  referring  to  them. 

In  1890  the  heaviest  locomotive  and  tender  used  on  the 
Caledonian  Eailway  corresponded  very  nearly  to  the  following — 

Loads  on  wheels  14,  15,  15,   12,   13,   11  tons  =  80  tons. 
Inter^'al8         7,     7,     9,     8,     6,     7,     6  feet  «  50  feet. 

Two  such  locomotives,  the  leading  one  running  backwards, 
serve  to  test  all  girder  bridges  from  the  shortest  spans  up  to 
a  span  of  100  feet.  That  wheel  or  set  of  wheels  adjacent  to 
each  other  which  gives  the  greatest  bending  moment  is  taken 
for  each  span,  and  the  greatest  bending  moment  near  the 
centre  is  calculated  in  this  Chapter  by  the  preceding  rules 
or  graphic  constructions.  Then  the  equivalent  uniform  load 
which  would  give  a  like  maximum  at  the  centre  is  calculated. 

Thus  on  a  span  of  5  feet  only,  one  pair  of  wheels  could 
be  on  the  bridge  at  one  time,  that  is,  the  greatest  load  is  the 
heaviest  pair,  namely,  15  tons  of  a  rolling  load.  The  equiva- 
lent uniform  load  is  30  tons  spread  or  6  tons  per  foot.  For  a 
span  of  10  feet  the  15  tons  above  the  span  and  at  its  centre 
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is  the  same  as  30  tons  spread  or  as  3  tons  per  foot ;  but  when 
the  12  tons  and  13  tons  are  both  on  the  span,  and  placed  so 
that  the  13  tons  is  as  far  from  the  right  abutment  as  their 
common  centre  of  gravity  is  from  the  left  abutment  (see  fig. 
147,  p.  203),  in  which  reckon  W^  =  12  tons,  TF^  «  13  tons, 
and  2hi  +  2h^  -  6  feet ;  then  the  maximum  bendmg  moment 
undier  ITg  is  to  be  calculated,  and  it  will  be  found  to  be  4  per 
cent  greater  than  with  the  15  tons  alone  at  the  centre. 

In  each  case  if  i^  be  the  intensity  of  the  equivalent  uniform 
load,  we  must  equate  ^wP  to  the  maximum  bending  moment 
for  the  severest  position  of  the  load. 

The  results  are  given  in  the  following  table*  : — 


Span  in 
feet. 

Maximum 
in  foot-tons. 

Equiiralent 

uniform  load  in 

tons  p«r  foot. 

Span  in 
feet. 

Maximum 
in  foot-tons. 

Equivalent 

uniform  load  in 

tons  per  foot. 

1          0 

10 
20 
30 
40 
60 

18* 
88 

104 

214 

372 

563 

6-00 
3-04 
208 
1-91 
1*86 
1-80 

60 
70 
80 
90 
100 

774 
1010 
1303 
1633 
2020 

1-72 
1-66 
1-63 
1-62 
1-62 

Within  the  last  ten  years  the  weight  of  rolling  stock  has 
greatly  increased,  and  results  similar  to  the  above,  but  on  the 
most  elaborate  scale,  are  given  in  an  excellent  paper  by  Mr.  W. 
B.  Farr,  called  "  Moving  Loads  on  Eailway  Under  Bridges,"  and 
published  in  the  Transactions  of  the  Institute  of  Civil  Engi- 
neers, 1900,  No.  3195.  Mr.  Farr  has  included  the  rolling  stock 
of  all  the  British  and  Belgian  Eailways.  His  argument  too  seems 
excellent,  namely,  that  there  is  now  no  further  possible  increase 
of  the  weight  on  the  wheels  of  rolling  stock,  so  that  increased 
weight  of  the  rolling  stock  in  future  must  be  accomplished  by 
increasing  the  number  of  wheels  which  would  not  affect  the 
equivalent  uniform  load. 

Another  excellent  feature  of  Mr.  Farr's  paper  is  that  he 
gives  a  suitable  augmentation  of  the  equivalent  uniform  load 
on  a  didmg  scale  to  allow  for  the  impulse  or  impact  of  the 
load,  so  that  his  tables  furnish  at  once  reliable  working  values 

*  These  tabulated  results  were  given  by   Dr.  Thomson  in  a  paper  to  the 
students  of  the  Institute  of  Engineers  and  Shipbuilders  of  Scotland  in  the  year  1890. 
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for  the  efifective  equivalent  uniform  load  which  are  not  likely 
to  alter  much  in  the  immediate  future. 

We  quote  here  the  summary  of  his  results. 


Main  Girders. 


X 


'  Tn5^YiTTmTn   uniform  load  per  foot  run   (40   types  of 
locomotives). 
y  s  su^ested  per  cent,  increase  for  impact. 


Spans. 
6-0  feet 

X 

tf* 

SP  +  tf 

7*60  tons 

30-00  per  cent. 

9*88  tons 

7-6    „ 

6-66    „ 

27-60      „ 

7-07    „ 

100    „ 

4-85    „ 

26-00      „ 

6-06    „ 

15-0    „ 

3-74    „ 

22-60      „ 

4-58    „ 

20-0    „ 

3-20    „ 

20-00     „ 

3-84    „ 

30-0    „ 

2-63    „ 

16-00      „ 

301    „ 

40-0    „ 

2-40    „ 

14-60      „ 

2-76    „ 

60-0    „ 

2-17    „ 

18-50      „ 

2-46    „ 

80-0    „ 

2-06    „ 

12-00      „ 

2-30    „ 

100-0    „ 

1-97    „ 

10-00      „ 

2-16    „ 

Cross  Girders. 

X  =  maximum  concentrated  loads  in  tons  on  each  smgle  line. 
y  "  suggested  per  cent,  allowance  for  impact,  &c. 


Distance  apart. 

X 

y 

a?  +  y 

3  feet 

19-00  tons 

50  per  cent. 

28-50  tons 

6    „ 

19-00    „ 

46       ,, 

27-56    „ 

7    „ 

19-00    „ 

40 

26-60    „ 

8    „ 

21-50    „ 

36       „ 

29-02    „ 

9       M 

23-50    „ 

30       ,, 

30-56    „ 

10    „ 

2511     „ 

25        „ 

31-39    „ 

*  We  think  Mr.  Parr's  addition  too  low,  and  suggest  that  p  be  increased 
throughout.    See  page  105  ;  also  see  Fidler's  Bridge  Consti-uetion,  page  241. 
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Examples. 

180.  A  bridge  32  feet  in  span  is  subject  to  the  transit  of  a  16  ton  road  roller ; 
£nd  the  equivalent  uniform  load. 

Here  J2  =  15  tons  and  I  =  32  feet,  so  that  Mo  =  \Rl  =  120  ft.-tons.  Equating 
this  to  jir^,  we  haye  An»,  w  =  [jth  of  a  ton  per  foot  run. 

181.  A  beam  36  feet  in  span  is  subject  to  the  transit  of  a  load  on  two  wheels, 
Tiz.  12  tons  on  one  and  6  tons  on  the  other,  spaced  12  feet  apart.  Find  the  equi- 
Talent  uniform  Hye  load  (see  the  model,  fig.  149,  p.  214). 

iJTa  =  if  X  16  X  16  =  128  ft. -tons  maximum. 
Put  ^wl^  =  iw  X  36  X  36  =  128. 

Jbd  t^  is  a  f  (th  part  of  a  ton. 

182.  The  beam  42  feet  in  span,  shown  on  fig.  153,  is  subject  to  the  transit  of 
the  looomotiye  shown  on  that  figure.    Find  the  equivalent  uniform  live  load. 

From  the  figure  lifls  =  261  ft.-tons  is  the  maximum  bending  moment.  Equat- 
ing this  to  ^tff  X  42  X  42,  we  find  v>  equal  to  H  tons. 

183.  A  beam  30  feet  span  is  subject  to  the  transit  of  five  weights,  each  3  tons, 
£xed  at  intervals  of  7  feet.    Find  the  equivalent  uniform  live  load. 

As  already  calculated  in  Ex.  176,  we  have  sifo  =  49*5  ft. -tons.  Equating 
jtfP  to  this,  we  find  w  a  '44  ton  per  foot. 

184.  An  advancing  load  in  length  not  less  than  the  span,  and  of  imiform 
inteufiitj  3  tons  per  foot,  passes  over  a  beam  42  feet  span.  Find  the  maxima 
shearing  forces  positive  and  negative  at  the  points  ^  =  21,  14,  7y  and  0. 

Positive  tons.      Negative  tons.  Range  tons. 

An8,    Fii       ..       630         ..         0-0         ..       63-0. 

Fii      ..       43-75       ..         1-75       ..       45-6. 

Fi        ..       280         ..         7-0         ..       35-0. 

Fo       ..       15-76       ..       15-75      ..      31-5. 

NoTB. — If  the  actual  load  be  3  tons  per  foot,  these  results  are  in  terms  of  a 
noYing  load ;  if,  however,  we  have  increased  the  actual  load  to  get  its  equivalent 
dead  load,  the  results  are  in  terms  of  a  dead  load.  If  the  actual  load  were  If  tons 
per  foot,  the  equivalent  dead  load  would  be  about  3  tons  per  foot,  and  in  this  case 
the  results  above  would  be  for  the  dead  load  equivalent  to  an  actual  advancing  load 
of  1}  tons  per  foot. 

185.  In  the  previous  example,  find  the  maximum  value  of  the  positive  and 
negative  shearing  forces  at  the  point  x  =  7,  directly. 

Let  the  segment  to  the  right  of  the  point  be  loaded  ;  the  amount  of  load  will 
then  be  28  X  3  s  84  tons ;  suppose  this  concentrated  at  the  centre  of  the  loaded 
t^ent  and  +  i^?  =  -P  »  (84  t  4)  x  14  =  28  tons  ;  again  let  the  segment  to  the 
left  of  the  point  be  loaded,  and  -  ^7  =  Q  =  (42  -f  42)  x  7  »  7  tons. 

186.  The  beam  of  example  184  is  subject  to  an  advancing  dead  load  of  3  tons 
per  foot,  and  an  uniform  dead  load  of  1  ton  per  foot  of  span.  Find  the  maximum 
poeit^  and  negative  value  of  the  shearing  force  at  intervals  of  7  feet  for  the 
combined  load,  and  the  range  at  these  points. 

For  the  uniform  load  alone,  the  shearing  forces  at  these  points  beginning  at  the 
left  end  are  21,  14,  7,  0,  -  7,  - 14,  -  21  tons.  Taking  the  algebraic  sums  of  these 
^usntities,  and  the  results  given  for  example  184,  we  find  that 

An»» 


F21    =  84, 

-Fii   =    0 ;    Fii   =  67J, 

-Fh   =      0 

F^     =  35, 

-  JP7     =    0 ;    J-o     =  15f, 

-  J?o     =  15i 

F.i    =    0, 

-  F.I    =  35  ;    F.u  =      0, 

-  J^-14  -=  675 

JP-21  =    0, 

-  F.21  =  £4  ton?. 
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Between  the  two  pointa  «  s  ±  7,  we  bave  both  a  positive  and  negative  maxi* 
mum ;  to  the  left  of  d;  =  7  the  BtresB  is  always  positive ;  to  the  right  of  xs-  7  it  is 
always  negative. 

llie  range  of  the  shearing  force  at  each  of  these  points  is  respectively  84,  67], 
36,  3),  36,  67f ,  and  84  tons. 

187.  Find,  for  the  previous  example,  the  points  between  which  the  shearing 
force  is  sometimes  positive  and  sometimes  negative ;  and  find  the  coordinates  of 
the  apex  Ai.    See  fig.  167. 

An8.  OJT  «  21  -  42  {v/(S  +  i)  -  j}  =  7  feet ;  OX  =  -  7  feet. 

For  the  apex  Ai, 

u 
OSsiX^e-k-  —  2es:  36  feet  on  horizontal  scale, 
to 


(^■) 


SAi  sys  I—  +  fiJ0a  28  tons  on  vertical  scale. 

By  using  the  coordinates  of  Au  the  graphical  construction  can  be  made  with 
greater  accuracy,  more  especially  if  the  points  Ai  and  J)  are  situated  n^ar  each 
other. 

188.  A  beam  24  feet  span  bean  a  load  of  6  tons  uniformly  distributed,  and  is 
subject  to  a  rolling  load  of  6  tons.  Find  the  amounts  and  the  range  of  the  shearing 
forces  at  intervals  of  2  feet. 

Since  the  span  is  a  little  greater  than  20  feet,  the  dead  rolling  load  equivalent 
to  the  actual  roiling  load  of  6  tons  will  be,  say,  12  tons. 

For  the  uniform  load,  F  varies  uniformly  from  3  tons  at  the  left  end  of  span, 
to  —  3  tons  at  the  right ;  for  the  rolling  load,  F  varies  uniformly  from  12  tons  to  0, 
positive  from  left  to  right,  and  negative  from  right  to  left ;  and  we  have  for  both 
loads 

Fu  =  16,  -  -Fit  =  0  ;  Fio  =  13-5,  -  J^io  «  0  ; 
Fs  =  12,  "Fb  =0;  Ft  -  10*6,  -  l^s  «  1-6; 
Fi  =  9,  -Pi  =3;  F2  =  7-6,  -Ft  =4-5; 
Fo    ■    6,  -  Jo   =6  tons. 

The  results  for  the  right  half  of  the  span  are  similar  to  the  above,  the  signs 
alone  being  changed. 

The  range  at  intervals  of  2  feet  for  the  left  half  of  the  span,  beginning  at  the 
point  of  support,  is  16,  13*6,  12,  12,  12,  12,  and  12  tons. 

189.  A  beam  24  feet  span  bears  an  uniform  dead  load  of  100  lbs.  per  foot,  and 
is  subject  to  an  advancing  load  as  long  as  the  span,  and  of  intensity  400  lbs.  per 
foot.  Find  the  shearing  forces,  and  their  range,  on  the  left  half  of  span,  at 
intervals  of  2  feet.  Find  the  critical  point  jfiT,  and  the  coordinates  of  the  apex  ^i. 
See  fig.  169. 

Since  the  span  is  a  little  greater  than  20  feet,  the  dead  advancing  load  equiva* 
lent  to  the  actual  advancing  load  of  400  lbs.  per  foot  will  be,  say,  800  lbs.  per  foot* 

Taking  this  value,  we  have 

u  s  100,    and    IT  =  800 lbs.;    c  «  12  feet. 

Substituting  in  equation  (2),  p.  266, 

J^it  =  10800,  -  J'la  =  0 ;  Fio  =  9067,  -  -Fio  =  0  ;  -Fe  =  7467,  -  ^s  =  0  ; 
Fi  a  6000,  - 1?6  =  0  ;  Fi  ^  4667,  -  J?*  =  667  ;  F%  »  3467,  -  /a  =  1467  ; 
-Fo  =   2400,  -  i^o   =  2400  lbs. 

The  range  at  intervals  of  2  feet  beginning  at  left  end  of  span  is  10800,  9067^ 
7467,  6000,  6334,  4934,  and  4800  lbs. 

OJT  =  6  feet ;        08  =  lb  feet ;        SAi  =  1360  lbs. 


CHAPTER   XIV. 


KESISTAKCS,  IN  GENERAL,  TO  BENDING  AND  SHEARING  AT  THE 
VARIOUS  CROSS -SECTIONS  OF  FRAMED  GIRDERS  AND  OF 
SOLID    BEAMS. 

Fbamed  beams  are  built  of  pieces  either  freely  jointed,  or  so 
slightly  connected  at  their  joints  that  they  may  be  considered 
as  freely  jointed.  If  the  load  be  applied  at  the  joints,  each 
piece  is  either  a  strut  or  a  tie ;  and  if  the  load  be  applied  at 
intermediate  points  on,  or  distributed  over  a  portion  of,  a  piece, 
it  (the  load)  is  to  be  replaced  by  a  pair  of  equivalent  forces  at 
the  ends,  evidently  equal  and  opposite  to  the  supporting  forces 
of  that  piece  looked  upon  as  a  short  beam.  Such  a  piece  has 
two  duties  to  perform,  viz.,  to  resist  the  bending  moments  and 
shearing  forces  as  a  small  beam,  and  to  act  as  a  strut  or  tie  in 
the  built  beam  considered  as  loeuled  at  the  joints  only;  by 
making  such  pieces  short  enough,  the  duty  they  have  to  dis- 
charge as  beams  can  be  made  so  small  compared  to  what  they 
have  to  perform  as  struts  or  ties,  that  when  designed  to  fulfil 
the  latter  duty  they  will  also  be  able  to  fulfil  the  former ;  by 
making  the  pieces  continuous  at  their  joints,  they  are  greatly 
strengthened  for  their  duties  as  short  beams. 

If  a  cross-section  cuts  not  more  than  three  pieces,  the 
unknown  stresses  are  not  more  than  three  in  number,  and 
the  three  conditions  of  equilibrium  (page  120)  enable  us  to 
calculate  the  stress  on  each ;  or  using  the  bending  moment  and 
shearing  force  diagrams,  we  can  readily  apply  the  conditions  to 
as  many  sections  as  necessary,  and  so  design  the  whole  beam. 
The  sections  chosen  for  this  purpose  should  lie  just  to  one  side 
of  the  joints  for  bending  moment  diagram,  but  for  the  shearing 
force  diagram  they  should  more  correctly  be  at  the  centre  of 
the  bays,  as  the  stress  on  a  diagonal  is  constant  and  equal  to 
the  shearing  force  at  centre  of  the  bay  multiplied  by  the  secant 
of  its  slope.  The  variations  of  the  shearing  force  for  the  half 
iMiy  on  each  side  of  the  centre  is  borne  by  the  boom  or  stringer 
bridging  across  from  joint  to  joint. 
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For  any  given  system  of  loading  a  beam  is  said  to  be  of 
uniform  strength  when  the  cross-section  of  each  piece  is  such 


Aavmneing  Lomd 
•qulrnhttt  to  800  Ibt.p.ft. 


Uniform  Losd 
lOOIf.p.n. 


^»     iO 


BontPng  Moment  dhtaod  by  depth 
glv»  mmount  of  etrota  on  Horlxontmi 
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eomponent  of  the  lomd  on  diegonml. 
Two  diatinet  dimgonela  mmy  reelet  the  poeltire 
and  negative  eheering  force.  II  one  retitte  both. 
It  mutt  be  able  to  aot  ae  a  etrut,  and  the  load  ie 
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Fig.  169. 


that  the  ratio  of  the  ultimate  or  proof  resistance  of  the  material 
and  the  tension  or  compression  which  it  has  to  bear  is  constant, 
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an  allowance  being  made,  if  necessary,  for  pieces  which  also  act 
as  small  beams. 

The  term  "  flanged  girder  "  is  employed  to  denote  all  girders 
consifiting  of  a  web  and  one  flange,  or  of  two  flanges  connected 
together  either  by  a  continuous  web  or  by  open  lattice  work ; 
in  bridges,  one  at  least  of  the  flanges  is  usually  straight,  and 
also  horizontal. 

In  figs.  84  and  85  the  stress  at  A  is  horizontal  and  is 
denoted  by  ^«;  if  the  flange  is  thin,  as  is  often  the  case  in 
iron  bridges,  this  stress  is  sensibly  constant ;  and  since  the 
intensity  of  the  stress  to  which  a  piece  is  exposed  should  not 
exceed  the  strength  of  its  material,  we  have 

p>  ^  /.  (1) 

where  /  is  the  working  or  proof  stress  as  may  be  desired ;  and 
if  ^  =  amount  of  stress  on  the  horizontal  flange,  and  S  =  the 
cross-sectional  area  of  that  flange,  then 

t  <  S.f.  (2) 

When  there  is  only  one  set  of  triangles,  as  is  shown  in  the 
lowest  of  the  three  systems  of  bracing  (fig.  169),  and  also  in 
the  two  upper  systems  if  we  neglect  the  counter-bracing,  the 
amount  of  stress  on  the  straight  boom  may  be  found  thus: — 
Take  a  cross-section  at  a  point,  say  jP,  just  on  either  side  of  a 
joint  in  the  boom  opposite  the  straight  boom  (in  fig.  169  both 
booms  are  straight);  take  moments  round  the  point  F,  and 
since  we  n^lect  the  counter-brace,  the  only  member  not  passing 
through  the  point  F  is  the  upper  boom ;  the  product  t .  h  gives 
the  moment  where  h  is  the  depth  of  the  beam  at  the  point ;  this 
is  equal  to  the  bending  moment,  and  we  have  by  substituting 
the  value  of  t  given  in  equation  (2) 

t.h  =  S.f.h  =  M.  (3) 

The  quantity  M  is  dififerent  at  diflferent  points  of  the  beam, 
and  /  is  a  constant  quantity ;  if  the  above  equation  is  to  be 
fulfilled  for  every  point,  we  make  S .  h  vary  as  ^ ;  in  practice 
one  of  these  two  factors  is  generally  kept  constant,  and  the 
other  is  made  to  vary. 

If  we  make  h  constant,  then  both  booms  are  horizontal,  and 
S  varies  as  the  bending  moment ;  hence  the  bending  moment 
diagram  gives,  upon  a  suitable  scale,  the  area  of  the  boom  at 
each  point.     The  vertical  component  of  the  stress  on  any 
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diagonal  is  the  amount  of  the  shearing  force  at  that  end  of 
the  diagonal  where  the  shearing  force  is  greatest;  hence  if  r 


(Th»  Ptuna  »r%\ 


■•- 


• 


an. 


Uniform,  Rolling  or 
Advttnelng  Lcuat. 


!9»" 


I 

\Lomd  on  two  whoelt. 

I 

I 

I 


Load  mt  end 


0 


Ttf  curvM  iLf*  are*  of 
eircleo  with  their  centro* 
on  tho  vortical*  through  tho 
apojtoo  of  pttrabolmt. 


ELEVATIONS  OF  THiH  FLANGED 
QIRDEttS  OF  UNIFORM  8TRENQTH. 
dorivod  from  Bonding  Momont  Diagram*. 


Fig.  170. 


be  the  stress  on  a  diagonal,  F  the  shearing  force  atf!  the  endjof 
the  diagonal  where  it  is  greatest  and  as  given  by  the  shearing 
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force  dic^ram,  and  0  the  angle  made  hj  the  diagonal  with  the 
vertical,  then 

T  =  J'  sec  ft  (4) 

The  depth  h  is  chosen  from  Jth  to  ii^th  of  the  span  to  ensure 
stifiiiess ;  in  fig.  169,  h  is  taken  at  3  feet,  that  is  |th  of  span, 
and  that  figure  shows  how  the  stresses  on  the  booms  and  on  the 
diagonals  are  found.  Between  the  points  K  and  Z,  counter- 
bracing  is  required  ;  this  is  accomplished  in  the  two  upper 
girders  by  introducing  pairs  of  diagonals  between  these  points, 
both  being  ties  or  both  struts  as  the  case  may  be ;  the  one 
diagonal  resists  the  positive,  the  other  resists  the  negative 
shearing  force.  In  the  Warren  girder,  the  third  in  the  figure, 
one  dii^onal  resists  both  the  positive  and  negative  shearing 
force,  the  one  being  applied  suddenly  after  the  other ;  each 
diagonal  should  be  designed  to  bear  the  stress  due  to  the  sum 
of  these  stresses.  The  lowest  girder  shown  in  the  figure  is  one 
with  thin  flanges  and  a  thin  continuous  web ;  part  of  the  bend- 
ing moment  is  resisted  by  the  web  and  part  of  the  shearing  is 
resisted  by  the  flanges,  these  parts,  however,  are  small ;  practi- 
cally the  flanges  are  considered,  as  in  the  case  of  open  beams,  to 
resist  the  whole  of  the  bending  moment,  and  the  web  is  con- 
sidered to  resist  the  whole  of  the  shearing  force ;  an  approximate 
result  is  obtained  if  we  consider  that  the  shearing  force  is 
uniformly  distributed  over  the  cross-sectional  area  of  the  web. 

If  we  make  S  constant,  then  h  varies  as  M;  and  (fig.  170) 
the  elevation  of  the  beam  will  correspond  with  the  bending 
moment  diagram  j  h^  the  depth  of  the  beam  at  the  centre  is, 
as  in  the  previous  case,  to  be  taken  sufficient  to  ensure  stiffness. 
The  curved  boom  wiU  bear  a  share  of  the  shearing  force ;  this 
compounded  with  the  stress  on  the  horizontal  boom  at  the  same 
section  will  give  the  resultant  stress  on  the  curved  boom.  It  is 
usual  in  practice  to  make  the  area  of  the  curved  and  of  the 
straight  booms  uniform,  and  to  make  the  diagonals  sufiiciently 
strong  to  resist  the  whole  of  the  shearing  force  as  in  the  pre- 
rious  case.  Where  the  curved  member  slopes  considerably,  as 
in  the  bowstring  gia*der,  it  is  made  sufficiently  strong  to  bear 
the  whole  shearing  force,  the  diagonals  being  intended  for 
another  purpose,  viz.,  to  distribute  partial  loads  in  a  sensibly 
uniform  manner. 

The  theoretical  elevations  reduce  to  a  height  zero  at  the 
ends,  and  so  give  no  material  to  resist  the  shearing  force  at 
the  point  where  it  is  gieatest ;  sufiBcient  material  is  generally 
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allowed  at  the  ends  either  by  making  the  span  of  the  girder 
exceed  the  clear  span,  or  by  departing  from  the  theoretical 
form  along  a  tangent  near  the  end.  Further,  whatever  the 
curves  may  be,  and,  as  we  have  seen,  they  are  generally 
parabolas,  they  are  usually  replaced  by  circles  which  nearly 
coincide  therewith  ;  when  the  figure  passes  from  one  curve 
to  another,  the  passage  is  made  along  a  tangent  as  will  be 
seen  on  some  of  the  figures.  Approximate  forms  consisting 
entirely  of  straight  lines  enveloping  the  bending  moment 
diagram,  are  sometimes  adopted. 

Moment  of  Resistance  to  Bending  of  Eectangulab  and 

Triangular  Cross-Sections. 

The  moment  of  resistance  to  bending  we  have  defined  as 
the  moment  of  the  total  stress  upon  the  cross-section  about 
any  point  in  it ;  and  this  we  have  shown  (figs.  83,  84,  85)  to 
be  equal  to  the  couple  which  is  the  moment  of  the  normal 
stress  on  the  cross-section. 

The  stress  (fig.  84)  might  be  artificially  produced  by  building 
on  the  portion  (YA,  columns  of  a  material  tending  to  gravitate 
towards  the  left ;  and  on  the  portion  O^B,  columns  gravitating 
towards  the  right.  These  columns  standing  on  very  small  bases, 
being  of  uniform  density,  and  of  the  proper  height  to  produce 
the  intensity  at  each  point,  will,  if  we  suppose  them  to  become 
one  solid,  form  a  wedge  with  a  stepped  or  notched  sloping 
surface ;  the  more  slender  the  columns  are,  the  more  accurately 
do  they  give  the  stress  at  each  point,  and  the  smaller  are  the 
notches  on  the  wedge ;  hence  two  right  wedges  exactly  represent 
the  normal  stress  on  the  cross-section.  Such  a  stress  is  tilled 
an  uniformly  varying  stress.  Taking  the  density  of  the  wedges 
as  imity,  the  height  of  one  will  be  expressed  by  pa,  and  the 
other  by  pj, ;  the  volumes  of  the  wedges  will  give  the  two 
normal  forces  (fig.  86)  the  resultants  of  the  thrusts  and  ten- 
sions respectively ;  these  forces  are  equal,  the  volumes  of  the 
two  wedges  must  therefore  be  equal,  and  the  position  of  the 
neutral  axis  of  the  cross-section  is  thus  determined.  Further, 
each  wedge,  instead  of  distributing  its  weight  over  its  base, 
may  be  supposed  to  stand  on  the  point  below  its  centre  of 
gravity;  this  enables  us  to  find  the  positions  of  the  normal 
forces  (fig.  86),  and  gives  us  the  arm  of  the  couple;  if  we 
multiply  the  volume  of  either  wedge  by  this  arm,  we  have  M 
the  moment  of  resistance  to  bending. 
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For  a  rectangular  cross-section,  the  neutral  axis  is  at  the 
centre  since  the  wedges  are  equal,  and  pa  equals  ph ;  and  if  the 
common  volumes  of  the  right  wedges  be  represented  by  F",  then 

V  ^  ipa^  ihh  =  Ipahh ; 

where  h  is  the  breadth  and  h  is  the  depth  of  the  beam,  as  shown 
in  fig.  77.  Each  wedge  stands  on  a  rectangular  base,  so  that 
the  point  on  the  cross-section  below  its  centre  of  gravity  is 
distant  from  (/  by  two-thirds  of  0'-4,  or  JA;  hence  the  arm  of 
the  couple  is  §A,  and 

M  =  iPabh  X  §A  =  ipal>h\ 

By  increasing  the  bending  moment  we  can  increase  M  till 
Pa  b^mes  equal  to  /,  the  resistance  of  the  material  to  direct 
tension  or  thrust,  but  no  further ;  because  if  pa  becomes  greater 
than/,  the  fibres  at  the  skin  will  be  injured ;  hence 

M  =  ifbh'  (1) 

is  the  ultimate,  proof,  or  working  resistance  to  bending,  accord- 
ing as  /  is  the  ultimate,  proof,  or  working  strength  of  the 
material.  Since  /  is  generally  expressed  in  tons  or  lbs.,  per 
square  inch,  it  is  necessary  to  express  b  and  h  also  in  inches ;  in 
which  case  M  will  be  in  inch-tona  or  lbs. ;  on  the  other  hand, 
M  is  generally  expressed  in /oo^- tons  or  lbs.;  and  it  is  well  to 
observe  that,  if  such  be  the  case,  M  requires  to  be  multiplied  by 
12  to  reduce  it  to  inch-tona  or  lbs.  before  equating  to  M. 

For  all  cross-sections,  if  b  and  h  are  the  dimensions  of  the 
circumscribing  rectangle,  the  equation  giving  the  moment  of 
resistance  is  of  the  same  form,  but  the  numerical  coefficient 
assumes  values  other  than  ^,  as  will  be  proved  hereafter.  Kan- 
kine  uses  n  for  the  value  of  this  constant,  which  he  calls  the 
numerical  coefficient  of  the  moment  of  resistance  to  bending  of 
any  cross-section    and  we  may  put 

M  =  nfbh\ 

We  shall  now  verify  this  for  a  triangular  cross-section ;  an 
isosceles  tiiangle  is  taken,  but  exactly  the  same  result  would 
be  obtained  for  any  triangle ;  the  angle  A,  however,  must  not 
be  too  acute. 
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Triangular  cross- section  (figs.  171  and  172). — ^Assume  that 
the  neutral  axis  passes  through  0  the  centre  of  gravity  of  the 


Fig.  172. 

triangle,  and  divide  the  part  below  into  three  areas  as  shown ; 
put  S  and  V  with  suffixes  for  the  areas  and  volumes  of  the 
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different  parts,  put  I  for  the  leverages  about  the  neutral  axis  of 
their  centres  of  gravity,  and,  for  convenience,  suppose  A  =  36a;, 
and  &  s  6^, 

Fi  is  a  pyramid  on  /S^  as  a  base,  and  let/  be  its  height ;  Fj 
is  a  right  prism  of  height  if ;  F,  is  a  pyramid  on  S^  as  base  and 
of  height  12a;.  Now  the  centre  of  gravity  of  a  pyramid  is  on 
the  hue  joining  the  apex  with  the  centre  of  base,  and  at  three- 
quarters  of  the  length  of  that  line  from  the  apex ;  and 

r,  =  J/5,  -  16/t7;  F^  -  i.^.S^  =  12/ry; 

r,«J.12a;.5,  =  2/cy-  F,; 

hence  F,  =  Fg  +  F3  +  F^  and  therefore  the  assumption  as  to 
the  position  of  the  neutral  axis  is  correct. 
Now 

Z,  =  12a:,    ^2  ■  8a;,    Z3  «  Z^  =  9a; ; 
and 

=  (192  +  96  +  18  +  18)/2^'  -  324/ya;'. 

Substituting      y  =  |,    and    ^  =  [^' =  ^q^> 

we  have  M  =  jjV/*A'>  (2) 

80  that  for  a  triangular  section,  n  =  -^V- 

Solid  beams  are  sometimes  made  of  imiform  section ;  that  is, 
at  the  point  of  maximum  bending  moment  the  section  is  made 
sufficient  to  resist  the  bending  moment,  and  this  section  is 
adopted  along  the  entire  length ;  at  every  other  section,  there- 
fore, the  beam  is  too  strong.  This  is  frequently  done  with 
small  timber  beams  cut  out  of  one  piece,  because  the  material 
in  excess,  even  if  cut  away,  would  be  lost ;  the  weight  of  this 
excess  is  very  little  since  timber  is  light,  and  probably  the 
cutting  of  it  away  would  add  to  the  expense  of  the  beam. 

When  the  section  of  an  uniform  beam  is  designed  to  resist 
the  maximum  bending  moment,  it  is  generally  many  times  more 
than  sufficient  to  resist  the  maximum  shearing  force. 

Solid  rectangular  beams  are  designed  of  uniform  strength  to 
economise  material,  and  to  reduce  the  weight  when  the  material 
itself  is  heavy. 
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Redangvlar  beam  of  uniform  strength  and  uniform  depth, — 
In  this  case  the  breadth  is  varied  so  as  to  make  the  cross-section 
at  every  point  just  sufl&cient  to  resist  the  bending  moment.  It 
is  evident  that  the  elevation  is  a  rectangle,  while  the  plan  will 
vary  according  to  the  load;  the  plan  however  is  to  be  sym- 
metrical about  a  centre  line.  The  theoretical  shape  of  the  plan 
so  designed  has  to  be  departed  from  near  the  ends,  so  as  to- 
make  the  end  sections  large  enough  to  resist  the  shearing  force  ;. 
and  some  additional  material  is  required  at  the  ends  of  the  beam 
to  give  it  lateral  stability ;  now 


njlh^  =  M\    therefore    h  = 


M 


nfU 


z» 


or  J  is  proportional  to  if,  since  n,f  and  h  are  constant  quantities^ 


--^     (116) 


Appro*' 
Qvaud.  of  PB.K,but  elrculair  arc  /•  c/o««  tLpprox. 


aym.  on  two  '^*2*ij____. 


I 


(W2> 


Plans 


OF  Rect.Beams  Of  Uniforh/i  Strength  a  Uniform 
Depth  same  asB,  M.  Diagrams. 

Fig.  173. 


Hence  the  half  plan  is  the  bending  moment  diagram  reduced  so- 
that  its  highest  ordinate  is  equal  to  JJ^,  the  hafi  breadth  of  the 
cross-section  which  can  resist  the  maximum  bending  moment 
(see  figs.  170  and  173).  As  has  previously  been  explained,  the 
parabolas  being  very  flat  are  readily  replaced  by  arcs  of  circles 
with  their  centres  on  the  axes  of  the  parabolas. 

In  designing  such  beams,  then,  the  uniform  depth  is  fixed 
as  a  fraction  of  the  span  from  an  eighth  to  a  fourteenth  to  ensure 
the  required  d^ee  of  stiflBiess ;  \y  the  breadth  of  the  cross- 
section  where  the  bending  moment  is  a  maximum,  is  calculated 
to  make  that  section  sufficiently  strong,  exactly  as  in  the  pre- 
ceding examples ;  then  the  bending  moment  diagram  is  reduced 
till  its  highest  ordinate  is  j6^,  and  drawn  on  both  sides  of  a 


FRAMED  GIRDERS  AND  OF  SOLID  BEAMS.        273 

central  line.  All  the  curves  may  now  be  replaced  by  circular 
arcs,  and  all  sudden  changes  of  breadth  bridged  over  by  tan- 
gents; the  curves  are  to  be  departed  from,  near  the  ends,  to 
make  the  sections  there  strong  enough  to  resist  the  shearing 
force.  Otherwise,  the  breadths  may  be  calculated  at  a  number 
of  sections  and  plotted,  and  a  fair  curve  drawn  through  them,  &c. 

lUctangvlar  beam  of  uniform  strength  and  tmiform  breadth. — 
It  is  evident  that  the  plan  is  a  rectangle ;  and  since  nfbh^  =  Jf, 
we  have  h  proportional  to  V-3f.  Hence  the  elevation  of  the  beam 
is  obtained  by  degrading  the  bending  moment  diagram,  so  that 
the  derived  figure  has  its  highest  ordinate  equal  to  A^,  the  depth 
required  to  ensure  stiffness ;  b  is  then  to  be  made  sufficient  to 
resist  the  maximum  bending  moment  (see  Theorems  F,  0,  and 
5;  figs.  96,  97,  98,  pages  134  and  135). 

The  figures  in  brackets  refer  to  the  corresponding  bending 
moment  diagrams. 

Fig.  174  shows  what  the  bending  moment  diagrams  (107), 
(108),  (111),  (114)  become  when  degraded  by  the  preceding 
theorems.  The  elliptical  elevation  of  a  beam  for  an  uniform 
load  is  readily  struck  from  three  centres,  as  shown  in  fig.  98 ; 
AD  from  a  centre  on  AO  and  with  a  radius 


OB" 
OA 


rg  =  7^  =  60«^24  -  150; 


BC  from  a  centre  K  with  radius 

^1"  -Q^  =  24'  -r  60  -    10  nearly ; 

E  is  found  by  drawing  OH  from  the]  first  centre,  and  a  circle 
about  IT  with  a  radius 

^8  =  *o  -  ^1  =  24  -  10  =  14  ; 

further,  if  we  choose  we  may  retain  the  single  circular  arc  AD, 
and  depart  along  the  tangent  at  D,  For  a  beam  with  the  load 
at  the  centre,  the  two  parabolas  may  be  replaced  by  their 
tangents ;  this  gives  an  approximate  form,  and  the  beam  will 
now  consist  of  two  straight  portions  tapering  so  that  the  depth 
at  each  side  is  -J-A^,  h^  being  the  depth  at  the  middle  (see  fig.  90) ; 
the  area  of  the  theoretical  elevation  is  two-thirds,  while  that 
of  the  approximate  elevation  is  three-quarters,  of  a  rectangle  of 
height  A^ ;  these  areas  are  as  8  to  9 ;  hence  the  volume  of  the 

T 


274 


BBSISTAKCS  TO  BENDINO  AND  SHSABIKG  OF 


approximate  form  is  only  one-eighth  in  excess  of  the  theoretical 
one,  and  the  additional  material  is  well  placed  to  resist  shearii^ ; 
the  approximate  form  is  in  some  cases  preferable,  since  it  has 
the  great  advantage  of  straight  boundaries.  The  same  remaiks 
apply  to  the  elevation  of  a  cantilever  with  the  load  at  the  end ; 
on  this  principle  spokes  of  wheels,  when  of  uniform  thicknees, 
taper  to  half  the  depth  from  boss  to  tyre.  More  particularly 
in  timber  beams  and  cantilevers 
are  the  straight  boundaries  de- 
sirable. The  material  is  light, 
and  the  extra  wood  at  the  ends 
holds  the  bolts  and  fastenings 
securely. 


^^^-^  (107) 


(hcomtimnt) 


ELEVATIONS 
UNIF.  8TREN0TH,UNIF.  BREADTH 
B.IU.  DIAGRAM  DEGRADED. 


(114) 


H:h::2W^(r:fr 


Fig.  174. 


Fig.  175. 


In  fig.  175  are  shown  the  effects  of  degrading  such  bending 
moment  diagrams  as  (100),  (103),  (115),  duigrams  consisting  of 
straight  slopes.  Producing  the  slopes  to  meet  the  base  as  at 
A,  B,  &c.,  the  elevation  for  beams  of  uniform  strength  and 
uniform  breadth  will  consist  of  a  series  of  parabolas  with  Hmr 
apexes  at  A,  B,  &c.,  and  intersecting  on  the  lines  of  action  of 
the  concentrated  weights. 

An  approximate  elevation  is  to  be  derived  thus: — ^Lay  up 
h^  at  the  point  of  greatest  bending  moment,  the  proper  fraction 
of  the  span  to  ensure  stiffness,  and  calculate  the  breadth  of  that 
cross-section  as  in  the  preceding  examples,  so  as  to  give  the 
proper  resistance  to  bending  there ;  from  the  top  of  A^  draw  a 
tangent  to  the  parabola  whose  apex  is  Ay  that  is,  draw  the  line 
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which  intercepts  ^h^  on  the  vertical  through  jl,.and  it  will  cut 
off  ?i^  on  the  line  of  nearest  weight ;  from  the  top  of  h^  draw  a 
slope  to  cut  off  ^\  on  the  vertical  through  B,  the  apex  of  second 
parabola  and  the  point  where  the  second  slope  of  the  bending 
moment  diagram  meets  the  base,  this  will  be  parallel  to  the 
tangent  to  that  parabola,  &c.,  &c. 

It  is  evident  then  that  these  approximate  elevations  for 
concentrated  loads  consist  of  straight  lines,  each  sloping  at 
half  the  rate  of  the  corresponding  side  of  the  bending  moment 
diagram;  from  this  fact  they  are  readily  drawn  thus: — ^From 
the  highest  point  in  the  bending  moment  diagram  draw  a  line 
at  haU  the  slope  of  the  adjacent  side  till  it  cuts  the  line  of  the 
weight  nearest  to  that  point ;  from  the  point  thus  found  draw  a 
line  to  cut  the  next  weight  at  half  the  slope  of  the  corresponding 
side  of  the  bending  moment  diagram,  &c. ;  lastly,  reduce  the 
ordinates  so  that  the  highest  is  h^. 


(bcon^i^ni) 


(143) 


(116) 


Fig.  176. 


When  fig.  130  is  degraded,  from  X  to  JD  it  will  be  a  portion  of 
the  parabola  whose  apex  is  at  £  the  centre  of  load,  and  from  DtoC 
a  straight  slope ;  the  approximate  form  is  a  straight  slope  to  D  the 
end  of  load,  and  which,  when  continued,  tapers  to  ^h^  at  B ;  then 
from  JD  a  straight  slope  tapering  to  zero  at  the  free  end.  On  de- 
grading the  two  parts  of  fig.  119  separately,  that  for  U  will  be 
a  taper  from  a  at  the  fixed  end  to  zero  at  the  free  end ;  while 
the  approximate  form  for  W  will  be  a  taper  from  I  at  the  fixed 
end  to  -J J  at  the  free  end ;  hence  the  approximate  elevation  for 
the  combined  load  is  a  taper  from  {a  +  b)  at  the  fixed  end  to  ^ 
at  the  free  end ;  substituting  for  a  and  b  their  values,  we  have 
ir:h::2W+V':W. 

Fig.  176  shows  (116)  and  (143)  degraded,  the  quadrants  of 
parabolas  becoming  quadrants  of  ellipses. 
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In  those  bending  moment  diagrams  which  consist  of  a 
series  of  intersectmg  parabolic  segments  all  of  one  modulus^ 
the  degraded  figures  will  consist  of  a  series  of  intersecting 
semi-ellipses  on  the  same  base  line,  intersecting  on  the  same 
verticals,  and  having  their  heights  proportional  to  their  bases ; 
this  follows  from  theorem  at  fig.  98,  or  at  once  from  the  fact 
that  the  heights  of  the  parabolic  segments  were  proportional  to 
the  squares  of  their  bases ;  in  some  figures  it  wOl  be  necessar}' 
to  bridge  over  gaps  at  junctions  of  pairs  of  ellipses.  The 
following  is  an  easy  method  (fig.  177)  of  d^ading  these 
diagrams,  and  as  an  example  we  will  take  fig.  147;  from  ^^ 
with  radius  S^B,  describe  the  circular  arc  BAfi ;  from  S^^  with 

radius  S^,  draw  arc  DA^C\  draw  mn  the  common  tangent  to 
the  two  circles,  and  BmnC  is  the  degraded  figure ;  it  only 
remains  now  to  reduce  the  ordinates  of  m,  -4^,  n,  A^,  so  that 
the  highest  is  A^,  when  mn  will  still  be  a  straight  line  and  a 


B  5,  p  o    -Sa  "'      c 

Fig.  177. 

common  tangent  to  mB  and  nC,  which  will  be  arcs  of  ellipses 
whose  centres  are  ^8^^  and  S^- 

The  same  method  appHes  to  fig.  153,  and  in  drawing  the 
intermediate  elliptic  arcs,  they  will  be  struck  from  one  centre 
as  they  will  not  extend  past  the  portion  AD  in  fig.  98 ;  the  end 
arcs  will  be  struck  from  three  centres,  as  also  shown  in  fig.  98. 
In  fig.  177,  we  may  depart  along  tangents  to  the  circles  near  B 
and  C ;  in  which  case,  when  we  reduce  the  ordinates,  ail  the 
elliptic  arcs  may  be  struck  from  one  centre,  and  the  elevation 
will  consist  of  straight  lines  and  circular  arcs ;  the  radii  of  the 
circular  arcs  being  calculated  like  r^  in  fig.  98,  and  their  centres 
lying  in  the  axes  of  the  parabolas  in  the  bending  moment 
diagram. 

The  same  construction  degrades  fig.  120,  and  here  no  bridg- 
ing over  is  required ;  thus  from  i>i  with  radius  JD^B  describe  a 
circular  arc  BJS ;  from  B^  with  radius  B^  describe  arc  JEF, 
&c.,  &c.,  and  reduce  the  ordinates  so  that  the  highest  is  h^ 
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When  fig.  126  is  degraded,  BAE  becomes  an  elliptic  arc, 
and  EC  a  parabola  with  its  apex  at  C  and  its  axis  horizontal ; 
the  two  curves  have  a  common  tangent  at  E ;  the  parabola  EC 
will  be  replaced  by  the  tangent  at  E,  which  will  cut  off  on  the 
vertical  at  C  one-half  of  FE ;  the  ordinates  of  the  figure  are 
readily  reduced.  Otherwise,  from  D  with  radius  DB  describe 
a  circular  arc  BAE  \  draw  a  tangent  from  E  to  meet  the 
vertical  through  C^  and  reduce  the  ordinates. 

In  the  same  way  fig.  124  can  be  degraded. 

In  degrading  such  figures  as  (128),  (148),  (156),  it  is  to  be 
remembered  that  the  parabolas  have  not  a  common  modulus. 
For  instance,  in  d^ading  (148)  each  of  the  parabolas  1  and  2 
is  to  be  replaced  by  a  semi-ellipse,  whose  height  is  proportional 
to  the  product  of  the  base  of  the  corresponding  parabolic  quad- 
rant into  the  square  root  of  its  modulus ;  while  BEC  is  to  be 
replaced  by  a  semi-ellipse,  whose  height  is  proportional  to  the 
product  of  its  base  into  the  square  root  of  its  modulus.    Now 

B  W 

the  common  modulus  of  1  and  2  is  — ,  while  that  of  BEC  is  -^ ; 

hence  for  each  semi-ellipse  we  have 

height  of  No.  1  :  height  of  No.  2  :  height  of  ellipse 

BEC  ::  B.BS^  :  R.CS^  :  W^,OB. 

RectangtUar  beam  of  uniform  strength  and  similar  cross- 
section. — In  this  case  both  b  and  h  vary,  but  they  bear  to  each 
other  a  constant  ratio ;  it  is  evident  that  the  plan  and  elevation 
will  have  the  same  form.  The  plan  is  always  to  be  symmetrical 
about  a  centre  line ;  the  elevation  may  either  have  one  straight 
boundary,  or  be  symmetrical  about  a  centre  line. 

Since  6  oc  A,    then    bh*  oc  6',    or    A' ; 

now  nfbK"  =  M,    &A»  oc  M; 

therefore  b    and    h  oc  'JJlf. 

That  is,  both  plan  and  elevation  are  derived  by  drawing  a  locus 
whose  ordinates  are  proportional  to  the  cube  roots  of  those  of 
the  bending  moment. diagram. 

For  bending  moment  diagrams  with  straight  slopes,  that  is, 
for  concentrated  loads,  the  degraded  figures  were  parabolas  with 
axes  horizontal,  &c. ;  in  the  same  way,  when  the  new  figure  is 
niade  with  its  ordinates  proportional  to  the  cube  roots  of  the 
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ordinates  of  the  straight  slopes,  it  becomes  what  is  called  a 
cubic  parabola;  a  property  of  this  curve  is  that  the  tangent 
cuts  off  two-thirda  of  the  ordinate  upon  the  vertical  through  the 
apex,  instead  of  one-half  sis  in  the  case  of  the  common  parabola. 
Hence  figs.  174  and  175  give  approximate  elevations  and  half 
plans  of  beams  of  uniform  strength  and  similar  cross-sections,  if 
we  use  f  Aq  instead  of  ^\  in  making  the  construction ;  or  if  we 
draw  the  tapers  at  two-thirds  of  the  slopes  of  the  bending 
moment  diagram  instead  of  one-half.     Observe  that  in  this 


(107) 


(107) 


(108) 


^  l,f///pf/C 

•pok9. 


(108) 


Approx.  Uniform  Strtngth 
Similar  Croat  Sactlona. 


Fig.  178. 


case  there  is  a  double  taper  in  planes  at  right  angles  to  each 
other. 

On  this  principle  the  crosshead  of  a  piston-rod  may  have  a 
conical  taper,  so  that  the  diameter  at  each  end  may  be  two- 
thirds  of  the  diameter  at  the  centre ;  and  the  spokes  of  wheels 
may  have  a  conical  taper  from  the  boss  to  two-thirds  (linear 
dimensions)  at  the  tyre. 


Examples. 

190.  Find  the  working  moment  of  roBistance  to  bending  of  a  rectangular 
Motion,  10  inches  deep  and  3  inches  broad,  the  working  strength  of  the  material 
being  4  tons  per  square  inch. 

M  =  «/W  =  J  .  4 . 3  .  100  =  200  inch-tons. 
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Find  the  same  for  an  isosceles  cross- section  inscribed  in  the  above  rectangle, 
and  with  the  base  horizontal. 

Afu.  M  e  nfbh^  =  ij*^  .  4  .  3  .  100  a  60  inch-tons. 

191.  Find  suitable  dimensions  for  a  cast-iron  beam  20  feet  span,  of  uniform 
snd  rectangular  cross-section,  and  subject  to  a  load  of  10  tons  at  the  centre. 

Taldng  A  =  20  inches,  a  twelfth  of  the  span,  to  ensure  stiffness ;  /=  2  tons 
per  square  inch ;  and  M  =  ifb  =  m  TT/,  the  mazimimi  bending  moment. 

Ans.  J  .  2  .  *  .  20*  =  J  .  10  .  (12  X  20) ;     .•.*==  4'6  inches. 

192.  If  the  breadth  be  taken  at  6  inches,  what  depth  would  give  sufficient 
ttiength? 

Ans.  i  .  2  .  6  .  A»  =  J  .  10  .  (12  X  20) ;     .-.  A  =  17-3  inches. 

193.  If  the  load  is  uniformly  distributed,  and  the  cross-section  is  a  triangle 
whose  base  is  horizontal  and  8  inches  broad,  find  the  height  of  the  triangle. 

Ans.  sV  .  2  .  8  .  A»  =  1 .  10  .  (12  X  20)  ;     .-.  h  =  21*2  inches. 

194.  Find  the  greatest  cross-section  for  a  wrought-iron  beam  of  rectangular 
section  and  15  feet  span,  to  bear  a  load  of  20  tons  uniformly  distributed,  together 
with  a  load  of  5  tons  at  the  centre.  Take  /=  4  tons  per  square  inch,  and  A  =  15 
inches  to  give  sufficient  stiffness. 

Ans.  i  .  4  .  d  .  15»  =  (J  .  20  .  15  +  J  .  5  .  16)  X  12 ;     .-.  *  -  4-6  inches. 

195.  Taking  the  depth  one- twelfth  of  the  span,  and/=  4  tons  per  square  inch, 
find  the  breadth  for  a  wrought-iron  beam  of  rectangular  section,  to  resist  the 
maTimnm  bending  moment  in  £z.  160. 

Ans.  i  X  4  X  d  X  36^  =  112^  x  12  ;     .'.  b  m  1-66  inches. 

196.  Design  a  rectangular  cantilever  10  feet  long  of  approximately  uniform 
strength  and  of  uniform  breadth,  of  timber  whose  working  strength  is  1  ton  per 
square  inch ;  the  load  is  2  tons  at  the  free  end,  and  Ao  »  16  inches,  an  eighth  of 
the  length. 

Ans.  nfhho^  =  m  .  W .  I ;  J  .  1  .  *  .  16»  =  (1  .  2  .  10)  12,  gives 
6  =  6*4  inches  for  uniform  breadth ;  the  depth  tapers  from  15  inches 
at  fixed  end  to  7*6  inches  at  free  end. 

197.  If  an  additional  uniform  load  of  4  tons  be  added,  and  Ao  be  still  retained 
15  inches,  find  the  value  now  of  bj  and  of  A  at  the  free  end  for  £x.  196. 

Ans.  At  the  fixed  end  the  bending  moment  will  be  douMe  its 
former  amount,  so  that  b  will  be  doubled ;  that  is,  b  b  12*8  inches,  and 
Ao:A::2W=^+l7':F';:16:A::2x2  +  4:2;    .*.  Aio  =  3*75 ins. 

108.  A  wooden  cantilever  12  feet  long  bears  8  tons  uniformly  distributed  on 
the  half  next  the  free  end.  Design  an  approximate  elevation,  supposing  the 
breadth  to  be  uniform,  and  /=  1  ton  per  square  inch ;  take  depth  at  fixed  end  as 
18  inches. 

Ans.  Mo  =  27  foot-tons  «  324  inch-tons ;  | .  1 .  6  .  18^  =  324  ; 
.*.  bss6  inches  constant. 

Between  the  fixed  end  and  the  end  of  the  load  next  thereto,  the  elevation  will 
taper  at  the  rate  of  1  inch  per  foot,  and  thence  to  zero  at  the  free  end  ;  that  is, 
A«t=  18,  ^  a  12,  and  A12  =  0  inches. 
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199.  Design  a  cantileyer  for  Ex.  196,  supposing  its  section  to  be  a  square, 
taking  dimensions  to  the  nearest  whole  number  in  inches. 

Am.  Put  ^0  =  ^  =  side  of  square  at  fixed  end,  and  equating 
w/^  =  m  ,  IF .  I,  gives  ^0  =  ^0*=  11-3,  say  12  inches.  The  side  of 
the  square  at  the  free  end  is  612  =  A13  =  8  inches. 

200.  Design  albeam  whose  span  is  20  feet,  of  timber  whose  strength  is  1  ton 
per]  square  inch  ;*the  beam  to  be  of  uniform  breadth  and  approximatdj  uniform 
strength ;  the  loads  are  4,  3,  and  4  tons  at  points  6,  12,  and  16  feet  respectively 
from  the  left  end. 

Am.  Fssd,  Q  a  6  tons ;  in  the  bending  moment  diagram,  beginning 
at  the  left  end,  we  have  the  slopes  as  follows : — 

Vert.       Horiz. 
«i  a  P         .  .     s  6     to     1  up  to  right, 

S2  -  P-Wi  .=  1    to    1  up  to  right, 

*3  =  P-  JF1-W2      .    =  2    to    1  down  to  right, 
*4  =  P- JTi- W^2-»^3  =  6    to    1  down  to  right; 

hence  Jfia  =  32  foot-tons  maximum. 

In  the  degraded  figure  let  Ait  =  32  parts ;  from  the  top  of  this  ordinate  the 
slope  down  to  the  left  will  be  half  of  the  corresponding  slope  in  the  bending 
moment  diagram ;  that  is,  '6  vertical  to  1  horizontal,  and  it  extends  over  7  feet ; 
hence  As  »  Ai2  —  '6  x  7  »  28*5  parts.  The  next  slope  from  this  down  to  left  is  at 
the  rate  2-5  to  1,  and  extends  over  6  feet ;  so  that  Ao  »  As  —  2*5  x  5  9  16  parts. 
Beginning  again  at  top  of  Ait  the  slope  down  to  right  is  at  the  rate  1,  and  extends 
over  4  feet,  so  that  Ais  >=  Ait  -  1  x  4  =  28  parts.  The  next  slope  down  to  right  is 
at  the  rate  8  and  extends  over  4  feet ;  so  that  A20  «  Aie  -  8  x  4  »  16  parts ;  thus 

Ai :  As  :  A12 :  Ais  :  Ato  : :  16  :  28-5  :  32  :  28  :  16. 

Putting  Alt  B  20  inches  a  twelfth  of  the  span  for  stiffness,  and  reducing  the 
otheis  in  the  proportion  of  20  to  32,  we  have  on  the  elevation 

Ai  e  10,    As  B  18,    Alt  *  20,    Alt  s  17'6,    Ato  »  10  inches. 

To  find  the  uniform  breadth  put 

i  X  1  X  &  X  20>  B  384  inch-tons ;    and    .-.  b  s  6*76  inches. 


Abea,  Geometrical  Moment,  and  Moment  of  Inertia. 

The  functions  of  a  plane  surface  which  we  require  for  our 
investigations  regarding  the  moment  of  resistance  to  bending 
of  a  cross-section  in  general,  are  the  area,  geometrical  moment, 
and  moment  of  inertia. 

The  area  of  a  rectangle  is  the  product  of  its  two  adjacent 
sides ;  the  area  of  any  other  surface  is  the  sum  of  all  the 
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elementary  rectangles  into  which  it  may  be  divided.  We  take 
it  for  granted  that  the  area  of  the  triangle,  the  circle,  the 
ellipse,  and  parabolic  quadrant  are  respectively  half  the  product 
of  the  height  into  the  base,  ir  into  radius  squared,  tt  into  the 
product  of  the  semi-major  and  semi-minor  diameters,  and  two- 
thirds  of  the  product  of  the  circumscribed  rectangle. 

The  area  of  any  figure  ia  quite  independent  of  the  position  of  the  axis  to  which 
the  figure  is  referred ;  and  the  word  arta  is  conveniently  used  as  a  name  for  a 
finite  plane  surface. 

Defikition. — ^The  g§omHrieal  moment  of  a  surface  ahout  any  line  in  its  plane 
as  aiis,  is  the  sum  of  the  products  of  each  elemental  area  into  its  leverage  or  per- 
pendicular distance  from  that  axis  ;  the  leverages  which  lie  to  one  side  of  the  axis 
being  reckoned  positive,  and  those  to  the  other  side  negative. 

Each  elemental  area  is  to  be  so  small  that  the  distance  from  the  axis  to  every 
point  in  it  is  sensibly  the  same.  If  the  surface  were  a  plate  of  unit  thickness  and 
unit  density,  it  is  evident  that  the  statical  moment  of  the  plate  '^ould  be  exactly 
the  geometrical  moment  of  the  surface.  Suppose  the  axis,  for  instance,  to  be  a 
biife  edge  upon  which  the  plate  rests,  the  weights  of  the  portions  on  different 
sides  tend  to  cause  the  plate  to  rotate  in  opposite  directions,  and  their  statical 
moments  are  of  different  sign ;  the  definition  shows  the  geometrical  moment  of 
these  portions  of  the  surface  also  to  be  of  opposite  sign. 

It  will  be  convenient  for  us  always  to  choose  a  horitontal  axis  ;  and  if  we 
consider  leverages  tij9  to  be  positive,  then,  when  the  axis  is  below  the  area,  the 
geometrical  moment  is  positive ;  when  above  it,  negative  ;  when  the  axis  cuts  the 
area,  it  will  be  positive  or  negative  according  as  the  axis  is  near  one  or  other  edge ; 
and  for  one  position  of  the  axis,  cutting  the  area,  the  positive  and  negative  products 
▼ill  destroy  each  other,  and  the  geometrical  moment  wiU  be  zero. 

An  axis  about  which  the  geometrical  moment  of  an  area  is  zero  passes  through 
a  point  called  the  geometrical  centre  of  the  area.  From  this  it  appears  that  the 
9^etrical  centre  of  an  area  corresponds  with  the  centre  of  gravity  of  a  thin  plate 
of  uniform  thickness  and  of  that  area ;  and  for  this  reason  the  geometrical  centre 
of  an  area  is  often  called  its  centre  of  gravity. 

TheorefH. — ^The  geometrical  moment  of  a  surface  about  any  axis  in  its  plane  is 
e^ual  to  the  area  multiplied  by  the  distance  of  the  geometrical  centre  from  the  axis 
(fig.  179).    Suppose  O  the  geometrical  centre  of  the 

luiface  to  be  known ;  through  G  draw  00'  parallel  y x 

to  the  axis  AA  ;  let  a  and  a'  be  a  pair  of  elemental  I          \ 

areas,  one  on  each  side  of  OCX,  such  that  the  sum  of  ^             "'*>. 

their  geometrical  moments  is  zero ;  that  is,  a.  a  =  a .  6.  f           ^   *  ^""Vs    T" 

It  ia  evident  that  the  whole  area  can  be  divided  into    0-i 1^ 4*- 

luch  pairs  from  the  definition  of  the  geometrical  \       |           n-L^ 

centre.    The  geometrical  moment  of  a*  about  AA  is  ^""H----^^*  ^"    T 

*'{rf  +  a),   that  of  a  is  a (rf  -  A),   and  their  joint  '^                 j 

Bjomentis  (a'+a)rf+(a'a-aft)  =  (a'+a)rf,  since  the  7                    0 

>econd  term  is  zero.     In  the  same  way  the  moment  | 

of  each  pair  is  their  sum  multiplied  by  d  ;  hence  the  '                     { 

geometrical  moment  of  the  area  about  ^^  is  the       a 1^ it 

(nm  of  nil  the  pairs  into  d,  that  is,  the  areu  multiplied 

hy  the  distance  of  the  geometrical  centre  from  the  Fig.  179. 

axis. 

^' — llie  geometrical  moment  of  an  area  which  can  be  divided  into  simpler 
%ire6  whose  geometrical  centres  are  known,  may  be  found  by  multiplying  tlie 
v^  of  each  such  figure  by  the  distance  of  the  axis  from  its  geometrical  centre  and 
■uaixning  algebraicidly. 
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Fig.  180. 


Theorem. — ^The  geometrical  moment  of  an  area  about  an  axis  in  its  plane  is 
expressed  by  the  number  which  denotes  the  Yolume  of  that  portion  of  a  right* 
angled  isosceles  vedge  whose  sloping  side  passes 
through  the  axis,  and  which  stands  on  the  area  as 
base. 

Let  AEKFA  (fig.  180)  be  the  wedi?e,  and  AF 
its  sloping  side  passins  through  the  axis  AA'  \  the 
angle  at  ^  is  46°  and  that  at  ^  is  90" ;  let  BCBE  be 
the  area,  then  the  geometrical  moment  of  BODE 
relatively  to  the  axis  AA*  is  represented  by  the 
yolume  of  DBCKL. 

If  «  be  an  elemental  portion  of  the  area  BCDE, 
its  geometrical  moment  about  AA'  is  t  multiplied  by 
its  distance  irom  AA' ;  but  the  column  of  the  wedge 
standing  on  « is  sensibly  a  parallelepiped  whose  height 
is  the  same  as  the  distance  of  8  from  AA',  and  the 
volume  of  that  column  expresses  the  geometrical 
moment  of  t ;  hence  the  volume  of  DBCKZ,  a 
portion  of  the  isosceles  wedge,  is  the  geometrical 
moment  of  BCDE  about  AA', 

When  the  axis  cuts  the  area,  the  plane  sloping  at 
46**  will  form  a  wedge  i^ove  one  portion  and  below  the 
i>ther;  by  considering  these  of  different  signs,  their  algebraic  sum  is  still  the 
geometrical  moment.  For  example,  if  we  wish  to  find  the  geometrical  moment  of 
the  triangle  (fig.  172)  about  the  axis  If  A  ;  let  /=  }A,  then  the  plane  will  slope 
at  45° ;  in  the  figure,  the  volume  on  one  side  of  the  axis  is  equal  to  the  volume  on 
the  other,  that  is,  the  geometrical  moment  is  zero ;  the  axis  2fA  must  pass  there- 
fore through  the  geometrical  centre. 

To  find  an  axis  passing  through  the  geometrical  centre  of  a  plane  area  then,  it 
is  only  necessary  to  draw  a  plane  sloping  at  45*^  which  will  cut  off  an  equal  volume 
of  the  wedge  above  and  below ;  the  intersection  of  this  plane  with  the  area  will  be 
the  axis  re<|uired. 

By  simihur  triangles  a  plane  through  that  axis  at  any  slope  will  cut  off  equal 
volumes  above  and  below  ;  the  wedges  which  represent  the  normal  stress  (fig.  84) 
require  to  be  equal,  hence  the  neutral  axis  of  a  eroes-section  passes  through  the 
geometrical  centre  (or  centre  of  gravity)  of  the  cross- section. 

The  distance  of  the  neutral  axis  from  the  furthest  away  skin  is,  in  each  cross- 
section,  a  definite  fraction  of  h  the  depth  of  the  circumscribing  rectangle ;  for 
instance,  for  a  triangular  cross-section  (figs.  171,  172) 

OA  =  }A. 

Bankine  expresses  this  generally  thus 

OA  =  m'h 

where  m'  is  the  fraction  which  the  distance  from  the  neutral  axis  to  the  farthest 
away  skin  is  of  the  depth  ;  for  all  cross- sections,  symmetrical  above  and  below,  as  a 
rectangle,  ellipse,  hollow  rectangle,  &c.,  m'  =■  ^. 

Definition. — The  moment  of  inertia  of  a  surface,  about  a  line  in  its  piano  as 
axis,  is  the  sum  of  the  products  of  each  elemental  area  into  the  square  of  its 
distance  from  the  axis. 

Whether  the  horizontal  axis  intersects,  or  is  below  or  above  the  area,  the 
moment  of  inertia  will  be  positive  ;  for,  though  the  leverage  be  negative,  the 
square  of  that  quantity  is  always  positive ;  it  is  also  impossible  that  the  sum  can 
ever  be  zero.  When  the  horizontal  axis  is  at  a  great  distance  below,  the  moment 
of  inertia  is  very  great,  since  the  leverage  of  each  element  is  great ;  as  the  axis 
approaches,  the  moment  of  inertia  decreases ;  when  the  axis  has  passed  above  the 
area  and  recedes,  the  moment  of  inertia  again  increases ;  hence  for  one  position  of 
the  horizontal  axis,  the  moment  of  inertia  was  less  than  when  that  axis  was  in 
any  otiier  position. 
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Theorem. — The  moment  of  inertia  of  a  lurfiice  a1)out  any  azi«  in  its  plane  equals 
that  about  a  parallel  axis  through  its  geometrical  centre,  together  with  the  product 
of  tiie  area  into  the  square  of  the  deyiation  of  the  axis  from  the  centre. 

Let  t  and  »'  {Sig.  179)  be  a  pair  of  elemental  areas,  the  sum  of  whose  geometrical 
moments  about  OCX  is  aero ;  and  let  xi  and  xt  be  their  leverages  about  2.  A  respec- 
tifely.    The  sum  of  their  moments  of  inertia  about  AA  is 

=  (»'  +  *)rf«  +  2{i'ff-a5)rf +(/««  + #42) 

=  (a'  +  #)  i"  +  (»'a«  +  «*•),      since      (^a  -  tb)  =  0. 

Summing  the  left  side  for  all  pairs  we  haye  the  moment  of  inertia  of  the  area 
about  AA.  The  first  term  on  the  right  side  is  the  area  of  each  pair  into  the 
square  of  the  deviation ;  and  the  sum  of  Uiese  for  all  pairs  is  the  area  into  the 
square  of  the  deviation ;  the  second  term  on  the  right  side  is  the  moment  of 
meitia  of  s  and  tt  about  0(/,  the  sum  will  be  the  moment  of  inertia  of  the  whole 
area  about  0(/.  If  I^  and  lo  represent  the  moments  of  inertia  round  the  axes  A 
and  0  respectively,  then 

Ia  ^  3.eP  +  Io, 

vhere  8  is  the  area  of  the  figure. 

0»f . — For  any  set  of  parallel  axes,  the  moment  of  inertia  about  that  axis  which 
passes  through  the  geometrical  centre  is  a  minimum ;  and  those  axes  which  give 
minima  values  for  the  moment  of  inertia  intersect  at  a  point. 

When  we  speak  of  the  moment  of  inertia  of  a  body  without  specifying  with 
regard  to  the  axis,  it  is  to  he  understood  that  the  axis  is  horizontal  and  passes 
through  the  geometrical  centre.  The  point  of  intersection  for  those  axes  which 
give  minima  values  for  the  moments  of  inertia  is  called  the  centre  of  inertia  ot  the 
area ;  this  point  coincides  with  the  geometrical  centre  of  the  area,  and  with  the 
centre  of  pavity  of  a  thin  plate  of  that  area.  Hence  we  may  say  shortly— The 
neutral  axis  of  a  cross-section  of  a  beam  passes  through  the  centre  of  the  section ; 
this  centre  heing  called  the  geometrical  centre,  the  centre  of  inertia,  or  the  centre 
ofgrarity. 

Theorem. — The  moment  of  inertia  of  a  plane  area  about  an  axis  in  its  plane  is 
expressed  by  the  number  which  denotes  the  statical  moment  of  that  portion  of  a 
right-angled  isosceles  wedge  of  unit  density  whose  sloping  side  passes  through  the 
axis,  and  which  stands  on  the  area  as  base. 

To  obtain  the  moment  of  inertia  of  tlie  elemental  area  s  (fig.  180),  we  multiply 
its  area  by  the  square  of  its  distance  from  AA' ;  but  the  height  of  the  column 
standing  on  «  is  equal  to  that  distance.  Multiplying  s  by  that  equivalent  we  have 
the  volume  of  the  column,  and  multiplying  again  by  the  leverage  we  have  the 
statical  moment  of  that  column  about  AA'.  Hence,  summing  for  all  elemental 
areas,  we  have  the  moment  of  inertia  of  BCDE  about  AA'  equal  to  the  statical 
moment  of  BBCKL^  a  portion  of  the  isosceles  wedge,  standing  on  BCDEy  reckon- 
ing its  density  unity.  Now  DBCKL,  instead  of  extending  all  over  its  base,  may 
be  supposed  to  stand  on  the  point  of  BCJOE  directly  below  its  centre  of  gravity  ; 
the  moment  of  inertia  is  thus  readily  found,  if  we  know  the  volume  of  the  isosceles 
▼edge  and  the  position  of  its  centre  of  gravity. 

We  generally  wish  to  find  Jo,  since  we  can  readily  find  I  a  from  it  by  the 
theorem  above.  Now,  for  loy  one  portion  of  the  wedge  stands  below  and  one 
above,  and  on  taking  statical  moments  these  must  be  supposed  to  gravitate  in 
opposite  directions. 

Cor. — If  the  plane  area  be  divided  into  parts,  the  moment  of  inertia  for  the 
▼hole  wiU  be  the  sum  of  the  moments  for  the  parts ;  thus,  for  fig.  171,  making 
/s  f  A  so  as  to  make  the  wedges  isosceles,  we  have 

lo  =  16/ary  .  12a?  +  \2fzy  .  8«  +  4/ry  .  9a?  =  -hhh^, 

f'-r  a  triangle  about  an  axis  parallel  to  ft,  and  passing  through  the  centre. 
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For  every  cross-section,  lo  will  be  of  the  same  form,  a  constant  multiplied  by 
the  breadth  and  multiplied  by  the  cube  of  the  depth  of  the  circumscribing  rectangle. 
Rankine  puts  generally  Jo  «  n'bh^  where  n'  is  the  numerical  coefficient  of  the 
moment  of  inertia  of  the  cross-section  about  its  neutral  axis,  the  other  &cton 
being  the  breadth  and  cube  of  the  depth  of  the  circumscribing  rectangle. 

If  through  the  neutral  axis  of  a  cross-section  we  draw  a  plane  sloping  at  45°, 
it  will  form  two  isosceles  wedges,  or  two  portions,  one  on  each  side  of  the  plane ; 
the  sum  of  the  products  got  by  multipljring  the  volume  of  each  by  the  distance  of 
the  point  under  i\A  centre  of  gravity  from  the  neutral  axis  gives  lo  for  the  cross- 
section  ;  for  this  purpose  we  may  take  each  portion  as  a  whole  or  subdivide  it  into 
a  number  of  parts  if  such  is  more  convenient. 

For  a  rectanguUr  wedge  AEKFBA'  (fig.  180)  let  8  =  area  of  base  AEBA,\ 
/e  height  EK,  V^  volume,  xo  b  distance  nom  AA'  to  the  point  which  is  under 
the  centre  of  gravity,  then 


For  an  isosceles-triangular  wedge  ACC8  (fig.  172),  let  S  ^  area  of  base  ACC\ 

f—  height  A8^  xq  =  distance  from  CC  of  the  point  which  it  under  the  centre  of 
gravity,  then 

If  any  sloping  plane  be  drawn  through  the  neutral  axis,  it  will  cut  off  two 
wedees ;  and  since  the  volumes  of  all  such  wedges  are  proportional  to  their 
heights,  we  have 

« 

where  V  is  the  volume  corresponding  to /'  the  new  value  of  J^JTin  fig.  180,  and 
of  AS  in  fig.  172 ;  and  m'h  is  the  height  of  the  isosceles  wedge,  that  is  tne  distance 
of  the  skin  from  the  neutral  axis.  Since  the  leverages  are  tbe  same  as  before,  the 
statical  moments  of  the  wedges  are  also  in  the  above  ratio. 
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cross-sbcnons  :  their  resistance  to  bbndikg  and  shearing, 
and  distribution  of  stress  thereon. 

Eesistance  to  Bending  of  Cross-Sections. 

We  see  then  that  Iq  the  moment  of  inertia  of  the  cross-section 
about  its  neutral  axis  is  represented  by  the  statical  moment  of 
the  isosceles  wedges  made  by  a  plane  sloping  at  45^  and  passing 
through  the  neutral  axis ;  that  the  highest  point  of  these  wedges 
)&yaoth-  "^K  the  distance  from  the  neutral  axis  to  the  further 
skm;  while  M,  the  moment  of  resistance  to  bending,  is  repre- 
sented by  the  statical  moment  of  the  wedges  made  by  a  plane 
passing  through  the  neutral  axis,  and  sloping  so  that  the  height 
of  the  highest  point  of  these  wedges  is  ^«  « j  =/,  the  stress  on 
the  skin  A  or  jB,  whichever  is  further  from  the  neutral  axis ; 
hence 


normal  stress  on  skin  furthest  from  neutral  axis 
distance  of  skin  from  neutral  axis 


uvrxjxicu  ovxcrao  \/ix  oa,xjll  xuxuiacou  xxujxi,  ixc;uuxc»x  a^iao         j. 


Pa     T    _    Ph     J    _     f     J 

"  m'h  ^      m'A    ""  "  wfh  ^ 

is  the  proof,  or  working  moment  of  resistance  jwjcording  as /is 
the  proof,  or  working  strength  of  the  material  supposed  to  be 
the  same  for  both  skins,  that  is,  for  thrust  and  tension. 

Rectangular  Section  (fig.  181). — ^Let  BGDE  be  a  rectangle. 
Its  moment  of  inertia  about  DC  one  side  is  found  thus : — ^The 
height  of  the  isosceles  wedge  is  zero  at  C  and  BG  at  B ;  the 
avenge  height  is  therefore  \BC\  its  volume  is  i^EB  .  BC^,  and 
since  the  point  below  the  centre  of  gravity  of  the  wedge  is  two- 
thirds  of  BC  from  DCy  we  have 

Ij^  =  ^EB .  B(P  X  iBG^\EB  x  BG^ 

as  the  moment  of  inertia  of  a  rectangle  about  a  side. 
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Now,  if  BE^  be  a  rectangular  cross-section  of  which  DC  is 
the  neutral  axis,  then  its  moment  of  inertia  about  that  axis  will 
be  double  the  above ;  and  thus  the  moment  of  inertia  of  a  rect- 
angle about  an  axis  through  the  centre  and  parallel  to  a  side  is 

Jo-  2xi.JEB.BC'«^hK 
In  this  case  m' «  •}-,  so  that 

Thus,  for  a  rectangle,    m'  =  -J,  n'  =  -jiy,  and  n  =  J. 

Hollow  BectangtUar  Section, — ^For  a  hollow  rectangular  section 
symmetrical  above  and  below  the  neutral  axis,  that  is,  when  the 
whole  rectangle  and  rectangle  removed  have  their  centres  on  the 


Fig.  182. 

same  horizontal  axis,  the  moment  of  inertia  is  the  difference  of 
the  moments  of  the  two  rectangles. 

Let  -ff.  A,  and  5,  &  be  the  outer  and  inner  dimensions  respec- 
tively, so  that  the  area  is  Bff  -  hh ;  then 

Hence,  for  a  hollow  rectangle, 

and  for  the  dimensions  given  in  fig.  183,  viz., 

jff  «  30,     -B  =  10,      A  =  24,     J  =  6  inches, 
we  obtain 

lo  =  15588,    and    M  -  1039-2/ inch-lbe.,  if /be  in  lbs. 


m' 
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Tabular  Method. — The  foUowii^  is  a  convenient  form  for 
expieesing  the  area,  geometrical  moment,  and  moment  of  inertia 
of  a  rectangle :— Let  BCD£  (fig.  182)  be  a  rectangle,  and  AA' 
an  axis  parcel  to  DO,  and  let  Y  and  y  be  the  distances  of  itB 
fades  EB  and  DC  from  AA'.    The  area  ia 

s.b{r-3),  (1) 

tlie  breadth  into  the  difference  of  the  ordinates.  For  EL,  part 
of  the  isosceles  wedge  (fig.  180)  US'  -  F",  CL  *■  y;  and  the 
geometrical  moment  of  the  rectangle  BCDE  about  AA'  is 

G^  =  Tolome  of  part  of  isosceles  wedge 

-Hr-y).HT*y).i.H.T'-fy  (2) 

one-half  the  breadth  into  the  difference  of  the  squares  of  the 
ordinates  of  the  sides  parallel  to  the  axis.     By  theorem  on 


Fig.  183. 

page  283  we  have  the  moment  of   inertia  of  the  rectangle 
BCDE  (fig.  182)  about  AA' 

I^-  Io  +  Sd*=.  -fsEB .  BO'  +  EB.BC (^^)' 

one-third  of  the  breadth  into  the  difference  of  the  cubes  of  the 
ordinat«B  of  the  sides  parallel  to  the  axis. 
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To  apply  this  to  the  case  of  a  hollow  rectangle  and  a  sym- 
metrical double-T  section,  which  give  similar  results  (fig.  183). 
Choose  00  the  neutral  axis  in  the  centre  from  symmetry ;  and 
if  only  the  upper  half  of  the  section  be  considered,  it  consists  of 
two  rectangles,  the  ordinates  to  the  edges  being  0,  12,  15 ;  for 
one  rectangle  F=  15,  y  =  12 ;  for  the  other  F=  12,  and  y  =  0  ; 
and  for  each  (equation  (3)),  /^  =  J6(F'  -  y*). 


b 

Y 

r» 

1  r3-y8 

iHT^-y') 

15 

337o 

10 

12 

1728 

1647 

6490 

4 

0 

0 

1728 

2304 

— 

ilo  =  7794 

BnMdtht 


This  tabular  method  applies  to  any  section  made  up  of  rect 
angles  and  which  is  symmetrical  above  and 
below  the  neutral  axis.  As  we  require  G^ 
the  geometrical  moment  of  the  semi-sec- 
tion relatively  to  the  neutral  axis  when  we 
come  to  resistance  to  shearing,  it  is  con- 
venient in  making  the  table  to  find  G^; 
thus,  for  the  symmetrical  section,  one- 
half  of  which  is  shown  in  fig.  184,  we 
have  the  following  results : — 


^      Meut. 


S«m/-  Sym:  Smetion. 

Fig.  184. 


b 

r 

F» 

ya-yj 

j*(r»-y») 

r» 

r»-y» 

J*(r»-y») 

10 

100 

1000 

12 

8 

64 

36 

216 

1 
1 

612 

488 

1962 
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6 

36 

28 

126 

216 

296 

888 

3 

0 

0 

36 

64 

1 

0 

216 

216 

— 

— 

G'   =r  396 

— 

ilo  «  3066 

Where  G^  is  for  semi-section  only. 
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Bnmdth; 


Ordlnatet, 


Suppose  the  working  strength  / «  4  tons  per  square  inch, 
then  tibe  distance  from  00  the  neutral  axis  to  the  skin  is 
10 inches;  hence 

M  =  ^  /o  =  T%  ^  6112  -  2444-8  inch-tons. 

The  use  of  ff '  will  be  shown  at  the  proper  place. 

Synunetrical  sections  are  suitable  for  materials  for  which 
the  strengths  to  resist  thrust  and  tension  are  equal,  as  pa  and 
Ph  become  /  simultaneously  (fig.  84).  For  materials  whose 
strengths  are  imequal,  fa  is  put  for  the  greatest  value  of  pa  and 
fh  for  that  of  pi, ;  for  wrought  iron,  for  instance,  the  working 
resiBtance  to  thrust  is  /«  =  4  tons  per  square  inch,  while  to  ten- 
sion it  is  /ft  =  5  tons  per  sq.  inch.  ^=4 
For  symmetrical  sections  in  such 
materialB  the  value  of/  employed 
must  obviously  be  the  smaUer. 
Because  of  this  property. of  ma- 
terials, cross -sections  are  made 
UDsymmetrical  above  and  below. 

Unsymmetrical  Section, — Let 
&e  unsymmetrical  section  (fig. 
185)  be  given,  and  let  fa  =  4,  and  i 

/» =  5  tons  per  square  inch.     In   ■?.*/*""" 
order  to  determine  its  resistance 
to  bending  we  find  7^;  we  will  ^i«-  i®^- 

also  find  the  area  of  the  section,  and  0^  the  geometrical 
moment  of  the  portion  of  the  section  lying  to  one  side  of  the 
neutral  axis  whose  position  is  not  yet  known. 

Choose  any  line  as  axis,  say,  the  upper  skin ;  the  diagram  and 
table  show  the  breadths,  and  ordinates  laid  down  from  this  line. 


NeutT"'""^'^' 


h 

r 

r-y 

Area, 

Y% 

r>-y» 

Ji(r»-y») 

r» 

r>-y» 

J*(r»-y») 

0 

>      0 

12 

3 

3 

36 

9 

9 

54 

o 

27 
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6 

6 

3 

18 

36 

27 

81 

216 

189 
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1-6 

16 

10 

15 

256 

220 
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4096 

3880 

1940 

4 

18 

2 

8 

324 

68 

136. 

5832 

1736 

2315 

8 

20 

2 

16 

400 

76 

304 

8000 

2168 

5781 

— 

— 

i9«93 

— 

Ga  =  740 

Jw- 10622 

u 
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Now    y«  -  -^  =  W^  =  ^  inches  (by  theorem  at  fig.  179) ; 


y» 


20  -  8  «  12  inches. 


Again,       /«  -  /^  -  Sya^  -  10522  -  93  x  {2^)*  .  4634. 

The  neutral  axis  divides  the  depth  almost  exactly  as  2  to  3 ; 
and  if  we  had/,  :/& : :  2  : 3,  then  both  skins  would  come  to  their 
working  stress  simultaneously,  and  we  might  obtain  M  by 

/  fh 

multiplying  I^  either  by  ~  or  by  — ;  but  since  /,:/»::  4 : 5, 

y«         y> 

it  is  evident  that  both  skins  cannot  come  to  their  working 
strength  at  once.  In  this  example,  when  the  skin  B  comes  to 
/ft  a  5  tons,  the  skin  A  will  be  at  f  /  or  3^  tons  per  square  inch, 
and  so  is  not  at  its  full  strength  4,  yet  the  stresses  are  now  at 
their  greatest ;  on  the  other  hand,  the  skin  A  cannot  come  to 
its  strength  /«  «  4,  because  then  the  skin  B  would  be  at  f  x  4, 
or  6  tons,  and  so  be  overtaxed ;  hence  M  is  to  be  obtained  by 

multiplying  I^  by  the  ratio  — ,  not  by  --  which  would  give 

too  much.    Of  the  two  ratios 


^  -  i  -  -5. 


and 


=  tV  =  -42, 


select  the  less,  and 
M 


—  X  Z. 


yi 


-42  X  4634  «  1931  inch  tons. 


Taking  the  neutral  axis  now  as  origin,  the  geometrical 
moment  for  the  part  of  the  section  lying  above  or  below,  is 
0\  «  296 ;  a  quantity  to  be  used  in  calculating  the  resistance 
to  shearing. 


h 

7 

r» 

r»-y» 

l*(r»-y«) 
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72 
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O'o  «  296 

RESISTANCE  TO  BENDING.  291 

Graphical  SoltUion  (fig.  186  :  for  the  same  data  as  fig.  185). — 
Beplace  the  areas  of  the  rectangles  by  the  forces  (1),  (2),  (3), 
(4),  (5)  acting  at  their  centres  of  gravity,  the  amount  of  each 
force  being  the  same  as  the  number  of  units  in  the  area 
correspondmg ;  draw  the  first  link  polygon  as  in  fig.  101,  and 
L,  the  intersection  of  the  end  links,  gives  the  centre  of  the 
forces  and  therefore  the  centre  of  gravity  and  neutral  axis  of 
the  cross-section.  The  intercepts  on  00  are  the  geometrical 
moments  of  the  areas  respectively,  that  is,  the  product  of  each 
area  into  its  leverage-  about  00  ;  the  scsde  is  found  by  sub- 
dividing the  scale  for  areas  by  10,  since  10  on  the  scale  for 
dimensions  was  taken  as  the  polar  distance. 

Cionsidering  these  intercepts  as  magnitudes  of  forces  acting 
in  the  same  lines  as  before,  and  drawing  a  second  link  polygon, 
its  intercepts  on  00  are  the  products  of  these  forces  each  into 
its  leverage  about  00 ;  or  these  intercepts  are  the  areas  each 
into  the  square  of  its  leverage  about  00 ;  the  scale  is  derived 
from  the  previous  one  by  again  subdividing  by  the  polar  dis- 
tance, 10  on  the  scale  for  dimensions.  The  proof  is  given  at 
fig.  101. 

The  sum  of  the  intercepts  made  by  the  second  link  polygon 
is  nearly  I^ ;  being  deficient  by  one-twelfth  of  the  sum  of  the 
products  of  the  breadth  of  each  rectangle  into  the  cube  of  its 
deptL 

Also  KZ  the  geometrical  moment  of  areas  (1)  and  (2)  is 
nearly  G\  the  deficiency  being  that  of  the  rectangle  lying 
between  ttie  area  (2)  and  the  neutral  axis ;  this  rectangle, 
however,  is  small  and  has  a  short  leverage. 

There  is  also  shown  in  fig.  187  a  link  polygon  drawn  for  the 
three  areas  (1),  (2),  (3^),  which  constitute  the  portion  of  the 
section  lying  above  the  neutral  axis ;  the  sum  of  the  intercepts 

Corrections. — ^The  manner  of  correcting  is  shown  in  figs.  186 
and  187.  Take  the  lines  of  action  of  the  areas  first  along  their 
(say)  vpper  edges,  and  construct  the  first  link  polygon ;  treating 
the  intercepts  on  00  as  forces  acting  along  the  wnder  edges  of 
the  rectangles,  construct  a  second  &ik  polygon;  then  to  the 
8nm  of  the  intercepts  made  by  the  second  link  polygon  in 
fig.  186,  add,  as  a  correction,  one-third  of  its  excess  above  the 
sum  of  the  intercepts  made  by  the  second  link  polygon  in 
fig.  187. 

U  2 


Fig.  186. 


riirrrj.-e?/yrr " 


Pig.  187. 
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The  proof  of  the  correction  on  /^  which  is  exact,  is  shown 
thus : — For  any  rectangle 


3 


where  ^8^  is  the  area  of  the  rectangle  under  consideration. 
The  smaller  h  becomes,  the  more  nearly  does  the  value  of 
Yy  approach  d^,  and  the  smaller  is  the  correction.  The 
greater  the  number  of  rectangles  into  which  the  cross-section 
is  divided,  the  more  nearly  accurate  will  be  the  approximation 
given  by  fig.  186  alone. 

In  the  example,  the  correction  on  I^  is  about  4  per  cent. ; 
in  the  rectangle  EBB^E'  (fig.  181),  the  areas  of  the  two  halves 
each  into  the  square  of  its  leverage  about  00  is  less  than  /q  by 
one-twelfth,  or  about  8  per  cent. 

Any  cross-section  can  be  blocked  out  into  rectangles,  and 
Jq  and  Cf"^  easily  calculated  for  it  by  the  tabular  method,  if  we 
have  a  table  of  squares  and  cubes.  If  the  cross-section  has  a 
very  irregular  outline,  it  may  require  to  be  blocked  into  a  great 
many  rectangles,  and  the  construction  (fig.  186)  will  probably 
give  a  sufficiently  close  approximation. 

Definition. — ^A  cross-section  for  which  the  neutral  axis 
divides  the  depth  in  the  same  ratio  as  the  strengths  of  a  given 
material  to  resist  tension  and  thrust  is  called  a  cross-section  of 
vmform  strength  for  that  material. 

The  cross-section  (fig.  185  for  instance)  would  be  of  uniform 
strength  for  a  beam  of  a  material  whose  resistance  to  tension 
and  thrust  is  as  3  to  2,  AA  being  the  compressed  skin,  and  BB 
the  stretched  skin;  for  a  cantilever  of  the  same  material  it 
would  be  turned  upside  down. 

TriangukKT  erots-swHon  and  §$ctumi  which  can  he  divided  into  triangUc, — ^They 
are  of  no  praedoal  importanoe  but  lead  up  to  others  which  are. 

TrumguUtr  SeetutH.—On  making  /-  }A,  the  wed^  (fi^.  171  and  172)  hecomo 
isoaoelee,  and  we  hare  by  substitatmg  in  the  ezpretsions  giyen  thereat 

6^^  B  Yol.  of  wedge  on  triangular  portion  aboye  NA  s  A^A*. 
and  Iq  m  •fgbhK 
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In  the  following  way,  lo  mAj  be  derived  from  the  reotangle  (fi^.  188).  Tha 
iHMeiil  ol  inertift  of  the  iheded  triangle  aboat  the  Dectzal  aiia  CC  u  half  that  of 
Uu  recungle :  for  the  triangle,  then 

Hence  for  a  triangular  Mction 

"'-I.   •■-*,   -^A- 

Hexagma!  Sntivn.—A*  an  example  of  &  built  flguro,  we  will  take  a  beugon 
aboKl  ■  diamaler  ae  axis  (Bg.  ISO). 


Fig.  188.  Fig.  189. 

Taking  a  qnadiant,  we  oan  divide  it  into  thiee  eqnal  tiianglet ;  the  breadth  of 
each  LI  Ji,  and  the  height  \h  ;  hence  the  area  of  eadi  i*  ^(U,  and  the  moment  of 
iMitia  of  each  about  ita  own  neutral  aiia  it -^  y  it  x  ik*  =  y^n^A*.  If  /«  be  the 
Dtoment  of  inertia  of  the  hexagon  about  00,  we  hate  for  a  quadrant 


1154^  18  l\fl/ 


tber  quadrant  divided  into  a  rectangle  and  a  triangle 
ih  /h\' 


for  rectangle 
for  triangle 
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Diyiding  the  Bemi-hexagon  above  the  axis  into  anv  set  of  conyenient  fiinires 
and  multiplying  the  area  of  each  by  the  deviation  of  ita  centre  of  gravity,  we  haye 


AIbo 


Hence  for  a  hexagonal  section  about  a  diameter  as  axis, 

«i'=J,    ii'  =  A=*06208,    »  =  ^c=   10417. 

Rhtmboidal  Seetion.—Aa  another  example,  we  will  take  a  section  in  the  fosrm 
of  a  rhombus,  with  diagonal  as  neutral  axis  (fig.  190). 
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Fig.  190. 


Fig.  191. 


hh 


For  upper  half  section,  the  area  is  -j-,  the  moment  of  inertia  about  its  own 


hence 


therefore 


h  =  A'*A»,    and    M  =  ^  /„  =  ^^fbh\ 

»..(?)  (5).  A«.. 

Hence  for  a  rhomboidal  section  with  diagonal  as  neutral  axiii, 

Square  Section, — A  square  section  lying  with  its  diagonal  horizontal  is  a  par- 
ticular case  of  this. 
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In  order  to  compare  the  strengths  of  a  square  section  when  lying  with  a  side 
boriiontaly  and  when  lying  with  a  diagonal  horizontal ;  let  a  be  the  side  of  the 
square,  then  i^  s  a  V2  is  the  diagonal ;  for  b  and  h  substitute  a  in  the  one  case,  and 
«V2  in  the  other;  then 

M=l/a';  M'=A/(«V2)3  =  g/«»; 

•0  that  M  :  M' : :  V2  :  1,  being  stronger  when  the  side  is  horizontal. 

IVapaoidal  S&eiion  (fig.  191). — Observe  that  a  triangular  section  is  of  unifmn 
itrmgih  for  a  material  whose  strengths  to  resist  tension  and  thrust  are  in  the  ratio 
1 :  2,  or  2  :  1.  It  is  evident,  then,  that  for  a  material,  the  ratio  of  whose  strengjths 
ii  between  1  and  2,  a  cross-section  of  uniform  strength  can  be  made  by  selecting 
the  proper  frustum  of  a  triangle  ;  that  is,  a  trapezoid  with  the  parallel  sides 
horizontal.  Suppose  the  strengths  are  as  ^:  «,  not  greater  than  2:1;  thea  to  find 
the  ratio  of  tiie  parallel  sides  B  and  b  (fig.  191) ;  a  well-known  construction  for 
finding  6^  is  to  lay  off  J9  in  a  continuation  of  b,  and  &  in  a  continuation  of  3,  one 
in  each  direction ;  the  line  joining  the  extremities  cuts  the  medial  line  at  O ; 
hence 

b  B 

B  '\-  -I  b  ^  ^  II  yai  tfh  ''  8  I  B\ 

Ihaiefore  -  =  ^^— ^. 

For  instance,  if  the  strengths  are  as  3  :  2,  then  the  parallel  sides  ought  to  be  in 
the  ratio 

i?°'2x3-2"*' 

▼hen  the  neutral  axis  will  divide  the  depth  as  3  :  2. 

Though  such  sections  are  thus  far  economioali  still  they  are  not  the  most 
eeonomicMBil,  as  too  much  of  the  material  lies  near  the  centre  of  the  section  where  it 
cannot  act  effectively  in  resisting  bending. 

Circular  Section. — In  the  circle  (fig.  192)  inscribe  a  hexagon 
with  a  diameter  horizontal ;  for  the  hexagon 

6  =  d,    A  «  rf .  ^,    and    /^  =  M<^U^)'=  -OSSSdS 

an  approximation  on  the  small  side  to  that  for  the  circle  about 
a  diameter. 

Again,  circumscribe  a  hexagon  with  a  diameter  horizontal ; 
for  this  hexs^on 

A  =  rf,  6  -  rf  A  =  ^  j3,    and   /«  -  ^  (y  J-s)  {dy  =  -0602^', 

an  approximation  on  the  large  side. 
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Taking  the  average  of  these,  we  have  for  the  circle 

/o  =  -047^*, 

where  d  is  the  diameter  of  the  circle,  and  the  breadth  and  depth 
of  the  circumscribing  rectangle. 

It  will  be  seen  that  nf  =  '047  is  a  close  approximation,  being 
correct  to  2  decimal  places. 

In  the  same  way  an  approximation  to  GF'q  may  be  found. 

The  exact  value  of  I^  is  found  thus : — From  0  the  centre 
of  the  circle  (fig.  193)  draw  three  axes  OJT,  OY  diameters 
at  right  angles,  and  OZ  normal 
to  the  plane  of  the  paper.    Let  t 


for  Olrcl%  h'h^l*ft. 


Fig.    192. 


Fig.  193. 


/,  Jy  K  he  the  moments  of  inertia  of  the  circle  about  these 
axes  respectively,  and  let  8  be  any  small  elementcuy  area. 

Now  OA,  OB,  and  OS  are  its  leverages  about  the  three  axes 
respectively,  and  by  definition 


/  =  (5  X  OA^)  summed  for  each  element, 


J^  {8X  OB^) 


K=  (8x  OS') 


» 


)) 


>i 


ft 


» 


>f 


but,  by  Euclid  i.  47,  0/S'  =  OA^  +  OB*  for  each  element,  hence 
iT"  /+  J;  and  further,  since  /and  e/'are  equal,  each  being  the 
moment  of  inertia  about  a  diameter,  JT-  21,  so  that  if  we  find 
K,  the  value  of  /  is  at  once  obtained. 

On  the  element  8  build  a  column  of  material  of  unit  density, 

and  whose  height  is  OS;  suppose  this  column  to  gravitate 
tangeTUiaUy,  that  is,  at  right  angles  to  OS,  then  its  statical 
moment  about  OZ,  that  is  its  volume  into  OS,  gives  the  moment 
of  inertia  of  the  element  about  OZ ;  all  these  columns  will  form 
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a  solid  standing  on  the  circle  as  base,  whose  height  at  the  cir- 
cmnference  is  r,  and  whose  upper  surface  is  a  conical  surface,, 
apex  at  0,  and  sloping  at  45°  to  the  plane  of  the  circle.  The 
volume  of  this  solid  is  that  of  a  cylinder  of  height  r  standing 
on  the  circle,  minus  a  cone  of  equal  height  and  base ;  its  volume 
is  therefore  two-thirds  of  the  cylinder,  viz. 

F=fx7rr*xr  =  §7rr*, 

every  particle  gravitating  tangentially  and  in  the  same  direction. 
If  we  cut  this  solid  (fig.  194)  into  slices  by  planes  at  right  angles 
to  the  plane  of  the  circle,  and  passing  through  consecutive  radii, 
the  slice  between  two  adjacent  planes  will  be  a  pyramid  with 
its  apex  at  0,  and  having  its  base  on  the  cylindrical  surface ; 

one  dimension  of  the  base,  there- 
fore, is  r,  and  the  other  an  arc 
of  the  circle.  Now  by  taking 
the  slices  thin  enough,  the  base 


FWVo/.of  Cflrifol  of  Conm 


/    Pimm  tloplttg 

at  46^ 
Height  a(  KmLE 
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Fig.  195. 


Fig.  194. 

of  each  pyramid  becomes  in  the  limit  a  rectangle,  and  the  points 
in  the  circle  below  the  centres  of  gravity  of  these  pyramids  will 
form  a  circle  of  radius  fr ;  the  whole  weight  may  be  supposed 
to  be  applied  by  a  cord  on  a  pulley  of  radius  fr,  and  hence 

K  B  volume  of  solid  x  radius  of  pulley  =  §irr*  x  fr  =  Jirr*. 


32 


Hence  for  a  circular  section, 

m'  -  i    «'  =  J  -  049, 

To  find  6^0 : — Suppose  a  wedge  standing  on  the  quadrant 
(fig.  195)  formed  by  a  45°  sloping  plane  passing  through  OX'y 


«  =  i  =  098. 
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the  geometrical  moment  of  a  semicircle  about  a  diameter  will 
be  twice  this  volume.  Cut  the  wedge  into  slices  hj  planes  at 
right  angles  to  the  plane  of  the  circle,  and  passing  through 
consecutive  radii.  Each  slice  is  a  pyramid  with  apex  at  0, 
and  of  height  r ;  its  base  is  part  of  a  cylindrical  surface,  and 
the  upper  edge  of  the  base  is  sloping.  Let  a  be  the  short  arc 
as  shown  in  the  figure,  and  S  its  projection  on  OJT;  then  in  the 
limit  when  the  slices  are  thin,  the  base  becomes  a  plane  rect- 
angle whose  dimensions  are  a  and  the  height  of  the  sloping 
plane  at  K',  but  height  of  jST  =  LK  =  r  cos  C ;  hence 

volume  of  pyramid  »  J  x  r  x  o  .  r  cos  0  «  Jr' .  S, 


smce 


8  s  a  cos  0. 


For  each  pyramid  Jr*  is  constant;  so  that  the  volume  of 
wedge  on  the  quadrant  is  Jr*  multiplied  by 
the  sum  of  the  quantities  S ;  this  sum  is  r 
whether  the  slices  be  thick  or  indefinitely 
thin;  hence  the 

volume  of  wedge  =  Jr* ; 


and  doubling,  we  have  for  semicircle 

If  we  divide  (tq  by  the  area  of  the  semicircle, 
we  obtain  the  distance  from  the  centre  of 
the  circle  to  the  centre  of  gravity  of  the 
semicircle 

oir 


'y.'.'fl.T 


Fig.  19«. 


Elliptic  Section. — The  ellipse  is  immediately  derived  from 
the  circle  thus : — Let  the  ellipse  (fig.  196)  have  the  same  minor 
diameter  as  the  circle  above  it,  so  that  &  »  2r ;  all  the  vertical 
dimensions  of  the  circle  are,  however,  to  be  altered  in  the 
constant  ratio  a :  r,  since  the  vertical  radius  of  the  circle  is 
altered  to  a.  Let  the  circle  be  divided  into  rectangular  ele- 
ments, each  with  an  edge  lying  on  the  neutral  axis ;  when  the 
circle  is  changed  into  the  ellipse,  each  element  remains  of  the 
same  breadth  V  as  before,  but  its  vertical  dimension  is  changed 
from  y  to  y,  where  T  :y  iiair. 
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For  each  element  of  circle  and  ellipse  respectively 

/  =  Wd/"  -  ()•),    and    /  -  J6'(^'  -  0*). 

For  each  element,  and  therefore  for  the  whole  figure,  the 
moment  of  inertia  has  changed  in  the  ratio 


For  circle  ^       ir 

4 
hence,  for  ellipse, 


lo--.^; 


putting  ^5  for  r,  and  \h  for  a. 


\h.  *•      32 


M  -  ^  ^0  =  5^ /»*•• 


Hence,  for  elliptic  section, 

For  a  semi-ellipse  about  a  diameter  as  axis,  we  have 

Hollow  Circular  Section. — For  a  hollow  circle  or  ellipse 
the  reduction  is  the  same  as  for  the  hollow  rectangle  only 

n^  replaces  \  ;  hence 


^-h{'-^>^- 


KiSISTANCE  OF  CrOSS-SECTIONS  TO  SHEARING,  AND  DISTRIBUTION 

OF  Shearing  Stress  on  a  Cross-Section. 

In  fig.  197  let  AB  be  the  cross-section  shown  in  figs.  82, 
83, 84,  85,  and  86,  and  let  A'JB^  be  another  section  lying  at  a 
small  distance  Sx  to  the  left  thereof;  in  figs.  82  and  83,  we 


Fig.  186. 


/ 
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For  67617  CTOBS-section,  lo  will  be  of  tlie  same  form,  a  constant  multiplied  by 
the  breadth  and  multiplied  by  the  cube  of  the  depth  of  the  circumBCiibin^  rectangle. 
Rankine  puts  generally-  Iq  »  n'bh^  where  n'  is  the  numerical  coefficient  of  the 
moment  of  inertia  of  the  cross-section  about  its  neutral  axis,  the  other  factors 
being  the  breadth  and  cube  of  the  depth  of  the  circumscribing  rectangle. 

If  through  the  neutral  axis  of  a  cross-section  we  draw  a  plane  sloping  at  46", 
it  will  form  two  isosceles  wedges,  or  two  portions,  one  on  each  side  of  the  plane  ; 
the  sum  of  the  products  got  by  multiplying  the  Tolume  of  each  by  the  distance  of 
the  point  %mder  its  centre  of  gravity  from  the  neutral  axis  gives  Jo  for  the  cross- 
section  ;  for  this  purpose  we  may  take  each  portion  as  a  whole  or  subdivide  it  into 
a  number  of  parts  if  such  is  more  convenient. 

For  a  rectangular  wedge  ABKFBA  (fig.  180)  let  8  ^  area  of  base  A£BA\ 
/e  height  £K,  V*s  volume,  xo  »  distance  m>m  A  A'  to  the  point  which  is  under 
the  centre  of  gravity,  then 


For  an  isosceles- triangular  wedge  ACC8  (fig.  172),  let  8  »  area  of  base  ACC, 

f—  height  AS  J  xq  =  distance  from  CC  of  the  point  which  is  under  the  centre  of 
gravity,  then 

If  any  sloping  plane  be  drawn  through  the  neutral  axis,  it  will  cut  off  two 
wedffes ;  and  since  the  volumes  of  all  such  wedges  are  proportional  to  their 
heights,  we  have 

r'  :   r  ::/':/::/'  :  m'A, 

where  V*  is  the  volume  corresponding  to/'  the  new  value  of  J^JTin  fig.  180,  and 
of  AS  in  fig.  172 ;  and  mlh  is  the  height  of  the  isosceles  wedge,  that  is  the  distance 
of  the  skin  from  the  neutral  axis.  Since  the  leverages  are  &e  same  as  before,  the 
statical  moments  of  the  wedges  are  also  in  the  above  ratio. 
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cross-sbctions  :  their  resistance  to  bendihg  and  shearing, 
and  distribution  of  stress  thereon. 

Eesistance  to  Bending  of  Cross-Sections. 

We  see  then  that  Iq  the  moment  of  inertia  of  the  cross-section 
about  its  neutral  axis  is  represented  by  the  statical  moment  of 
the  isosceles  wedges  made  by  a  plane  sloping  at  45^  and  passing 
through  the  neutral  axis ;  that  the  highest  point  of  these  wedges 
^  y<i  or  ft  "=  ^%  the  distance  from  the  neutral  axis  to  the  further 
skm ;  while  M,  the  moment  of  resistance  to  bending,  is  repre- 
sented by  the  statical  moment  of  the  wedges  made  by  a  plane 
passing  through  the  neutral  axis,  and  sloping  so  that  the  height 
of  the  highest  point  of  these  wedges  is  ^a  or»  =/»  the  stress  on 
the  skin  A  or  J?,  whichever  is  further  from  the  neutral  axis ; 
hence 


normal  stress  on  skin  furthest  from  neutral  axis 
distance  of  skin  from  neutral  axis 


llVfXUXCkl.   OUJL^^iOO    VU    OJVXJJ.    XtLXbUC^OU    J.XUUJ.    XACtLU-LOlJ.    aAj,o  J. 

M  ~  ji^i. £  ^i_^_   s. j.„i :_  ^  J-0 


Wbh  Tnfh  wfh 

^&  the  proof,  or  working  moment  of  resistance  according  as /is 
the  proof,  or  working  strength  of  the  material  supposed  to  be 
the  same  for  both  skins,  that  is,  for  thrust  and  tension. 

Sedanffular  Section  (fig.  181). — ^Let  BCDE  be  a  rectangle. 
Its  moment  of  inertia  about  DO  one  side  is  found  thus : — The 
height  of  the  isosceles  wedge  is  zero  at  C  and  BG  at  B ;  the 
average  height  is  therefore  \BC\  its  volume  is  \EB  .  567*,  and 
since  the  point  below  the  centre  of  gravity  of  the  wedge  is  two- 
thirds  of  BG  from  DG,  we  have 

Inc  =  \EB .  BG*  X  IBG^\EB  x  BG^ 

as  the  moment  of  inertia  of  a  rectangle  about  a  side. 
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For  every  croes-sectiony  lo  will  be  of  the  same  form,  a  conBtaiit  multipliecl  by 
the  breadth  and  multiplied  by  the  cube  of  the  depth  of  the  circimucribing  rectangle. 
Rankine  puts  generally  lo  »  n'hh^  where  n'  ia  the  numerical  coefficient  of  the 
moment  of  inertia  of  the  croas-section  about  its  neutral  axis,  the  other  factors 
being  the  breadth  and  cube  of  the  depth  of  the  circumscribing  rectangle. 

If  through  the  neutral  axis  of  a  cross-section  we  draw  a  plane  sloping  at  45^, 
it  will  form  two  isosceles  wedges,  or  two  portions,  one  on  each  side  of  the  plane  ; 
the  sum  of  the  products  got  by  multiplying  the  volume  of  each  by  the  distance  of 
the  point  under  its  centre  of  gravity  ht>m  the  neutral  axis  gives  Jo  for  the  cross- 
section  ;  for  this  purpose  we  may  take  each  portion  as  a  whole  or  subdivide  it  into 
a  number  of  parts  if  such  is  more  convenient. 

For  a  rectangular  wedge  AEKFBA'  (fig.  180)  let  8 «  area  of  base  AEBA\ 
/bs  height  EKf  V^  volume,  x^  s  distance  m)m  AA'  to  the  point  which  is  under 
the  centre  of  gravity,  then 


For  an  isosceles-triangular  wedge  ACCS  (fig.  172),  let  S  «  area  of  base  ACC\ 

/s  height  ASt  xq  =  distance  from  CC  of  the  point  which  is  under  the  centre  of 
gravity,  then 

r=J5./;        xo-^iOA, 

If  anif  sloping  plane  be  drawn  through  the  neutral  axis,  it  will  cut  off  two 
wedges ;  and  since  the  volumes  of  all  such  wedges  are  proportional  to  their 
heights,  we  have 

where  V  is  the  volume  correepondine  to  /'  the  new  value  of  EKin  fig.  180,  and 
of  AS  in  fig.  172 ;  and  m'h  is  the  height  of  the  isosceles  wedge,  that  is  the  distance 
of  the  skin  from  the  neutral  axis.  Since  the  leverages  are  the  same  as  before,  the 
statical  moments  of  the  wedges  are  also  in  the  above  ratio. 
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cross-sections  :  their  resistance  to  bending  and  shearing, 
and  distribution  of  stress  thereon. 

Resistance  to  Bending  of  Cross-Sections. 

We  see  then  that  Iq  the  moment  of  inertia  of  the  cross-section 
about  its  neutral  axis  is  represented  bj  the  statical  moment  of 
the  isosceles  wedges  made  by  a  plane  sloping  at  45^  and  passing 
through  the  neutral  axis ;  that  the  highest  point  of  these  wedges 
^Vavi-  ^^>  the  distance  from  the  neutral  axis  to  the  further 
skm ;  while  M,  the  moment  of  resistance  to  bending,  is  repre- 
sented by  the  statical  moment  of  the  wedges  made  by  a  plane 
passing  through  the  neutral  axis,  and  sloping  so  that  the  height 
of  the  highest  point  of  these  wedges  is  ^a  orj  =/,  the  stress  on 
the  skin  A  or  -B,  whichever  is  further  from  the  neutral  axis ; 
hence 


normal  stress  on  skin  furthest  from  neutral  axis 
distance  of  skin  from  neutral  axis 


_ 7   -  _£Z.  /   = ^ 

m'h  Tnfh  will 

is  the  proof,  or  working  moment  of  resistance  according  as /is 
the  proof,  or  working  strength  of  the  material  supposed  to  be 
the  same  for  both  skins,  that  is,  for  thrust  and  tension. 

Rectangular  Section  (fig.  181). — ^Let  BODE  be  a  rectangle. 
Its  moment  of  inertia  about  BG  one  side  is  found  thus : — ^The 
height  of  the  isosceles  wedge  is  zero  at  0  and  BG  at  B ;  the 
average  height  is  therefore  \BG\  its  volume  is  \EB .  BG^^  and 
since  the  point  below  the  centre  of  gravity  of  the  wedge  is  two- 
thirds  of  BG  from  BG,  we  have 

I^  =  \EB .  BG*  X  iBG^\EB  x  BG^ 

as  the  moment  of  inertia  of  a  rectangle  about  a  side. 
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KS  to  KL ;  this  change  cannot  be  supposed  to  take  place 
altc^ether  at  K,  as  the  free  overhanging  surface  of  the  section 
at  that  point  does  not  bear  any  share  of  the  shearing  at  all, 
and  for  a  small  distance  just  above  K  the  portion  overhanging 
does  not  bear  its  proper  share ;  in  the  vicinity  of  K,  therefore, 
the  stress  is  not  constant  on  the  horizontal  on  the  cross-section. 
The  consequence  of  this  is  to  introduce  shearing  stress  on  the 
vertical  plane  through  £",  In  order  that  the  intensity  of  the 
stress  should  change  from  KL  to  KS  absolutely  at  K,  there 
would  require  to  be  an  infinite  amount  of  shearing  force  on 
the  horizontal  plane  at  K;  and  since  the  intensi^  chajQges 
from  KL  to  KS  in  passing  through  a  small  vertical  distance 
at  K,  there  must  be  a  great  amount  of  shearing  force  on  the 
horizontal  plane  at  K  Hence  sections  of  this  shape  very 
readily  give  way  by  shearing  at  K;  cast-iron  sections  being 
specially  liable  to  do  so  under  the  shearing  force  developed 
by  irregularities  in  cooling.  Ee-entrant  angles,  as  that  at  K^ 
are  to  be  rounded  oflf  in  castings  and  rolled  plates,  and  filled 
in  with  angle  irons  in  built  sections;  this  allows  the  breadth 
to  change  gradiuilly  from  B  to  (£-b),  and  the  intensity  of 
shearing  stress  to  change  gradiuilly  from  KL  to  KS, 

It  follows  as  a  corollary  from  fig.  199  that,  for  symmetrical 
sections  made  up  of  rectangles  with  breadths  diminishing 
towards  the  centre,  q^  is  the  maximum. 

Approximate  method, — For  a  cross-section,  such  as  is  shown 
in  fig.  199,  the  web  bears  the  greater  share  of  the  shearing 
stress ;  and,  moreover,  the  stress  is  nearly  uniform  in  its  dis- 
tribution. A  close  approximation  to  the  resistance  to  shearing 
for  such  a  cross-section  will  therefore  be  obtained  by  multi- 
plying the  area  of  the  web  into  q^  ^  f^  f  being  the  shearing 
strength  of  the  material.  This  is  equivalent  to  considering 
that  the  web  bears  all  the  shearing  stress  uniformly  distributed 
over  it ;  or  that  the  central  parabola,  in  such  a  diagram  as  fig.  199, 
is  replaced  by  a  rectangle  of  height  h  and  breadth  q^y  and  that 
the  upper  and  lower  portions  of  the  diagram  are  left  out  of 
consideration.  The  area  of  the  web  required  for  a  double-T 
section  is  readily  found  by  the  converse  of  the  above,  and  is 
given  by  the  equation 

F 

where  S  is  the  area  of  web  in  square  inches ;  F  ia  the  amount 
of  the  greatest  shearing  force  in  lbs.  at  the  section;  and /is  the 
resistance  of  the  material  to  shearing  in  lbs.  per  square  inch. 
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Circvlar  cross-section  (figs.  200  and  201).— On  the  shaded 
sector  (fig.  200)  suppose  an  isosceles  wedge  standing,  made  by 
a  plane  sloping  at  45°  and  intersecting  the  horizontal  radius, 
and  cut  up  into  pyramids  as  in  fig.  195.  In  this  case  the  sum 
of  the  small  quantities  8  is  00  =  r  sin  0,  and  the  volume  of  the 
wedge  is  Jr*  x  r  sin  0 ;  for  the  sector,  the  geometrical  moment 
about  OXy  ff  =  Jr'  sin  d ;  and  deducting  for  triangle  ODB,  we 
have  for  the  geometrical  moment  of  ABD  about  OX  as  axis 

0  ^  Jr*  sin  6  -  (i .  r  sin  6 .  r  cos  ©)  X  §r  cos  0  =  ^  sin*©. 


Hence  for  the  shaded  part  of  the  circle  in  fig.  201 
G  =  §r»sin»(?;    z  =  2rsin«l; 


and      -^  =  ^  sin'0, 
z         o 


where  Q  is  half  the  angle  subtended  at  oeiitre. 


But 


_  ^      y 

y  =  T  cos  0\     ,'.    cos  S  =  -  ; 

T 

r*  -  v'  G 

sin'e  =  -^,    and    ^«  =  i(^-y'); 


so  that  q  cc  J(r*  -  y'),  and  the  locus  is  a  para- 
bola with  its  axis  on  OQ. 

Hence  q^  is  the  maximum ;  and  since 


Fig.  200. 


G^o  =  1^';     ^  =  l^'l     S  -  Trr*;    and     z,  =  2r; 


Somas.   "~ 


I^    ~  Swr'' 


aver. 


3 


»r»'     2' 


aver. 


Elliptical  section  (fig.  201). — Let  the  ellipse  shown  in  the 
figure  be  derived  from  the  circle  by  altering  fn  a  constant 
ratio  the  breadth  z  of  the  circle  at  any  point,  to  /  the  breadth 
of  the  ellipse  at  the  point  corresponding,  that  is,  let  z  =  n^. 
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Suppose  the  shaded  part  of  the  circle  to  be  divided  by 
vertical  lines  into  elementary  rectangles,  and  let  the  ellipse 
be  correspondingly  divided ;  by  considering  each  of  these  ele- 


hi     '        ""« ■=  'o  *«rx 


Fig.  201. 

mentary  rectangles,  it  is  easily  seen  that  /,  G,  S,  and  /  for  the 
ellipse  are  derived  from  the  corresponding  quantities  for  the 
circle  by  multiplying  by  n ;  for  the  circle  we  had 


F  G 

»r  the  ellipse 

F  nG 
q  IB  —  — 

nl  m 

F  G 
=  7  /'    «« 

4     F 
3  irr/ 

WTT 

Fornax. 
2  aver. 

4 
~  3' 

the  same  as  for  the  circle. 


Symmetrical  notion  of  three  reetanglee, — When  the  middle  rectangle  is  the 
narrowest,  ^o  ifl  the  maximum  as  we  saw  in  the  previous  case. 

In  fig.  202  the  middle  rectangle  is  the  hroadest ;  and  in  this  case,  the  intensity  of 
the  shearing  force  has  two  maxima  values,  one  at  y  s  0,  the  other  at  y  =  -. 

For  the  whole  section,      S^hH^- {B -h)h; 


/o  = ^ '- — ;  and 


^arer.  = 


hH-\-(B-  b)h 
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For  the  middle  portion  of  the  section,  the  maximum  yalue  of  ^  is 

FG^     ZF  ^JSn  +  ( J  -  b)  h* 

For  the  portion  of  the  cross-vection  beyond  JT, 


fl'-g(J'-A»); 


and  the  maTimmn  yalne  of  9  is 


3^  JSP- A* 

^5*"   2    *J5r»+(B-*)A»' 


T 

t 

t 

I 

I 

I 
f 
I 

t 
I 
I 
I 
I 
I 

*     i 
!     I 


g,mmM,_    a      (bMi(S-b)h'\{bS*rB'bjh) 


.J— l^rfl... 


k\'h*9^ 


za:XL::b:B 


g'mnr. 


Fig.  202. 


a^  fSlh'jJbS^rB'bjh] 
bH\fB'b)h' 


To  find  the  ratio  between  the  mazimnm  and  the  ayerage  values  of  g,  we  haye 
the  two  equations 


and 


q^flnu.      8  {bE^  -¥  {B  ^  b)  A*}  {bS  +  {B  -  b)  h\ 
^«M»-       S{S^^h*){bJff4'iB-b)h) 

in  any  example  the  greater  of  these  two  ratios  is  to  be  used. 
In  the  numerical  example  shown  in  fig.  202. 

go  a  '014j;    and    ^  a  -013^; 


aod 


??E^«1.3;    .l^'«i.26. 


ivnar. 


9»fBt» 
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Triattffular  tMiion  (fig.  203).— Let  y,  which  includes  its  sign,  be  the  ordinate  of 
the  base  of  any  portion  such  as  is  shaded  in  the  diagram ;  then  for  that  portion 

<?o-j(Y-y)'|y  +  i(Y-y)j  =  ^(2A-8y)(A  +  3y). 

Now  9  =  T  — >  ^^'^  sLUce  -=-  is  constant, 

Jo  Z  Jo 

J  oc  — ,  or  ^  Qc  (2A  -  3y)(A  -I-  3y). 

The  sum  of  these  factors  is  constant,  and  their  product  is  therefore  greatest  when 
thej  are  equal ;  that  is  when 

(2A-3y)  =  (A  +  3y),    or    y^g; 

henoe  ;  is  a  nia-gimiifn  at  middle  of  depth  h,  and  the  locus  is  a  parabola  with  its 
axis  horizontal. 


9 1  mmM._g 


K. 5 M 


Fig.  208. 
For  the  portion  aboye  this  central  point 

^»  =  *2-2M6-'*2)"24>    ^'^^    '  = 
For  the  whole  section  Jo  ■>  ih^h^ »  hence 


Fig.  204. 


b 

2' 


9h 


FOo     .      '  24       ZF 


36       2 


F      F       2F 


^^max.      3 
2" 


S      ibh'  bh*     "    (?'.Ter. 
The  equation  to  the  parabola  is  easily  found. 
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Skomhoidal  $eetion  (fig.  204). — For  a  portion  such  as  is  shaded,  in  the  upper 
half  of  section,  that  is  for  positive  values  of  y, 


Now 


gcc  -  ocA»  +  8y  ^--y), 


so  that  the  locus  is  a  parabola  with  its  axis  horizontal.    The  sum  of  the  factors 
y  ( -  -  y  j  is  constant,  and  the  product  is  greatest  when  these  are  equal,  so  that 

when  y  B  ^,  ^  is  a  maximum.    The  locus  for  the  upper  half  is  a  parabola  whose 

o 

axis  is  |A  above  the  neutral  axis,  and  for  the  under  half  a  similar  parabola  sym- 
metrical below. 

h 


For  that  part  of  the  section  above  y  «  ^ ; 

o 


3b 


^^o  =  i.-^.-x|-  +  J-j  =  rf,6A«;    and    «=- 
For  the  eross-section 


48 


FGo      9F       ,  F       2F  '= _  9 

i-  Iq.z      4  6a  \oh      oh  q aver. 


8 


Mtgular  hexagonal  teetion^  diameter  vertical  (fig.  205).— If  we  suppose  the  sloping 
aides  above  and  below  produced  to  meet  the  neutral  axis,  we  have  a  form  like 


Asm  •f  9Meh 
HtlghU  »a  14.,0. 


Fig.  206. 


fig.  204  ;  and  for  values  of  y  from  \h  to  §A,  everything  so  far  as  regards  q  is  the 
if  those  sides  were  produced,  except  the  constant  /o  which  is  less ;  hence 
\  values  of  y,  the  loous  is  a  parabola  with  its  apex  A\  on  the  horizontal  \h 


aameas 
for  those 
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abore  the  centre  as  in  the  preyious  case.  For  yalues  of  p  from  0  to  ^A,  eappoee 
the  yertical  sides  produced  and  the  rectangle  completed  ;  the  four  triangles  which 
require  to  be  added  on  to  complete  Uiat  rectangle  increase  the  constant  Iq,  but  eo 
far  as  that  affects  q  the  locus  is  stfll  a  parabola  with  its  apex  on  the  neutnl  axis ; 
thej  also  increase  Oq  for  erery  Talue  of  y,  augmenting  both  the  constant  term  and 
the  tenn  in  y*  in  the  expression  for  q ;  the  locus,  however,  is  still  a  parabola  with 
its  axis  coinciding  with  the  neutral  axis,  but  the  modulus  is  altered. 

Now  we  know  that  this  parabola  intersects  the  othor  pair  at  JTand  X,  points 
beyond  their  apexes,  hence  OAt  is  greater  than  ordinate  of  Ai ;  and  q^  »  OAt  is 
the  maximum.    Frcnn  Ex.  213,  p.  320,  we  have 


90 


2SF  , 


F_ 
Ibh 


^STsr.  «  ni  =  511 


iF_ 

Zbk* 


4 
90 


qunr. 


7 
6" 


B^gular  h$xagcnal  uetiim  with  diamsUr  haritonial  (fig.   206).— Let  s  be  the 
horisontal  line  at  any  distance  y  from  the 
neutral   axis.     Suppose  the  two  shaded 
triangles  joined  together ;  they  will  form 
an  equilateral  triangle,  for  which 

<^-,4-,(*-w{yHg-y)i 

*       2    /*        \       2  ,,       ; 

•"vs  +  ^ij  (2 "V-;;? (*-»''• 

For  shaded  rectangle 


Fig.  206. 


'^'i-AKir-^l-a^t*'-*^)- 


For  the  total  shaded  part,  summing  and  reducing 

^0  =  T^  (A  -  2y){A»+  2Ay  -  2y«) ; 


F  , 


Go 

t 


6V3 

(A-2y)(A»  +  2Ay-2y»). 


A 


-y 


and  since      is  a  constant  quantity,  we  have 

Jfi  _  6Ay«  +  4y» 


q  ac 


k-y 


a  cubic  curve ;  the  maximum  value  occurs  when  y  *  rx  noariy ;  and  evaluating 


'o'  9*m>^  and^ 


10 


•t 


we  find  the  ratio  is   4^ s  1-26. 


'arer. 


When  several  points  for  this  equation  are  plotted,  they  give,  as  shown  in  the 
figure,  a  pair  of  curves  resembling  parabolas. 

This  case  shows  that  the  locus  giving  values  of  9  is  not  necessarily  a  parabola. 
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EXAICPLRS. 


10 


la 


201.  Find  the  working  moment  of  resistanoe  to  bending,  and  the  working 
resistance  to  shearing  of  the  section,  of  which  the  upper  half  is  shown  in  fig.  207. 

In  WTOught-iron  built  sections,  the 
pieiciDg  of  holes  for  rivets  reduces  the 
effiectiye  ai-ea  to  resist  tension  but  not 
to  resist  thrust ;  the  area  as  thus  reduced 
is  to  the  original  area  in  the  ratio  of 
about  4  :  5,  which  is  the  same  as  the 
ratio  of  the  strengths ;  hence  it  is  usual 
to  make  such  built  sections  symmetrical 
above  and  below,  to  consider  tne  working 
resistanoe  to  tension  and  thrust  as  each 
equal  to  4  tons  per  sq.  inch,  and  then  to 
neglect  the  fact  that  the  holes  diminish 
the  effectiye  sectional  area ;  the  working 
resistance  to  shearing  may  also  be  taken 
at  4  tons  per  square  inch. 


a 


Bi 


0 


Fig.  207. 


b 

Ord. 

Dif' 

JH/.xb 

Ord,^ 

IHf, 

iH/.x| 

Ord,^ 

Dif. 

^fA 

12 
3 

1 

10 
8 

3-5 
0 

2 
4*5 
3-5 

24 

13-6 

3-5 

100 
64 
12-3 
0 

36 
62 
12 

216 

78 

6 

1000 
512 
43 
0 

488 

469 

43 

1952 

469 

14 

1     41  X  2  s  82  »  5. 

(?'o  =  300. 

2435  x  2  »  4870  «  U 

M  -  7^/o  » -Ar  X  4870  «  1948  inch-tons. 


^0  = 


F^'fl 


/o«i 


F.?5^  =  ii^^^^  =  65tons. 


O't 


300 


202.  If  the  rivets  a,  a,  ^,  207,  be  pitched  at  4  inches  apart,  find  the  diameter 
nec-essarj  for  each  rivet. 

For  part  of  section  beyond  SB,  (?o  =  i  x  12  (10*  -  9*)  »  114  ; 


90 


FG^      67  X  114 
/o«  "  4870  X  12 


=  *13  tons  per  square  inch 


is  the  intensity  of  the  shearing  stress  on  the  horizontal  plane  BS  at  the  cross- 
lieotion,  and  it  will  be  sensibly  constant  on  8B  iKxt  a  few  inches  on  either  side  of 
cvofli-sectaon.  There  is  one  nvet  for  each  24  sq.  inches  of  8B\  hence  a  riyet  has 
to  bear  *13x  24  s3*12  tons  of  shearing  force.  If  the  riyet  be  yery  tight,  this 
fihearing  force  would  be  uniformly  distributed  on  its  section,  and  the  area  required 
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would  be  found  by  dividing  by/=  4.  If  the  rivet  be  not  perfectly  tight,  there 
will  be  a  bending  moment  on  it,  and  we  must  consider  the  shearing  stzees  distri- 
buted as  in  fig.  201 ;  in  which  case 

^0-4;     .'.   ^s=}x4b3  tons  per  square  inch  average  intensity. 

area  =  ^^  b  l '04,  which  gives  a  diameter  d=l'2  inches. 

Taking  1*2  inches  as  the  diameter  of  the  rivets,  the  six  holes  reduce  the  area  of  the 
cross-section  by  16*8  sq.  inches,  almost  exactly  a  fifth  as  we  supposed  it  would  do. 
This  is  on  the  supposition  tiiat  the  section  bears  the  full  shearing  force  that  it 
can  resist ;  at  other  cross-sections  where  the  shearing  force  is  less,  the  rivets  might 
either  be  made  smaller  in  diameter  or  be  more  widely  pitched. 

203.  Find  the  resistance  to  shearing  of  a  cross-formed  section :  width  of  each 
pair  of  wings  5  inches,  thickness  of  metal  1*6  inches ; 
/s  4  tons  per  sq.  inch  (fig.  208) ;  see  also  fig.  202. 

For  semi-section 


(7o  =  i  X  1-6  (2-6»-  -TS*)  -h  J  X  6  (-76*-  0«)  =  6-7 ;  ^ 


.   ,      ^0     6-7     _  , .  . 

and      — =s -=-  =  1*14  IS  a  maximum. 

J/o  =  J  X  1-5  (2-6S  -  -768)  +  J  X  6  {'76*  -  0») ; 
therefore  /o  ~  16*6. 

For  portion  beyond  K 

Oo^ix  1*6  (2*6«  -  -762)  -=  4*27 ; 

Go      4*27 


( 


)    « 


^C7 


) 


1-6 


2-8 


K 


0-76 


and 


1*6 


SB  2*84  is  therefore  the  maximum. 


0-\ 5 L-0 


F  G^o       ,        F 


F  =  23-4  tons. 


Fig.  208. 


204.  If  the  section  (fig.  208)  be  built  of  half -inch  plates  as  shown,  and  fixed 
with  rivets  a,  a,  one-inch  diameter,  find  what  should  be  the  pitch  near  the  cross- 
section  which  is  under  J  of  the  full  working  shearing  force  F,  if  /  «  6  tons  per 
square  inch. 

For  the  part  beyond  8S,   G^r^^x  1-6  (2*6«  -  •76«)  +  J  x  5  (•76»  -  •26»)  =  6*5  ; 

.V     *  }F  (?o      i  X  23*4  X  6-5       ,  ^ 

therefore  q,%^  s= =  — -__ — - —  s  .5  tons  per  square  inch 

*  z  16*6  X  6  r     -^ 

is  the  intensity  of  the  shearing  stress  on  the  horizontal  plane  SS. 

If  the  working  strength  of  the  rivets  be  6  tons  per  square  inch,  the  average 
resisteknce  to  shearing  will  be  }  x  5  s  4  tons  per  sauare  incn  nearly ;  hence  '5  —  4, 
that  is  ^^  of  the  area  along  ST,  and  normal  to  tne  paper,  must  be  pierced  with 
holes.  But  8T  «  2  inches ;  so  that  for  every  four  inches  measured  on  ST  normal 
to  the  paper,  there  should  be  one  s(^uare  inch  pierced ;  that  is,  rivets  about  one  inch 
in  diameter  should  be  pitched  four  inches  apart. 

206.  Find  the  moment  of  resistance  to  bending  of  the  symmetrical  section,  the 
upper  half  of  which  is  shown  in  fig  209 ;  the  material  is  wrought-iron,  for  which 
the  weaker  working  strength  is/a  =  4  tons  per  square  inch. 
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Consider  the  two  triangles  as  one  of  breadth  8  inches ;  for  a  triangle  about  its 
own  neutral  axis,  7=  -^^bh^  «  48  ;  hence  for  semi-section 

J/o  =  (48  +  24  X  8*)  for  triangle  +  J  x  2  (10'  -  0»)  for  rectangle ; 

/ 


therefore        Jo  =  4601 ;    and    M 


P^« 


•A  X  4501  B  1800  inch-tons. 


89ml.  Symnftrletil  Section. 


Fig.  209. 


Fig.  210. 


206.  For  the  cross-section  shown  in  fl^.  210,  and  which  is  the  same  as  fig.  209, 
find  the  working  Talue  of  M,  if  the  worlong  strengths  of  the  material  be  /«  »  4^ 
and/&  =  5  tons  per  square  indi. 

Choose  BB  as  an  axis  of  reference ;  then 

5=  24  +  20  =  44 ;     G^^  =  (24  x  8)  +  J  x  2  (10*  -  0»)  =  292. 

72  »  }/o    of  Ex.  205    =  2251. 

Ob      292 
yj  «  -^  =  -—  =  6-64,    and    yi^=  10  -  6'64  =  3'36  ; 


8 


44 


/o-/i?-^.y»»=816;     •f  =  «:^  =  M9,    *nd  -^  =  A  =  .752  ; 

ya      3'3o  yi      6'64 

taking  the  smaller  yalue,  we  have 

M  =  '752  X  Jo  «  237  inch-tons. 


12  In. 


Fig.' 211. 


Fig.  212. 


207.  Find  M  for  the  section,  the  upper  half  of  which  is  shown  in  fig.  211 ;  the 
material  is  cast  iron,  for  whidl  /6 »  2  tons  per  square  inch. 
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For  the  circle  about  its  own  neutral  axis, 

/»^MS>='049x8«s201;    and    5=  60*26. 
64 

For  the  oroee-section, 

J/o  -  (201  +  60-26  X  8*)  +  J  X  3  (4»  -  0») ; 

.-.    Jo -6964;    and     M -»  j^  Jo  =  A  x  6964  »  1161  inch-tons. 

208.  Find  M  for  the  seotion  shown  in  fig.  212,  the  working  strengths/*  and/i 
heing  4  and  6  tons  per  square  inch  reepectiyelj. 

It  is  conTsnient  to  choose  CO  the  diameter  of  the  ellipse  as  the  axis  of  ref  erence» 
and  we  have 

Ellipte.  Middle  rect.  Lower  rect. 

^B«-x4x3+        3x6        +  10x2        =76-7; 

Gc^  0  +Jx3(9«-8«)  +  }xlO(ll« -9»)  =  808; 

^c«  ^x  8x  6»+  Jx  3(9»-3»)  + Jx  10(ll»-9»)  t=  2793; 
64 

y  B  --  s  '— -  B  4  inches  sensibly ;  so  that  y«  s  7,  and  y»  »  7  inches ; 

I^^Ic-8y^  ^  1682. 

The  neutral  axis  being  sensibly  in  the  middle,  take  /»  s  4  the  smaller  strength, 
and  M  =  t  Jo  «  904  inch-tons. 

209.  Find  the  resistance  to  bending  lor  the  section  shown  in  fig.  218 ;  the 
dimensions  are  in  inches,  and  the  strenguis  of  the  material  are  /«  —  4  tons  (thmst), 
and  /»  a  6  tons  (tension)  per  square  inch. 

1^  Choose  CC  the  diameter  of  the  ellipse  as  an  axis  of  reference ;  and  for  semi- 
ellipse 

S  =  23-6  ;        (?c  «  -  30 ;        Ic  ^  63. 

ifl^For  semicircle  about  its  diameter,  J=:  246,  and  distance  from  centre  to  f  its 
centre  of  gravity  is  2-12  inches ;  hence  about  its  own  neutral  axis,  that  is  an  axis 
through  ^,  we  hare  J,  b  J—  i5  (2*12)*  =  69  ;  and  for  semicircle 

8  «  39*3 ;        6c  =  398  ;        Ic  =  4093. 

For  the  two  triangles,  reckoned  as  one  about  its  own  neutral  axis  Jo  =  42*7  ; 
hence  for  double  tiiangie 

8  ^n\        Gc=  64;        Ic  =  384. 
For  rectangle, 

^  «*  24  ;        (?c  =  96  ;        Ic  ^  612. 
For  total  section, 

8  =  98-9  ;     Gc  «  628 ;      Ic  =  6042  ; 

.      Gc      628 

M  —  __r  B  - —  B  6*3 ; 

^        8       98-9  * 
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hence       fn  «  8*3  ins.,  and  ya  "  7'7  ins.,  and  Jo  s  Zc  ~  Sp  »  2250 ; 


■6=   *    ..619,    Mid    =^-5^ 
y«     7-7  y»     8- 


3 


•602; 


taking  the  smaller  value,  we  hayer 


M  »  '61970  «  U67  inch-tons. 

^  As  shown  in  the  fignie,  the  section  is  lying  in  a  position  suitable  for  a  oantile'ver ; 
if  intended  for  a  beam,  it  shoold  be  turned  upside  down ;  should  it  be  kept  as  it 

itsndB,  however,  then  for  a  beam  we  take  tbe  smaller  of  the  two  ratios,  rr-^  and  -^-z, 

til.  *482 ;  multiplying  Jo  by  this  quantity  gives  a  value  of  M,  which  is  less  than 
the  above. 


Fig.  214. 


210.  Pind  the  resistance  to  bending  of  the  wrou^ht-ixon  section,  fig.  214 ;  the 
dimensions  are  in  inches,  and  the  metal  everywhere  is  1  inch  thick. 

Choose  CCihe  diameter  of  the  hollow  semioirde  as  an  axis  of  reference ;  then 
for 


s 

Q 

lo 

14 

-41 

144 

4 

-  8 

21 

10 

60 

388 

10 

106 

1108 

38 

106 

1601 

Hollow  semicircle,     . 
Rectangle  above  (7C7,  • 
First  rectangle  below  C(7,  • 
Second  rectangle  below  CO, 

Whole  section,  . 
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For  whole  eection 

y"^=  -3g-  =  2-8;     .-.    y«  =  7'8,     y6  =  8-2; 

Jo  =  ic  -  ^y*  =  1601  -  38  X  2»8«  =  1305. 

•^=-i=:.6i2,    and    •^*=A-=.609; 
ya      7-8  *  yft      8-2 

.'.     M  =  -512/0  =  668  inch-tons. 

211.  For  a  wheel,  design  an  elliptical  spoke  of  approximately  uniform  streng^, 
of  a  material  whose  smaller  strength  is  2  tons  per  square  incn ;  length  of  spcke 
3  feet,  load  at  end  due  to  a  force  applied  to  the  circumference  of  wheel  J^^  of  a 
ton,  and  at  each  cross-section  the  depth  is  to  the  breadth  in  the  ratio  8:1. 

-*^max.  ^  Wl^  ify  ft. -tons  =  1*8  inch -tons ; 

M  =  nfbh^  =  ^  X  2  X  ft  (8ft)»  «  1-76J5  inch-tons. 
32 

Equating  these  yalues  of  if  and  M,  we  haye 

l'76ft3  =  1-8;    therefore    Ifi  =  1. 

Therefore  ft  =  1,  and  A  e  3  inches,  are  the  diameters  of  the  elliptic  section  at  boes, 
while  two- thirds  of  these  are  the  diameters  at  tyre  (see  fig.  178). 

212.  Find  the  thickness  of  a  cast-iron  pipe  whose  external  diameter  is  2  feet, 
that  it  may  have  a  working  moment  of  resistance  to  bending  of  800  inch-tons  ;  the 
smaller  working  strength  of  cast-iron  is  2  tons  per  square  inch. 

Put  D  as  24  inches,  and  let  d  be  the  inside  diameter ;  then  . 

/o  =  ^(2)*-rf*),    and    M=^Jo; 

therefore  800  =  -00818  (i)*  -  rf*),    or    (D*  -  rf*)  =  97800. 

Ann.  ^  B  22  inches  ;  and  for  the  thickness  of  the  metal,  we  have  t^\  inch. 

213.  Find  the  relatiye  strengths  of  a  regular  hexagonaUsection  to  resist  bend- 
ing when  lying  with  a  diameter  horizontol,  and  w^en  fying  with  a  diameter 
yertical.    Find  also  &q  for  semi-section  in  the  latter  case. 

For  the  diameter  horizontal,  page  296,  we  had  M  =  A/ft** ;  i*  «  be  put  for  the 
side  of  the  hexagon,  then  A  s  a  V3,  and  ft  =  2a ;  this  giyes 

M  =  A/.  2«.(aV3)«  =  f/a». 

When  the  diameter  is  yertical,  the  half-sectionlconsists  of  a  rectangle  and  a 
triangle ;  the  rectangle  is  of  breadth  ft,  one  edge  is  against  the  neutral  axis,  and  the 
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odier  18  at  a  distanoe  ^h  thezefrom  ;  the  triangle  is  of  breadth  by  its  height  is  ^hj 
uid  its  centre  of  grayity  is  ^h  distant  from  the  neutral  axis ;  hence 

i...H{©--..j.|A.(-:)V(....5)(?)> 

therefore  /o  =  tJf**'    «nd     M"^/o=A/***- 

In  this  case  h  =  2a,    and    &  b  a  V3 ;  so  that 

M  »«*4/.(«V3)(2a«)  =  ^V«»- 

An».  The  strengths  are  as  2  :  V3,  being  greater  when  the  diameter  is 
horizontal;  and 

''-»'l(5)"-'|-{»'i)©-*»-- 

214.  The  section  of  a  beam  is  a  rectangle  2  inches  broad  by  6  inches  deep ;  the 
mateiial  is  wrought-iron  whose  working  resistance  to  shearing  is  /»  6  tons  per 
iqaare  inch.    Find  the  working  resistance  to  shearing  of  the  cross-section. 

F  will  be  such  that  ^o  the  wiRTimnfn  intensity  shall  attain  to  /^  6  tons  per 
iqaare  inch ; 

go  =  6;  but  ^»Tflr.  =  fco  =  ¥  tons. 
F  s  average  intensity  x  area  ^^.bh^V^x  12  «  40  tons. 

215.  Compare  the  shearing  force  and  the  resistance  to  shearing  of  the  cross- 
wetion  at  the  fixed  end  of  the  cantilever  of  £z.  196,  taking  the  working  strength 
of  the  timber  to  resist  shearing  as  i^  of  a  ton  per  square  inch. 

F=  2  tons ;     ^  *»  ^^  ton  per  sq.^inoh ;     .-.  9'  =  }  x  ^  ■>  i^  ton  per  sq.  inch. 

F  =  ^  X  area  =  A  x  ^'^  ^  IS  =  ^'*  ton*- 

80  that  in  providing  for  the  bending  moment  at  the  fixed  end,  there  is  three 
times  the  necessary  strength  to  resist  wearing;  but  near  the  free  end  ^is  still 
2  tons,  while  F  will  only  be  half  as  much  as  b^ore,  namely  8*2  tons. 

316.  Find  the  resistance  to  shearing  of  the  cross-section,  ^,  IBS,  taking 
/  s  4  tons  per  square  inch,    qo  is  the  maximum  value. 
From  the  tabular  form  or  graphical  solution  we  had 

Jo  =  4634,        ffo  »  296,    and    n  «  1-6  ; 

F6^o  .  F  X  296  c      a.  . 

^^  ^.  =  — ,    or    4  -  jg5j^-j:j. ;     ...     F  =  94tons. 

217.  Find  the  resistance  to  shearing  of  the  section  shown  in  fig*   184,  taking 
/the  leastance  of  the  material  to  shearing  at  4  tons  per  square  inch. 

FO'o  ,       Fx396,  _       -„_^ 

'"  =  7uf'      *  =  en273'      •*•    ^  =  "«*«"• 

T 
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218.  In  Beotion  (fig*  184),  find  the  ratio  of  the  TnaTimiim  andaTerage  intensity 
of  the  Bheaiing  stress. 

g,^—,    and    ^  =  -; 
jomaz.      8ff»      120  x  396     „  „ 

*'^'^  7;^ -:^--6ii2Ts -'*■'• 

219.''Find  F  for  fig.  199,  taking  /=  4  tons  per  square  inch ;  and  find  the  ratio 
of  the  maximum  and  average  intensity  of  the  shearing  force. 

Jib"  J^^(10'-*')  +  i^2(6»-0>);       .-.    /o«3424; 

ff^^ix  6(10»  -  6*)  +  J  X  2  (6»  -  0«)  =  228. 

J/S  =  6  (10  -  6)  +  2  (6  -  0) ;        .-.     S  =  72. 

Fty 

«i  =  2,  and  we  wish  to  have  jo  =  4 ;  but  ^o  «  > — -  ;     .•.  F  =  120  tons. 

F       -  ^                 ,     tfomsx.      4      ^  ^ 
qwnr.  =Tf7i  =  i^onB'*     and    -^ =  -=2-4. 


72      •         '  ^ 


tTBT.  S 


220.  Find  the  ratio  of  the  maximum  and  the  average  intensity  of  the  shearing 
stress  for  fig.  212. 

Take  the  under  half  which  oonsiBts  entirely  of  rectangles,  and  find  C^o  s  157' 5. 
ow    Jo  =  1682,     iS=76*7,    and    «i  =  8.  ^omsz.      «  i: 

221. *A  triangular  section,  as  shown  in  fig.  203,  is  12  inches  deep,  and  the 
resistance  to  shearing  is/  =  4  tons  per  square  inch.    Find  what  the  brei^th  should 
e  in  order  to  mske  F  «  100  tons. 

yo  =  4;     .-.  j'  =  ix4«f;     5=J*A=6*;     F «  100. 
F  «  gfS,    or    100  =  f  X  6ft ;      .-.    b  =  6-26  inches. 

222.  Compare  the  resLBtance  to  shearing  for  the  cross-sectiou  shown  in  fig.  183, 
as  obtained  by  the  exact  and  approximate  formulae  respectiyely,  taking/  =  6  tons 
per  square  inch. 

iosiyo      15688x4x5 
F  »  -^  « ^ =  460  tons  (exact). 

F  tsfS       =        6  X  96        =480  tons  (approx.). 

223.  Suppose  the  web  of  the  cross-section  shown  in  fig.  184  to  extend  to  the 
under  side  of  the  upper  plate,  take  /=  4  tons  per  square  inch,  and  find  approxi- 
mately the  resistance  to  shearing.  Compare  the  approximate  result  with  that 
obtained  for  £x.  217. 

F  =  4  X  48  =  192  tons. 
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224.  Suppose  the  web  of  tha  crasg-MOtbn  shoirn  in  Sg.  19S  to  extend  to  the 
cr  fsoei  of  the  outer  plates,  and  find  the  approzimate  reaiitance  to  shearing, 
— '~  -  f=  4  tona  per  aquaie  inoh ;   compare  thia  wilii  the  oorrect  result  of 


F  =  4  X  IG  X  1-S  -  90  tons  (approi). 

226.  The  depth  of  a  girder  is  20  inches,  Uie  upper  and  lowe 
1  ineb  in  thickness,  and  the  ahearing  force  to  be  reaiiied  is  6 
tbickness  required  for  the  web,  luppoaing  /»  4  tons  per  square 


■>  V  =  16^  square  inches ; 

a  little  over 
B  (Bx.  201) 


226.  In  the  chain  of  a  suspension  bridge  ten  flat  links  doie-Call  with  eleven 
•llematelji  and  a  oylindiical  pin  parses  through  the  eyei.  If  the  pull  on  the  chain 
beSOO  toiu,  find  the  arcA  of  the  pin,  supposing  that  /=  6  tons  per  square  inch. 

As  the  piu  would  require  to  shaar  at  20  sections  simultaneously,  SOO  -f  20  =  2'> 
tou  is  the  shearing  force  on  the  section, 

flo-Z-B,    •od    f'-tfe-4-5;     F=^.S,     or    2.i-l-5S; 

th««Ioie  area  of  pin  ■■  a-i  square  inches,  or  diameter  =  2-7  inche'. 


CHAPTER  XVI. 


8THBSS  AT  AN  INTEBNAL  POINT  OF  A  BSAM. 


Bbtubning  to  fig.  82,  p.  118,  we  have  now  found  the  intensity 
and  obliquity  of  the  stresses  at  the  point  H,  on  AB  and  CD 
the  jpair  of  rectangular  planes  through  it,  viz. : — On  CD  the 
total  stress  tangential  and  given  by  ^  in  such  diagrams  as 
fig.  198,  and  on  AB  the  total  stress  of  intensity  r  at  obliquity 
y  (fig.  216)  given  in  terms  of  its  normal  component  p,  and  its 


RL  B  OK  -  9,  in  figs.  198  to  201  =  r«^ 
in  fig.  47. 

^         B  tangential  component  strees  on  tlie 
rectangular  planes  AB,  CD, 


OL 


p,  in  fig.  84  =  r«,  in  fig.  47. 

normal  component  stress  on  plane 
AB. 


Fig.  216. 


tangential  component  q  on  such  diagrams  as  fig.  198.  The 
planes  of  principal  stress  at  5"  are  to  be  found  as  on  fig.  143 ; 
making  that  construction,  and  noting  that  7'  is  a  right  angle, 
we  have  (fig.  216) 


OM  -  ii?,    and    MB 


r,*^- 


These  are  readily  calculated  and  become  known  quantities ;  we 
also  have 

tan  29  -  —  =     arrow  g  (fig  198)   ^ 
ML      half -arrow  p  (fig.  84)' 

giving  d  the  angle  which  the  plane  of  greater  principal  stress 
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makes  with  the  plane  of  cross-section  ABy  both  planes  being 
normal  to  the  paper.    Further 

OM  +  MB  «=  intensity  of  greater  principal  stress  (of  same 

kind  as  arrow  p,  fig.  84) ; 

OM  -  MB  =  intensity  of  smaller  principal  stress  (of  oppo- 
site kind  from  arrow  p^  fig.  84) ; 

and  MB  »  intensity  of  greatest  tcuigential  stress,  being 

on  the  planes  inclined  at  45°  to  the  planes 
of  principal  stress ; 

that  iSy  we  have  the  maximum  value  of  the  thrust,  tension,  and 
shearing  stress  at  the  point  ff. 


t 


Fig.  SZbit. 


Fig.  S5bU. 


That  the  two  principal  stresses  are  of  opposite  kind,  follows 
from  the  fact  that  the  stress  on  the  plane  CD  is  wholly  tan- 
gential (fig.  32,  p.  46). 

If  the  principal  planes  be  drawn  through  ff  for  a  short 
distance  on  each  side,  that  upon  which  the  stress  is  thrust  by 
a  full  line,  and  that  upon  which  it  is  tension  by  a  dotted  line, 
and  if  this  be  done  for  a  number  of  points  ff  on  the  elevation ; 
then  the  full  lines  and  the  dotted  lines  will  each  form  a  series 
of  polygons  with  short  sides,  and  if  we  take  the  points  H  close 
enough,  each  polygon  becomes  a  curve.  These  curves  are  called 
lines  of  principal  stress ;  and  the  tangents  thereto  at  any  points, 
where  a  dotted  line  and  a  full  line  curve  intersect,  are  the  planes 
of  principal  stress  at  ff.  See  Eankine's  "  Applied  Mechanics," 
sect.  310,  and  his  "  Treatise  on  Shipbuilding." 
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These  curves  have  the  following  properties : — They  cut  the 
neutral  axis  at  45° ;  for,  considering  a  point  there,  jp  =  0,  and 
in  fig.  216  B  will  fall  on  the  line  JR^O  produced  upwards, 
20  =  90^  and  0  =  6'=  45^  Similarly  all  lines  that  meet  the 
end  section,  that  is  the  section  over  the  point  of  support,  meet 
it  at  an  inclination  of  45"^  ;  for,  since  the  bending  moment  is 
zero,  we  again  have  ^  -  0.  All  lines  meet  the  upper  and  under 
skin  at  right  angles,  since  ^  ^^  0  at  ^  and  B  (fig.  85). 

In  the  elevation  of  the  same  beam,  these  curves  will  be 
different  for  different  loads,  except  when  the  loads  are  kept  in 
the  same  positions  on  the  beam  and  altered  in  a  fixed  ratio ; 
thus,  for  a  rectangular  beam — if  the  load  be  uniform,  then  for 
positions  of  ff  ranged  on  a  horizontal  line,  the  arrows  p  and  q, 
figs.  84  and  85,  wiU  both  vary,  since  the  bending  moment  and 
shearing  force  alter  for  each  cross-section ;  if  the  load  be  at  the 
middle  of  span,  p  will  vary,  but  q  will  not,  since  the  shearing 
force  is  the  same  at  each  cross-section. 

The  planes  of  principal  stress  will  differ  in  the  elevations  of 
two  beams  which  are  loaded  alike,  and  whose  cross-sections  are 
different  but  uniform  throughout  in  each  case ;  for  instance,  if 
the  cross-sections  be  a  rectangle  and  a  triangle  respectively,  we 
have  ^niax.  at  the  centre  of  the  cross-section  in  both  cases ;  the 
neutral  axis,  however,  is  at  the  centre  in  one  case  but  not  in  the 
other ;  so  that,  though  both  be  loaded  alike,  the  planes  of  prin- 
cipal stress  will  differ  in  the  two  elevations. 

In  designing  beams,  it  will  be  seen  that  we  have  followed 
the  usual  practice  of  considering  pa  and  p^  at  the  section  of 
maximum  bending  moment  to  be  the  greatest  value  of  thrust 
and  tensile  stress  respectively,  and  q^  for  the  section  over  the 
greater  supporting  force  to  be  the  greatest  intensity  of  shearing 
stress.  Strictly  the  points  at  which  these  maxima  occur  are  to 
be  defined  thus : — Let  x,  y  (fig.  82)  be  the  coordinates  of  any 
point  H  referred  to  0  the  centre  of  the  neutral  axis  as  origin ; 
then  for  the  cross-section  at  x 

M 
Mr  =  njiM'^y    and    pa  =  -~^\ 

also  py:pa::y:rn:h\     .-.   ^^^  =  -^^. 

We  also  have  q'  =  -^,     and     q^  «  —^ ; 

/'  being  the  ratio  of  the  maximum  and  the  average  intensity  of 
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the  shearing  stress  for  such  cross-section ;  qy  is  readily  derived 
by  considering  the  manner  in  which  the  stress  is  distributed. 
Then  (fig.  216) 

MR'  =  fy  +  {\Vy)\ 

and  bj  finding  the  values  of  x  and  y  which  make  this  a  maxi- 
mum, we  get  the  point  at  which  the  intensity  of  the  shearing 
stress  is  greatest ;  also 

{0M±  MB)  =  ipy  ±  M\  +  {^Pv)\ 

and  by  finding  the  values  of  x  and  y  which  make  this  sum  and 
difference  a  maximum  respectively,  we  get  the  maximum  value 
of  the  intensity  of  the  thrust  and  of  the  tension. 

To  find  these  maxima  is  difficult  even  in  the  easiest  cases ; 
for  instance,  for  a  beam  of  uniform  rectangular  cross-section, 
loaded  at  the  centre,  we  have 

lW{c-x)     ZW{c-x)  ^y  6Tr(c-a;)y, 

and  ifZP  -  (l^)'l(A*  -  V)'  +  ^^fiP  -  ^r\ ; 
for  every  value  of  y,  MB^  is  greatest  when  a?  =  0,  and  then 
ME'  =  r^A  {(A'  -  4y7  +  16cy ) 

I^J  {(2c'  +  4y'  -  h?y  -  4c»(c'  -  A')}, 
the  greatest  value  of  this  is  obtained  by  putting 

y  =  ±2'    '^®°    "^^  =  2^^ 
at  the  surface  of  the  beam  at  centre  of  span. 
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The  quantity  py  is  greatest  when 

x^O,    and    y=2'    ^^^^    P^ W 'W' 

and  since  py  and  MB  thus  have  their  greatest  values  at  the 
same  point,  viz.,  at  the  surface  at  the  middle  of  the  beam,  tihe 
greatest  principal  stress  is  there  situated,  and  its  amount  is 

3Wc 


OM+MB  = 


bh' 


EXAICPLB. 

227.  A  beam  of  constant  rectangular  section  9  ins.  broad,  20  ins.  deep,  uid  20  ft. 
span,  bears  a  load  of  96  tons  uniformly  distributed.  At  a  point  in  the  section  half- 
way between  the  centre  and  left  end,  and  half-way  between  the  neutral  axia  and 
upper  skin,  find  the  greatest  intentdties  of  thrust,  of  tension,  and  of  shearing 
stress ;  and  find  the  inclinations  of  the  planes  of  principal  stress  at  the  point. 

6  X  2160 
Jffi  =  2160  inch-tons;    ^pmbh*  =  Ms;    ,\  pa  =  ^ — ^  =  3-6, 

and  pp  =  (pa  a  1*8  tons  per  square  inch. 

J^         24  2 

Fa  b  24  tons :    o^  =  —  =  =  — :    oo  =  i(/  =  '2; 

*  •     *       S       9x20      16'     *°       '* 

and  q^  =  f^o  —  '^^  ^^  P®^  square  inch ;    JfiP  =  '16*  +  'O*. 

Therefore  MB  «  -91  ton  per  square  inch  max.  intensity  of  shearing  stress. 

OM  +  MB  =  *9  +  -91  s=  1*81  ton  per  square  inch  max.  (thrust) ; 

OM  -  MS  =  —    '01  ton  per  square  inch  max.  (tension). 

Tan  2a  =  ^  =  4^  =  0-16;     .-.  2$  =  9^28'; 
ML      -90 

0  B  4^44',  the  inclination  of  the  plane  of  greater  principal  stress  to  the  cross- 
section. 

Determination  of  internal  stress  hy  the  polariscope, — ^We  have 
much  pleasure  in  reproducing  the  following  paper.*  I  do  not 
mean  to  give  a  detaUed  scientific  explanation  of  the  theory  of 
light,  but,  with  a  view  to  make  my  remarks  understood  by 

*  ''How  to  use  the  Polariscope  in  the  Practical  Determination  of  Internal 
Stress  and  Strain."  By  the  late  Professor  Peter  Alexander.  A  Paper  read  before 
the  Mathematical  and  Physical  Section  of  the  Philosophical  Society  of  Glasgow, 
drd  February,  1887,  and  reprinted  here  by  the  kind  pennission  of  the  Society. 
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those  who  have  either  not  studied  the  subject  or  have  forgotten 
it,  I  must  make  a  few  remarks  thereon. 

The  following  quotation  from  Spottiswoode's  "  Polarization 
of  light "  is  very  clear  and  concise : — "  It  is  considered  as 
established  that  hght  is  due  to  the  vibrations  of  an  elastic 
medium,  which,  in  the  absence  of  any  better  name,  is  called 
ether.  The  ether  is  imderstood  to  pervade  all  space  and  all 
matter,  although  its  motions  are  affected  in  different  ways  by  , 
the  molecules  of  the  various  media  which  it  permeates.  The 
vibrations  producing  the  sensation  of  light  take  place  in  planes 
perpendicular  to  the  direction  of  the  ray.  The  paths  or  orbits 
of  the  various  vibrating  ethereal  molecules  may  be  of  any  form 
consistent  with  the  mechanical  constitution  of  the  ether ;  but 
on  the  suppositions  usually  made,  and  none  simpler  have  been 
suggested,  the  only  forms  possible  are  the  straight  line,  the 
circle  and  the  ellipse.  But  in  ordinary  light  ^e  orbits  at 
different  points  of  the  ray  are  not  all  similarly  situated, 
although  there  is  reason  to  believe  that  in  general  the  orbits 
of  a  considerable  number  of  consecutive  molecules  may  be 
similarly  situated ;  yet  in  a  finite  portion  of  the  ray  there  are 
a  sufficient  number  of  variations  of  situation  to  prevent  any 
preponderance  of  average  direction. 

"This  being  assumed,  the  process  of  polarization  is  under- 
stood to  be  the  bringing  of  all  the  orbits  throughout  the  entire 
ray  into  similar  positions.  And  in  the  case  of  the  tourmaline 
plate,  the  orbits  are  all  reduced  to  straight  lines,  which  conse- 
quently lie  in  one  and  the  same  plane.  For  this  reason  the 
polarization  produced  by  tourmaline,  as  well  as  by  most  other 
crystals,  is  called  rectilinear,  or,  more  commonly,  plane  polari- 
zation. This  property  of  tourmaline  may  also  be  expressed  by 
saying  that  it  permits  only  rectilinear  vibrations,  parallel  to  a 
particular  direction,  determined  by  its  own  internal  structure, 
to  traverse  it." 

A  ray  of  light  is  analogous  to  a  series  of  pulses  of  transverse 
vibration,  travelling  along  a  stretched  cord  or  wire.  If  the 
particles  of  the  cord  vibrate  in  straight  lines  all  in  one  plane, 
the  series  of  waves  is  analogous  to  a  ray  of  plane  polarized  light. 
If  the  particles  of  the  cord  vibrate  in  stationary  elliptic  orbits 
similar  to  each  other  and  similarly  situated,  the  set  of  waves 
will  be  analogous  to  a  ray  of  elliptically  polarized  light.  If  the 
ellipses  have  equal  axes  they  are  circles,  and  the  set  of  waves  is 
analogous  to  a  ray  of  circularly  polarized  light.  If  the  particles 
vibrate  in  elliptic  (including  circular  and  rectilinear)  orbits,  the 
ellipses  not  being  stationary,  but  rotating  about  the  line  along 
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which  the  waves  are  propagated,  the  set  of  waves  will  be  analo> 
gous  to  a  ray  of  ordinary  light.  This  motion  of  the  ellipses  in 
their  own  planes,  about  a  line  perpendicular  to  their  planes,  is 
called  apsidal  motion,  and,  as  a  consequence  of  the  propagation 
of  this  motion  from  particle  to  particle  of  the  cord  or  medium, 
the  ellipses  will  not  be  similarly  situated,  but  the  whole  series 
will  form  a  surface  which  will  be  the  same  as  that  of  an  elliptic 
cylinder  which  has  been  twisted  uniformly  about  its  axis. 

If  two  lines  be  chosen  perpendicular  to  each  other  and  to 
the  line  of  propagation  of  the  vibrations,  any  set  of  pulses  of 
transverse  vibration  is  equivalent  to  two  simultaneous  sets  of 
transverse  rectilinear  vibrations  parallel,  respectively,  to  the 
two  chosen  lines,  that  is  to  say,  to  two  rays  of  plane  polarized 
light  travelling  together  having  their  planes  of  vibration  per- 
pendicular to  each  other. 

When  a  ray  of  light  enters  an  seolotropic  transparent  sub- 
stance it  is  usually  resolved  into  two  rays  of  plane  polarized 
light  vibrating  in  planes  perpendicular  to  each  other,  parallel 
to  the  directions  of  greatest  and  least  elasticity  of  the  substance. 
The  exceptions  to  this  are  those  in  which  the  ray  was  plane 
polarized,  and  had  its  plane  of  vibration  parallel  to  the  axis  of 
greatest  or  least  elasticity  of  the  substance  before  entering  the 
same,  in  which  cases  the  ray  suffers  no  change  except,  perhaps, 
a  change  of  direction. 

A  polariscope  consists  of  two  parts,  namely,  a  polarizer  and 
an  analyzer.  The  polarizer  changes  a  ray  of  common  light  into- 
a  ray  of  plane  polarized  light,  by  suppressing  one  of  the  two 
component  plane  polarized  rays  which  the  former  is  equivalent 
to.  The  analyzer  may  be  the  same  as  the  polarizer,  but  its 
fimction  is  different.  It  is  used  to  examine  the  nature  of  a  ray 
of  light  entering  it. 

If  the  polarizer  and  analyzer  be  similarly  situated,  the 
ray  of  light  which  has  been  polarized  by  the  former  will  pass 
unchanged  through  the  latter.  If,  now,  the  analyzer  be  rotated 
about  its  axis  through  a  right  angle,  it  will  suppress  the  ray 
which  has  been  polarized  by  the  polarizer,  and  darkness  will 
be  the  result.  Again,  if  a  plate  of  seolotropic  transparent 
matter,  with  parallel  faces,  be  introduced  between  the  polarizer 
and  analyzer  with  its  faces  perpendicular  to  the  ray  passing 
from  the  former  to  the  latter,  the  ray  will  in  general  suffer  a 
change,  because  its  component  plane  polarized  rays,  with  vibra- 
tions parallel  to  the  directions  of  greatest  and  least  elasticity  of 
the  introduced  plate,  will  travel  through  the  plate  with  different 
velocities,  and  therefore  the  one  will  suffer  retardation  relatively 
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to  the  other.  Consequently  the  resultant  ray  which  leaves  the 
plate  will  not,  in  general,  be  the  same  as  that  which  enters  it ; 
and  therefore  when  it  enters  the  analyzer  it  will  be  resolved 
into  two  components,  one  with  its  vibrations  parallel  to  those 
of  the  ray  which  leaves  the  polarizer,  and  the  other  with  its 
vibrations  perpendicular  to  those  of  the  former,  and  the  analyzer 
will  suppress  the  former  component,  but  will  allow  the  latter  to 
pass  through  it.  Hence  the  light  will  be  partially  restored. 
Should,  however,  the  plate  be  introduced  with  its  axis  of  greatest 
elasticity  or  least  elasticity  parallel  to  the  vibrations  of  the  ray 
leaving  the  polarizer,  it  will  allow  the  ray  to  pass  through 
unchanged,  and  consequently  the  analyzer  will  entirely  suppress 
the  ray,  and  there  will  still  be  darkness. 

If  the  plate  be  not  very  small,  and  if  instead  of  a  single  ray 
of  light  we  have  a  cone  or  sheaf  of  rays,  it  may  happen  that  at 
some  parts  of  the  plate  the  direction  of  greatest  or  least  elasticity 
is  parallel  to  the  direction  of  the  vibrations  of  the  rays,  and  at 
other  parts  not  so,  which  will  be  the  case  if  the  lines  of  stress 
in  the  plate  are  curvilinear.  Should  this  be  so,  the  whole  plate 
will  appear  luminous,  except  along  certain  lines,  which  are  the 
loci  of  points  at  which  the  axis  of  greatest  or  least  elasticity 
is  parallel  to  the  vibrations  of  the  rays  leaving  the  polarizer, 
which  lines  will  appear  black.  If  the  plate  be  now  rotated 
about  a  line  through  its  centre  and  perpendicular  to  its  faces, 
the  black  lines  will  assume  new  positions  in  the  plate. 

To  illustrate  this,  I  shall  show  you  the  black  line  in  a 
rectangular  bar  of  glass  subjected  to  stress,  similar  to  that  of 
a  beam  supported  at  both  ends,  and  uniformly  loaded  throughout 
its  length.  You  will  observe  that  when  the  length  is  parallel 
to  the  direction  of  vibration  of  the  polarized  ray,  the  black  line 
lies  along  the  upper  and  lower  edges  of  the  bar,  and  perpen- 
dicularly crosses  the  middle  of  the  bar,  as  is  indicated  in 
fig.  217. 

It  shows  the  forms  and  positions  of  the  black  line  for  nine 
positions  of  the  bar,  from  the  horizontal  position  to  the  vertical 
position  and  corresponding  to  the  first  eight  points  of  the 
compass. 

It  will  be  observed  that  the  central  point  of  the  bar  is 
always  black ;  consequently  we  conclude  that  there  is  no  stress 
there.  At  every  other  point  of  the  black  loci  lines  of  stress 
cross  them  horizontally  and  vertically,  that  is  to  say,  parallel 
and  perpendicular  to  the  direction  of  vibration  of  the  polarized 
ray. 
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If  we  wish  to  draw  lines  of  stress  we  can  do  so  as  as 
follows :— Draw  all  these  black  loci  in  one  rectangle  on  a  piece 
-of  cardboard  as  in  fig.  218. 

Let  the  card  be  mounted  so  as  to  be  capable  of  rotation 
about  a  horizontal  axis  passing  perpendicularly  through  the 
•centre  of  the  rectangle.    Let  the  card  now  be  rotated  slowly 


Fig.  217. 


about  this  axis,  and  simultaneously  let  a  tracing  point  (fig.  219), 
carried  round  with  the  card,  move  horizontally  so  as  always  to 
cross  each  black  locus  at  the  instant  when  the  rectangle  is  in 
the  position  corresponding  to  this  locus.  The  line  thus  traced 
on  the  cardboard  will  be  approximately  a  line  of  stress.  By 
this  method  a  network  of  lines  of  stress  can  be  drawn  in  the 
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rectangle  on  the  cardboard.  This  network  (fig.  218)  will  show 
what  is  the  state  of  internal  stress  of  the  glass  bar  and  conse- 
quently that  of  the  nniformly  loaded  beam. 


The  black  loci,  i,  u,  &c.,  correspond  to  the  angular  positions, 
I,  u,  &c.,  of  the  card.  The  dotted  lines  are  the  lines  of  internal 
stress. 

A  more  accurate  way  of  drawing  the  lines  of  stress  is  to 
rotate  the  card  in  front  of  the  lantern  simultaneously  with  the 
rotation  of  the  glass  bar,  so  as  always  to  have  the 
image  of  the  glass  bar  occupying  the  same  position 
on  the  card,  and  let  the  tracing  point,  while  carried 
round  by  the  card,  at  the  same  time  move  horizon- 
'  tally,  so  as  always  to  be  on  the  black  locv^  projected 
on  the  card.     The  line  drawn  in  this  way  will  be 
an  accvirate  delineation  of  a  line  of  stress.    This  motion 
of  the  tracing  point  may  be  accomplished  as  follows ; — 
Let  the  tracer  be  a  sn^ll  toothed  wheel,  T,  capable  of 
rotation  about  a  fixed  axis,  AA',  at  the  end  of  a  tracing 
pen,  P,  and  let  a  heavy  load,  W,  be  attached  rigidly  to 
the  pen  at  the  end  of  a  rod,  i>,  so  as  to  compel  the  axis, 
AA',  of  the  tracing  wheel  to  be  vertical  when  in  use. 

IHie  tracing  point  will  thus  be  incapable  of  any  motion 
but  that  communicated  to  it  by  the  rotation  of  the  card, 
"*"*"■  and  the  horizontal  motion  given  to  it  by  the  rotation 
of  the  tracing  wheel  as  the  tracing  point  is  made  to  keep  on 
the  black  Uxms. 

I  append  a  rough  drawing  of  the  instrument  by  which  I 
imitate  the  stresses  to  which  parts  of  structures  are  subjected : — 
Fig.  220  shows  side  and  end  elevations,  and  plan  of  the 
instrument.  EWKK  denote  the  glass  bar,  RW  a.  glass  bar 
which  receives  tlie  pressure  from  the  screw  SS'  and  communi- 
cates it  to  the  glass  bar  through  bits  of  indiarubber,  such  as 
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MNy  interposed  between  the  brass  and  glass.  B  is  the  screw  at 
the  top  of  the  instrument  by  which  the  pressure  is  communi- 
cated. The  end  view  shows  the  openings  at  the  end  through 
which  the  bars  of  glass  and  brass  are  introduced.  PP^  and  Q 
are  pins  upon  which  the  ends  of  the  glass  bar  are  supported. 
If  we  wish  to  imitate  a  beam  fixed  at  the  ends  we  must  intro- 
duce other  pins,  T  and  V,  above  the  ends  of  the  glass  bar. 
Fig.  220  is  intended  to  indicate  the  arrangement  for  imitating 


sMi 


Fig.  220. 

a  beam  supported  at  both  ends  and  subjected  to  a  uniformly 
distributed  load.  This  is  approximately  imitated  by  intro- 
ducing a  long  strip  of  rubber  EF  between  the  brass  and  glass 
bars.  To  imitate  loads  supplied  at  isolated  points  of  the  beam, 
I  introduce  little  narrow  bits  of  rubber  at  these  points  between 
the  glass  and  brass.  For  example,  fig.  221  shows  how  I  imitate 
the  stress  of  a  beam  loaded  at  its  centre  and  supported  at  its 
^nds,  by  introducing  a  little  bit  of  rubber  Z  between  the  brass 
bar  ^JT  and  the  glass  hs^rEFKH, 
right  under  the  screw  SS\  Uni- 
formly bending  stress  may  be 
imitated  by  introducing  little  bits 
of  rubber  between  the  brass  and 
glass  at  Xx  and  X^. 

Other  forms  of  stress  may  be 
similarly  imitated. 

The  black  loci  can  easily  be 
studied  by  turning  the  apparatus 
round  with  the  hand  in  an  ordinary  table  polariscope,  but  in 
the  lantern  polariscope  the  rotation  must  be  communicated  by 
a  contrivance  similar  to  that  which  rotates  the  lantern  kaleido- 
cope. 

The  idea  of  turning  the  study  of  these  black  loci  to  practical 


Fig.  221. 
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use  for  the  determination  of  the  state  of  internal  stress  of  parts 
of  a  structure  was  suggested  to  me  some  three  or  four  years  ago 
by  a  civil  engineer,  Mr.  James  Love,  who  was  superintending 
the  manufacture  of  certain  works  by  a  Glasgow  firm  for  a 
Ix)ndon  firm  of  civil  engineers.  His  hopes  of  the  usefulness  of 
the  method  were  so  great  that  he  entered  on  a  systematic  study 
of  higher  mathematics  and  optics,  so  as  to  be  able  to  work  it 
out. 

I  have  lost  sight  of  Mr.  Love,  but  I  have  thought  the  matter 
out,  and  this  is  the  result  divested  of  mathematical  symbolism.* 

We  think  the  remarkable  similarity  of  the  lines  of  stress,  as 
drawn  by  Professor  Peter  Alexander's  practical  method,  to  those 
plotted  by  Sankine,  go  a  long  way  in  establishing  the  prac- 
tical accuracy  of  the  Bemoulli-Eulerian  theoryt  of  the  strains 
due  to  simple  flexure  when  the  amount  of  strain  is  very  small. 
In  Thomson  and  Tait,  too,  the  curvatiires  as  given  by  that 
theory  are  shown  to  agree  perfectly  with  the  exact  mathematical 
results  for  small  strains.  Again,  the  fact  that  the  resilience  of 
the  beam,  or  energy  stored  in  it,  exactly  equals  the  amount  of 
work  done  by  the  load  in  descending  through  the  deflection^ 
where  both  resilience  and  deflection  are  calculated  by  the 
approximate  theory,  is  an  appeal  to  the  conservation  of  energy. 

*  Consult  Nature  of  July  16,  1891,  for  Canu  Wilson's  note  on  glass  beams. 

t  See  WiUiainson's  Elasticity  for  quotations  from  Pearson's  paper  *'0n  the 
Flexure  of  heavy  Beams  subjected  to  continuous  Systems  of  Load,"  in  the 
Quarterly  Journal  of  Math9mat%ot,  1889,  pp.  63-110. 
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CURVATURB,  SLOPE,  AND   DEFLECTION. 

At  any  point  in  a  plane  curve,  the  direction  of  the  curve  is  that 
of  the  tangent  at  the  point ;  and  the  curvature  is  the  rate  of 
change  of  direction  at  the  point. 

If  two  points  be  taken  on  a  circle,  the  change  of  direction 
as  you  pass  along  the  arc  from  one  to  the  other  is  the  angle 
which  the  tangent  at  one  of  the  points  makes  with  the  tangent 
at  the  other ;  this  angle  is  equal  to  the  angle  at  the  centre  sub- 
tended by  the  arc  between  the  points  ;  since  this  change  of 
direction  takes  place  uniformly,  the  rate  of  change  is  found  by 
dividing  the  total  change  by  the  arc;  the  total  change  as  just 
stated  is  the  angle  at  the  centre,  and  this  angle  when  expressed 
in  circular  measure  is  the  ratio  of  the  arc  to  the  radius ;  divid- 
ing this  ratio  by  the  arc,  we  then  have  for  every  point  of  a 
circle, 

curvature  «  -•  (1) 

r  ^  ^ 

If  we  take  a  point  in  any  plane  curve,  we  can  find  a  circle 
which  coincides  with  the  curve  for  a  short  arc  in  the  vicinity  of 
the  point ;  and  if  p  be  the  radius  of  that  circle,  then  the  curva- 
ture of  the  circle  everywhere  being  1  -^  |»,  it  is  clear  that  for 
that  particular  point  of  the  plane  curve, 

curvature  =  -  (2) 

P 

For  any  point  in  the  neutral  axis  of  a  beam  (or  cantilever),  we 
have  (fig.  81), 


1      \dsj     strain  on  any  horizontal  layer 

ciu'vature  =  -  =  ^—^  =    ,.  ^  , =^— .    ^    ,     — 

p        y         dist.  from  neut.  axis  to  layer 


^  \d8)  _  \ds) 


strain  on  either  skin 


Va         Vh         dist.  of  skin  from  neut.  axis 
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Now  the  strain  on  a  horizontal  layer  is  equal  to  the  longi- 
tudinal stress  on  the  layer  divided  by  E  the  modulus  of 
elasticity  of  the  material  (see  page  8);  hence 

1     stress  on  any  horizontal  layer      1     pi      Pa    ^  , 
p      dist.  of  layer  from  neut.  axis      E     y' E     ya'  E^ 

Pa  being  the  normal  stress  at  the  skin  on  the  cross-section,  and 
^a  the  distance  of  the  skin  from  the  neutral  axis  as  shown  in 
fig.  84 ;  but  page  283,  we  have 

^"  =  --  r3> 

hence  at  any  point  of  the  neutral  axis,  the  curvature  due  to  any 
load  which  induces  the  bending  moment  M  on  the  cross-section 
passing  through  the  point,  is 

/  being  the  moment  of  inertia  of  the  cross-section,  and  E  the 
modulus  of  elasticity  of  the  material  Choosing  as  origin  that 
point  where  the  neutral  axis  crosses  the  section  of  greatest 
bending  moment,  we  have  the  curvature  at  that  point  for  a 
beam  or  a  cantilever, 

Po      ^     h 

and  if  we  wish  this  to  correspond  to  the  proof  or  working  load, 
it  is  only  necessary  to  make  M^  the  bending  moment  due  to  the 
one  or  the  other.  These  values  of  M^  can  be  easily  obtained  from 
equation  3  by  substituting  for  pa  the  value/  corresponding  to 
the  proof  or  working  strength  of  the  material  For  this  cross- 
section  of  greatest  bending  moment,  putting  y^  instead  of  ya. 


so  that 


i    i  /  =  •!  Z. 

H-I,      S-y,'  y,'M,      '■ 

z 
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MultiplTing  the  value  for  -  by  this  quantity,  which  being 

P 
unity  will  not  alter  the  value,  we  have 

p     \E-l)\3f,-Mj     Ey,-MJ 

The  slope  of  a  beam  or  cantilever  at  any  point  whose  abscissa 
is  x^,  the  origin  being  at  the  point  where  the  neutral  axis  is 
horizontal,  is  found  as  follows : — ^Let  S  be  any  point  between 
the  origin  and  that  point ;  then  at  fig.  81  we  had  for  the  incre- 
ment of  slope  between  T  and  S^  supposing  these  points  to  be 
indefinitely  close, 

di  -  -  X  dx\  (6) 

9 

if  we  add  these  increments  di  from  point  to  point  between  the 
origin  where  the  slope  is  zero  and  the  point  x^y  it  gives  us  the 
slope  at  that  point ;  and 


<-rc-) 


dx',  (7) 


the  right-hand  side  expresses,  in  the  language  of  the  Int^ral 
Calculus,  the  summation  of  the  products  equal  respectively  to 
these  increments. 

In  the  case  of  a  beam  symmetrically  loaded,  the  origin  will 
be  at  the  centre  of  the  span,  and  in  practice,  for  any  load,  the 
origin  will  be  sensibly  in  the  same  position ;  in  the  case  of  a 
cantilever,  the  origin  will  be  at  the  point  of  support. 

At  the  point  of  support  of  a  beam,  and  at  the  free  end  of  a 
cantilever,  we  thus  have  the  dope, 


-re) 


dx,  (7a) 


that  is  the  int^ral  with  respect  to  x  of  the  general  expression 
for  the  curvature  between  the  limits  c  and  0. 

Deflection  of  the  nefuiral  axis  of  a  beam  or  cantilever  at  any 
point  whose  abscissa  is  ^  Let  x^  be  the  abscissa  of  S  (figs.  80 
and  81 ;  in  the  case  of  a  beam  let  u  be  the  height  of  ^8^  above 
the  lowest  point  of  the  neutral  axis,  in  the  case  of  a  cantilever 
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let  u  be  the  depth  below  the  highest  point,  and  let  du  be  the 
small  difference  of  'evel  between  8  and  T^  two  points  indefinitely 
close;  then 

or  the  difference  of  height  of  8  and  T  is 

du  =  ^J.^ .  dx^ ;  (8) 

and  summing  all  these  increments  from  point  to  point,  between 
the  point  a;  =  0  (the  lowest  point)  and  the  point  x^y  we  have  the 
height  of  x^^  above  0, 


u. 


^y,)  dx,.  (9) 


The  height  of  the  end  above  the  centre  of  a  beam,  or  above 
the  free  end  of  a  cantilever,  is  given  by  the  equation 

V'c  =      {ix)dxi\  (9a) 

this  in  the  case  of  a  beam  is  the  deflection  of  the  centre  below 
the  points  of  support,  and  in  the  case  of  a  cantilever  it  is  the 
deflection  of  the  free  end  below  the  fixed  end;  so  that  the 
deflection 

%  =  1'^  (ir)  dx,.  (10) 

Again  the  deflection  at  any  point  x^  is 

Jo 
For  ix  we  may  substitute  the  value  in  equation  7,  and 

t?^     =  t;^  -  f  -  j  efe .  dXy  (11^) 

Z2 
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Beam  of  uniform  section,  load  at  centre. — ^For  all  cases  of 
imiform  section  /  is  constant;  and  for  load  at  centre,  we  have, 
fig.  107, 


r       1    sen*      /   /      Ic*      A     1    /     c      ,,-^ 

In  every  case  the  expression  for  ic  the  slope  can  be  arranged 

into  these  three  factors;  a  numerical  factor  depending  on  the 

form  of  the  cross-section,  in  this  case  ^,  and  for  which  Bankine 

/  c 

puts  m";  a  factor  ^  depending  on  the  material,  and  a  factor  — 

depending  on  the  dimensions.    The  general  expression  is 

i. -^"C-y:  (13a) 

and  m^^  is  called  the  numerical  coefficient  for  the  slope. 
The  deflection 

JVo  [2      2c  3  Jo      %o  V2      2c  3     7     3  S  y,"  ^^*^ 

In  eveiy  case  the  expression  for  the  deflection  can  be  arranged 
into  these  three  factors ;  a  numerical  factor  depending  on  the 
form  of  the  section,  in  this  case  |,  and  for  which  Eankine  puts 

n"\  a  factor  =^  depending  on  the  material^  and  a  factor  —  de- 

^  Vo 

pending  on  the  dimensions.    The  general  expression  is 

and  n^'  is  called  the  numerical  coefficient  for  the  deflection. 


f 
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In  this  case,  the  numerical  coefficients  are 

'm"  =  \  \    7i"  =  J. 

Observe  that  /  is  the  working  or  proof  strength  of  the 
material,  according  as  you  may  want  the  working  or  proof  values 
of  ie  and  v^  If  /  be  given,  as  is  generally  the  case,  in  lbs. 
per  square  inch,  then  ^  is  to  be  in  lbs.  per  square  inch,  and  y^ 
und  c  in  inches ;  if  we  then  calculate  p  or  p^  t?  or  'o^  they  will  be 
in  inch^  also. 


From  equation  (12),  if  we  put  a;  =  0,  we  get 


Po  « 


/• 


(15) 


This  will  be  the  expression  for  p^  in  every  case,  and  we  shall 
not  repeat  it. 

The  inclinations  %  when  calcidated  from  these  f ormulfle,  are 
in  circular  measure. 

Beam  ofv/niform  section^  uniform  load, — From  fig.  110, 
i.  /.    ^.f-ll.t\  (16) 

EyX      «"3j.    *V    <'3       I     SS-y,'         ^    ' 

i:[-if]>-ij:(-^*-»)-- 


%0 
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The  numerical  coefficients  are 

GarUUever  of  uniform  section,  load  at  end. — ^From  fig.  108, 


f  =  fr(c-.).frc-(i-f) 


exactly  as  in  the  case  of  a  beam  loaded  at  the  centre ;  and  the 
numerical  coefficients  are 

Cantilever  of  wnAform,  seeium,  vniform  load. — I  cancels  Iq  ; 
from  fig.  114 

M       W 


M^ 


p      Ey^M^     m,. 


(19> 


"o 


^\L  L.  (20> 

-l:l:©-•^-iJI(^-^4-)-•-. 

J'yo  L  2      c  3      Sc*  4  Jo 
%o\2"c3''3cM      7      4^>o' 
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The  numerical  coefficients  are 

Beam  of  unif(yrm  section,  lending  Trummt  constant.— U  a  beam 
be  symmetrically  placed  on,  and  extend  beyond  its  two  points 
of  support ;  and  if  the  two  projecting  parts  be  loaded  symme- 
trically, while  the  intermediate  portion  is  unloaded ;  the  bending 
moment  on  the  portion  of  the  beam  between  the  points  of 
support  is  constant,  and  we  have  /  and  I^,  M  and  if^,  cancelling 
each  other. 

a  constant  quantity,  so  that  the  neutral  axis  is  circular. 


-i:e) 


.     ,  da;  =  ^  r  <fo  =  ^  Mo  -  4-io-ai)  "  i->  (23) 

The  numerical  coefficients  are 

m"  =  1 ;  7i"  =  i 

Beam  of  Tiniform  section,  loaded  with  two  equal  weights  at 
eqv/d  distajtces  from  the  centre  of  span. — Let  W  be  the  total  load, 
av  and  -  iBr  the  abscissflB  of  the  loads.  P  =  ^W\  M^^^Wic-Xr), 
and  the  bending  moment  is  constant  along  the  central  portion 
of  span;  for  values  of  x  between  Xr  and  c,  M^  »  ^W{c  -  x). 

For  the  central  portion  of  span,  ^  =  1 ;   for  the  end  por- 

M^      c  —  X 

tion  ^  «  ; 

M^         C-  Xr 


%0  ^0         %o 


(25) 
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For  values  of  x  from  0  to  Xr, 

1/1 


p      Ey^c-Xr 
For  values  of  x  from  av  to  c. 


(c  -  x).  (25a) 


^'=l]G)•'^^"4ll>^-^ll/^-^>'^ 


%0 


^^^%-.[-al 


2^      cMyo' 


(26) 


-^, 


JoJo   P  JO  h   9  J«rJo    P 

f«»-  1     f*' 

Jo  C  — •^J*r 

(2c' -  3c»v' +  V)   /    ^  (i      ^     i^jr^^ 
"•"(      6(c-av)      jJ^yo       I*      3c~*c'Uy, 

Thus,  for  an  uniform  beam,  loaded  at  two  points  which  are  equi- 
distant from  the  centre,  and  so  that  the  stress  on  the  outer  fibres 
of  the  middle  cross  section  is  /,  we  have 


»(•*?>  •"-»-i(i-7)' 
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Beam  or  cantilever  of  uniform  strength  and  uniform  depth. — 

For  the  proof  or  working  load,  the  bending  moment  at  each 

section  equals  the  proof  or  working  moment  of  resistance  to 

bending  there ;  since,  however,  the  depth  is  constant,  the  moment 

of  resistance  to  bending  at  each  cross-section  is  proportional  to 

the  breadth,  that  is  the  breadth  at  such  sections  is  proportional 

to  M;  and  since  the  depth  is  constant,  /  for  each  section  is 

M 
proportional  to  the  breadth;  hence  -j  is  constant  at  every 

section,  ^^  =  1,    and    1  =  /- ;  (28) 

as  in  the  preceding  case  of  a  beam  of  uniform  section  and 
bending  moment  constant ;  so  that  for  beams  or  cantilevers  to 
resist  any  load,  and  made  of  imif orm  strength  hj  varying  the 
breadth  only,  the  numerical  coefficients  for  the  slope  and 
deflection  are 

m''  =  1;  7i"-  l 

Beam  of  vmifarm  strength  and  uniform  breadth,  loaded  at  the 
centre. — See  text  at  figs.  96, 176,  &c.,  where  it  is  explained  that 
the  elevation  is  obtained  by  degrading  the  bending  moment 
diagram. 

Since  M  is  proportional  to  A*,  and  /  to  A',  we  have  ^  pro- 
portional to  h  \  and 

MI^  _  \       \M,        l_e_ . 
MJ~  h  "■>!  M  "  ■yje-x' 

since  from  fig.  107,  we  have 

M  W 

1       /:^o./y^(,_^).J  (29) 

^.  L  (i)  Jo "    %o  ^^     ^  ■■• 

=  _^^{Oi_ci}   =24.-.  (30) 

Ey^  E   y^ 
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■^:i:['7#]:<-'>-ti:«-'«'<-'> 


.^«,(0. ,«•)-(.•.«)).  |i|.  (SI) 

The  numerical  coeflBicients  are  m''  =  2,  ii"  =  §. 

Cantilever  of  uniform  strength  and  uniform  breadth  loaded 
at  the  end. 


MI^ 


since  from  fig.  108,  we  have 

The  value  of  -  is  the  same  as  for  the  preceding  case,  and  the 

P 
coefficients  for  the  slope  and  deflection  are  m"  =  2,  n"  =  f . 

Beam  of  vmform  strenffth  and  uniform  breadth  uniformly 
loaded. 

MI^     h 


h  4m  Sc— 


since  from  fig.  110,  we  have 
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I        f_     MI^      fc         1 

p'  Ey^'  IM^"^  Ey^  J^—^'  (32) 


t^  = 


■e 


iu=#r-=^=.#r8in->?T 

p)  %o  Jo  J?^^     -%o  L         cj, 


0\P 

A{si,-.(i)_sin-.(0)}.|.Z.l.  (33> 


%0 


sin"*  ( ~  J  dici ;  integrating  by  parts 
-  ^  {(«  .  em- 1  +  0)  -  (0  t .)! 

-4(^-«)-(i-)lF;  <"> 

The  numerical  coefficients  are 

m"  =  ^  =  1-5708 ;        «"  =  ^|  _  1 )  -  0-5708. 
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Proportion  of  the  greatest  depth  of  a  beam  to  the  span. — 
l\itting  the  working  strength  of  the  material  as  the  value  of/, 
we  have,  as  a  general  formula, 


And  since  y^  =  m'A^,  we  have 


^0    = 

=  n" 

f 
E 

c» 

y.' 

have 

^0 

n" 

f 

2c 

2c 

4m' 

Eh, 

Now  ^  is  the  ratio  of  the  deflection  to  the  span,  and  its  recipro- 

2c  h 

cal  —  represents  the  stiffness  of  the  beam ;  ^  is  the  ratio  of 

depth  of  beam  at  centre  to  span,  and  we  have 

2c     4m'  E  h^  ^ 
^0  "  n''   7  2c  ' 

or,  the  stiflhess  of  a  beam  is  proportional  to  the  ratio  of  the 
depth  at  centre  to  span* 

For  instance,  to  give  a  workii^  stifihess  1000  to  a  wrought 
iron  beam  of  uniform  symmetrical  section  uniformly  loaded; 
we  have  the  ratio  of  depth  at  centre  to  span  (Bankine,  C,E.  §  170) 

2e^^m''  E'v^ 

(A)       10000  lbs.  per  square  inch  1 


(i)  *  30000000  lbs.  per  square  inch  14*4 

That  is  to  secure  the  degree  of  stiffness  1000  required  for  the 
wrought-iron  beam,  the  depth  must  not  be  less  than  a  fourteenth 
of  the  span.  In  the  same  way  it  may  be  shown  that,  in  general 
to  give  to  beams  the  degree  of  stiffness  that  practice  shows  to  be 
necessaiy,  and  that  is  usually  prescribed,  the  depth  at  centre 
must  bear  to  the  span  a  ratio  varying  from  ^th  to  iV^h>  accord- 
ing to  the  material,  form,  and  manner  of  loading. 

Slope  and  deflection  wnder  any  load  less  than  the  proof  load. — 
For  the  proof  load,  the  stress  on  the  skin  furthest  from  the 
neutral  axis  at  the  cross-section  of  maximum  bending  moment 
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is  /,  and  for  a  smaller  load  it  is  pa  (fig*  84) ;  now,  though  the 
load  is  less  than  the  proof  load,  yet  being  distributed  in  the 
same  way,  the  ratio  if :  if^  is  in  no  way  ch£mged ;  /  is  the  same 
as  before,  and  we  have  E  and  y^  constant ;  so  that 

But  since 


we  have 


mm  .  ,. 

.,   __  mm''    Wlc  ,        ,       m^    WIg" 


For  a  beam  I  =  2c,  and  for  a  cantilever  /  =  c  ;   so  that  for  any 
load  for  a  beam 


i'c- 

2mm"    Wd" 
m'n    MJio^ 

;   y 

2mn"    W(? 
^        m'n    MoK^' 

and  for 

a  cantilever 

i'c- 

mm'' 
m'n 

Wc' 
MX' ' 

v\ 

mn"     W(f^ 
m'n  Ebjh^ 

The  coefl5cients 

mm" 
mn 

and 

mn" 
m  n 

assume  values  which  depend  on  the  cross-section  and  the 
system  of  loading. 

For  similar  beams  similarly  loaded  we  thus  have  t^'o,  the 
deflection  xmder  any  load  less  than  the  proof  load,  propor- 
tional to  W  the  total  load,  and  to  c'  or  the  cube  of  the  length ; 
and  inversely  as  &©  the  breadth  at  centre  of  span,  and  V  the 
cube  of  depth  at  centre  of  span. 

That  if^  is  proportional  to  W  does  not  follow  from  Hooke's 
Law,  but  has  been  established  upon  the  supposition  that  the 
slope  is  so  small  that  the  tangent  and  circular  measure  of  the 
dope  are  sensibly  equal.  In  bending  small  pieces  of  wood  in 
a  machine  which  registers  the  load  and  the  deflection  as  the 
coordinates  of  a  line,  it  is  found  that  the  line  is  straight  even 
when  the  piece  of  wood  is  bent  to  a  considerable  amount ;  this 
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proves  that  the  formula  above  is  a  close  approximation,  even 
when  the  slope  is  considerable ;  it  must  not  be  forgotten,  how- 
ever, that  the  formula  is  ojdy  approximate  when  the  slope  is 
great.  It  has  been  stated  that  where  such  a  machine's  register 
ceases  to  be  straight,  the  elastic  limit  has  been  passed ;  no  such 
conclusion  can  be  drawn  ;  the  only  just  conclusion  to  draw  is 
that  since  the  slope  is  visibly  great  (say  8°  or  10°),  the  formula 
above  has  ceased  to  be  a  close  approximation.  Were  a  second 
approximation  made,  it  would  be  found  that  v\  was  not  exactly 
proportional  to  W\  and  so  long  as  the  roister  did  not  depart 
from  the  curve  which  is  the  locus  of  that  new  equation,  it  would 
be  inaccurate  to  infer  that  the  elastic  limit  had  been  passed. 

Deflection  of  beam  mpported  on  three  props. — Let  HK  be  a 
beam  of  uniform  cross-section,  bearing  an  uniform  load  of 
amount  U\  and  let  it  be  supported  on  three  props,  one  at 
each  end  and  one  at  the  centre.  Let  W  be  the  reaction  of 
the  central  prop,  and  P  ^  Qy  the  reaction  of  each  end  prop : 
then  P-^Q  +  W  ^U, 

Fig.  222.      L 


Fig.  223.    H 


In  fig.  222,  let  W  ^  U,  then  P  =  ^  =  0,  and  OiT  is  a  canti- 
lever of  uniform  cross-section  fixed  at  0  and  uniformly  loaded, 
for  which  ti"  =  i ;  in  fig.  223,  let  JF-  0,  then  P  =  $  =  i?7,  and 
HK  is  a  beam  of  uniform  cross-section  uniformly  loaded,  for 
which  7i"  =  -/y ;  hence 

BE  (fig.  222)  :  DO  (fig.  223)  : :  3  :  5. 

Putting  BE  -  32,  then  DO  -  bz. 

In  fig.  222,  if  we  suppose  the  end  props  to  be  pushed  up  till 
they  support  all  the  load,  then  EOK  will  assume  the  form  LOB^ 
where  EL  »  82; ;  and  in  fig.  223,  if  we  suppose  the  central  prop 
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to  be  pushed  up  till  it  just  supports  all  the  load,  then  HOK  will 
assume  the  form  HTKy  where  OT  =  82;.  Hence  we  have  the 
following  theorems. 

Theorem. — If  to  an  uniform  cantilever  {OH,  fig.  222)  loaded 
imif ormly,  we  apply  at  the  end  a  load  (P  «=  i  ?7)  equal  to  that 
uniform  load,  it  will  produce  an  additional  deflection  in  the 
direction  of  the  applied  load  {HL  =  ^BH)  equal  to  eight-thirds 
of  that  due  to  the  uniform  load  alone. 

In  the  figure,  P  =  ^  ?7  is  applied  upwards  at  -ff,  but  the 
theorem  holds  for  P  applied  downwards,  since  deflection  is 
sensibly  proportional  to  load  ;  it  being  understood  that  the 
total  deflection  in  no  case  exceeds  the  proof  deflection. 

Cor, — A  load  P',  applied  to  the  end  of  an  uniform  cantilever 
loaded  uniformly,  will  produce  an  additional  deflection  in  the 
direction  of  P^ ;  and  the  amount  of  this  additional  deflection  is 
proportional  to  the  load  P'. 

Theorem, — If  to  an  uniform  beam  {HOK,  fig.  223)  loaded 
uniformly  we  apply  at  the  centre  a  load  {W  =  U)  equal  to 
the  uniform  load,  it  will  produce  an  additional  deflection  in  the 
direction  of  the  applied  load  {OT  «  ^DO)  equal  to  eight-fifths 
of  that  due  to  the  uniform  load  alone. 

In  the  figure,  W  =  U  is  applied  upwards  at  0,  but  the 
theorem  holds  for  W  applied  downwards,  as  for  the  previous 
theorem. 

Cor. — A  load  W  applied  at  the  centre  of  an  uniform  beam 
loaded  uniformly  will  produce  an  additional  deflection  in  the 
direction  of  W ;  and  the  amount  of  this  additional  deflection 
is  proportional  to  the  load  W,  See  Thomson  and  Tait's 
"Natural  Philosophy,"  first  edition,  §§  618,  619. 

Uniform  beam  uniformly  loaded  and  swpported  on  three 
props  at  the  same  level,  one  at  each  end  and  one  at  the  centre 
(fig.  224). — This  figure  is  obtained  by  pushing  up  the  central 


Fig.  224. 

prop  in  fig.  223  till  0  coincides  with  D.  Then  since  the  reaction 
of  the  central  prop  in  fig.  224  has  produced  the  deflection  OD, 
which  is  five-eighths  of  OT,  it  follows  that  W ^  ^U,  and  there- 
fore P=e=T^K 
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From  fig.  117, 
W 


OS^  =  -^  OjET"  ^Off;    hence    Off^  -  {OK 

At  centre  0, 

M^^^-'^Uly  max. ;  F^-^U,  max. 

At  S^i  and  8^  the  maximum  deflection  occurs,  and  as  proved 
in  the  next  article, 

The  central  prop  increases  the  strength  four  times  and  the 
stifl&iess  nearly  ten  times. 

Uniform  beam  uniformly  loaded  fixed  at  one  end  and  sup- 
ported at  the  other  (fig.  225).— The  left 
half  of  fig.  224  represents  such  a  beam. 
Let  IT  =  i  ?7  the  imif orm  load,  and 
I  =  OH  the  span ;  then  P  =  f  fT;  the 
shearii^  force  at  0  is  the  remainder 
of  load,  viz.  f  JT;  the  shearing  force 
changes  sign  at  8  where  the  bending 
moment  has  a  maximum  value;  and 
the  locus  of  the  shearing  force  diagram 
is  a  straight  line,  since  the  load  is 
uniform. 

From  fig.  117  the  bending  moment 
diagram  is    AFBE  a  parabola  with 


p-i  H^    a 


.— '  — *: 


^1  ^''^^S5Sg^k--"-~-ti— -- 


««l;n'-^^-m 


axis  vertical  and  apex  on  vertical  through  S. 


Fig.  226. 


aF=M,^ 


T  *  8        8    •  16      128 


m 


a  positive  maximum ;  and  since  AFBE  is  a  parabola 

FD:  Fffw  DE" :  ffB'  : :  25  :  9; 
therefore  FD^^FCT, 

and  CE^aD^FD-FOr^"  ^(TF^-  \Wl, 

that  is  Jfo  =  -  i  W7,  the  greatest  value ;  this  quantity  may  also 
be  calculated  directly  by  taking  moments  about  0. 


CONTINUOUS  BEAM.  353 

This  solution  is  exact,  and  all  the  results  are  readily  got  by 
remembering  that  OH'  is  a  quarter  of  the  span.  The  approxi- 
mate solution  indicated  in  Bankine's  "Applied  Mechanics/'  sec. 
308,  assumes  -ff'  to  be  sensibly  on  the  same  level  as  H, 

To  find  the  deflection  at  ;S^;  considering  the  beam  HH^  alone, 

we  have  for  the  deflection  at  S,  since  SH  =  |i  =  |<j  ; 


''''  12  E'    y,       12  Ey,  '16      64  ^  *  y^ 

where/,  is  the  intensity  of  stress  at  the  skin  at  8. 

Next  consider  the  cantilever  0H\  taking  into  account  its 
uniform  load  alone.  If  the  cantilever  were  of  length  SH,  its 
deflection  would  be  ^i ;  and  since  the  deflection  of  a  cantilever 
is  proportional  to  the  cube  of  its  length  and  to  the  load,  we  have 
for  the  deflection  of  OH'  for  uniform  load  alone, 

further,  if  a  load  equal  to  that  on  OH'  be  put  at  the  end,  it  will 
produce  an  additional  deflection  ^v% ;  the  load  at  end  of  0H\ 
viz.,  that  on  SH',  will  produce  a  proportionate  deflection,  and  we 
have  for  the  deflection  due  to  load  at  end  of  OH', 

and  the  total  deflection  of  OH  =  5vi  =  ^Vy 
The  total  deflection  of  the  point  S  is  therefore 


116     ^35         35    15j^    c»  _  175  f,  i? 
2  27  ^'  "  27  ^'  "  27  •  64  ^  •  yo  "  576  E  y^' 


^  =  ^l-^ol^^l  =  on^l-^ 


Let/o  be  the  proof  strength  of  the  material ;  when  the  beam 
is  loaded  with  the  proof  load,  then  /q  =  intensity  of  stress  on 
skin  at  0  the  fixed  end,  and 

/,  :  /o  : :  itf,  :  Jfo  : :  9  :  16 ;  * 

hence  f,  =  -^/^ ;  substituting  this,  we  have 

175     9  f,    (^      175     /,    c\ 


V  = 


576  "16  E'y^     1024*  E  '  y^' 


1  175 

so  that  m  =  -,  and  n"  =  ^7:7^  =  171. 
8  1024 

2  A 
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Uniform  beam  uniformly  loaded  and  fixed  at  both  ends 
(fig.  227). — Suppose  the  central  of  the  three  props  that  support 
HK,  fig.  226,  to  push  up  till  0  is  above  the  level  of  H  and  K 
such  a  distance  that  H'  and  K\  the  points  of  contrary  flexure, 
shall  be  on  the  same  level  as  H  and  K.  Let  x  =  OK'  the  dis- 
tance of  the  point  of  contrary  flexure  from  0,  and  let  u  be  the 
intensity  of  the  uniform  load. 

Consider  OK'  alone.  It  is  a  cantilever  fixed  at  0,  of  length  x, 
loaded  imiformly  with  intensity  u,  and  loaded  at  K"  the  free 

end  with  -^  {c  -  x),  half  the  load  spread  on  K'K.    For  the 

uniform  load  alone,  compare  OK'  with  OK  (fig.  222),  whose 
deflection  is  3z ;  their  deflections  are  proportional  to  the  cubes 


— —  tf  — — 


Fig.  226. 

of  their  lengths  and  to  the  loads ;  hence  for  uniform  load  alone 
the  deflection  of  OK'  (fig.  226)  is 


:^*-"(f)'-^ 


OK  being  shown  in  fig.  226,  and  OK  in  fig.  222.     By  theorem 
at  fig.  222;  a  load  at  the  end  of  this  cantilever,  and  of  amount 

liXy  would  produce  an  additional  deflection  8  ( - )  z;  the  load 

iu{c  -  x)  will  produce  a  proportional  deflection ;  and  we  have 
for  the  deflection  due  to  the  load  at  end  of  OK', 

4:(C-X)fx\     .     , 


?)■■  '"■' 


3x 
and  for  the  total  deflection  of  the  point  K\ 

OB  =  -r(4c-a:)«. 
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To  pass  from  fig.  223  to  fig.  226,  the  central  prop  has  been 
pushed  up  through  OD  (fig.  223)  together  with  DO  (fig.  226) ; 
that  is  through 

and  by  the  converse  of  corollary  to  theorem  at  fig.  223,  the 
reaction  on  the  central  prop  will  be 

w 

Now,  OS^  =  i  (c  +  ic) ;  and  since  (fig.  117)  OS^  =  -=rrc,  we  have 


i(c  +  «)-i(5+<*ilj^)c; 


solving  this  equation  we  find 

which  determines  the  position  of  the  points  of  contrary  flexure. 
Substituting  this  for  x  in  the  expression  for  W  as  given  above, 
we  have  the  reaction  of  central  prop 

If  we  take  OK'Ky  half  of  this  beam,  and  suppose  the  end  at 
O  fixed,  and  the  end  jE"  to  be  supported  by  the  cantilever  C/K 
similar  to  OK'  in  all  respects ;  we  have  (fig.  227)  a  beam  fixed 
at  both  ends  and  uniformly  loaded ;  its  semi-span  is 

i^OS^J^^c, 
but  OK  -  (2  -  ys)  c  «  (^1  -  -^)^; 

hence  the  distance  from  the  centre  to  a  point  of  contrary  flexure  is 
where  V  is  the  span. 

2A2 
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Let  W  be  the  total  load  on  the  beam  (fig.  227) ;  then  the 
shearing  force  diagram  will 
vary  from  iJF'  to  -  ^W 
from    left    to    right    end. 
The  bending  moment  dia- 
gram is  the  same  parabola 
as  for  the  beam  supported  m»  ^ 
at  the  ends,  except  that  it  i^"  =  it 
passes  through  the  points 
of  contrary  flexure ; 


F(y'  iFI/::  (/'£" :  I/Z\ 


Fig.  227. 


or  (y^F  is  one-third,  while 

(/'JO  is  two-thirds  of  the 

maximum  bending  moment  for  the  beam  supported  only ;  hence 

at  fixed  end 

To  find  the  deflection ;  consider  first  the  part  KK",  for  it 


V^  =  rrr'- 


where  f,  is  the  stress  on  the  skin  at  S.  Consider  next  the 
cantilever  OK',  taking  into  account  the  uniform  load  alone ;  a 
cantilever  of  length  SK'  would  deflect  ^v^,  and  taking  account 
of  its  length,  we  have  for  the  deflection  of  OK"  for  uniform  load 
alone 


fOKy  3 


A  load  at  end  of  0K\  equal  to  the  uniform  load  on  it,  would 

produce  an  additional  deflection  of  f  r^  >  ^^^  ^^^  ^^^  ^^  ^^^  ^^ 
OK'  is  that  on  K'S,  and  it  will  produce  a  proportionate  deflec- 
tion ;  so  that  we  have  for  the  deflection  of  OK'  for  load  at  end 


fSK'\S        /0Ky8 


Hence  the  total  deflection  of  iS^  is 


(,      3  /OK'Y     8  fOK'\*] 
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(^' J  -  (28  -  16  ySX    and    ^^' J  =  (6^/3  -  10) ; 
/,     84     ,^\         9        l/.c"      1/.  c'' 

since  if  at  the  end  and  at  the  centre  are  in  the  ratio  of  2  and  1. 

"We  thus  have  m-  =  -  -j^ ;  and  n"  =  \, 

From  the  above,  we  see  that  fixmg  the  ends  of  an  uniform 
beam  which  is  loaded  uniformly  increases  the 

strength  in  the  ratio  -J- :  tV>  or    3:2; 
stiflhess  in  the  ratio -j^  :  -J-,   or  10  :  3. 

As  already  shown  at  fig.  117,  the  strength  is  economised  to 
the  greatest  extent  if  by  means  of  hinges,  or  in  some  other  way, 
we  shift  the  point  of  contrary  flexure  to  a  distance  c  -f  v^2  from 
the  centre ;  we  then  increase  the 

strength  in  the  ratio  2:1; 

stif&iess  in  the  ratio  ^o  "-  ^^j  or  10  :  5-66  (see  below). 

Maximum  Stiffness. — For  some  position  of  the  hinges,  the 
stiffiiess  will  be  a  maximum ;  in  order  to  find  this  point,  let 
/3  be  the  distance  of  the  hinges  from  the  centre,  and  /«  the 
stress  on  the  skin  at  centre ;  then  as  above  we  have 

3c»-4c'3-6c3'  +  12ffl/,    ^, 
12c^»  U'yJ 
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where  /,  is  the  proof  strength  ^o  long  as  ilfmax.  is  at  the  centre^ 

/• 
that  is  so  long  as  /3  >  -j=  ;  putting 

c  , 

/3  =  c,  we  have  n"  =>  -^.    (Hinges  ajb  ends) ;  /3  =  -p,   we  have 

»"  =  ^.    (Hinges  at  '107c  from  centre.) 
6 

When  /3  <  -p,  then  Jfniax.  is  at  the  end,  and  it  is  necessary 

to  substitute  for  /,  in  terms  of  /,  the  proof  stress  on  skin  at 
end ;  thus,  if 

/3  =  -|,    put    /.  =  i/o, 
and  the  above  expression  gives 

The  stifihess  is  a  maximum  when  i;  is  a  minimum;  thi& 
occurs  when  /3  =  Jc,  sensibly  giving 

V  =  i  ^r-  =  \  ^  \    <>r    7i"  «  ^  sensibly  a  minimum. 

Fixing  the  ends  and  placing  the  two  hinges  at  the  quarter 
points  of  span  increases  the  stiffness  in  the  ratio  ^  :  ^,  or  4  :  1 
nearly. 

Some  economy  of  a  material  whose  strength  to  resist  tension 
is,  say  less  than  that  to  resist  thrust,  can  be  secured  by  making 
the  constant  cross-section  of  such  a  form  that  the  upper  skin  at 
end  section,  and  under  skin  at  central  section,  shall  simul- 
taneously come  to  their  working  stress.  Thus  for  a  material 
half  as  strong  to  resist  tension  as  thrust,  and  with  the  hinges 

fixed  so  that  3  »  -=,  a  section  whose  neutral  axis  is  half  as  far 

J3 
from  the  upper  as  it  is  from  the  under  skin,  would  give  con- 
siderable economy  ;  as  the  upper  and  under  skin  at  end  sec- 
tions, and  imder  skin  at  central  section  would  all  come  to  their 
working  strength  at  one  time. 
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Beam  of  uniform  strength,  uniform  depth,  Jixed  at  the  ends, — 
Suppose  that  OK'SKC/,  fig.  227,  is  the  beam.  From  equation 
28,  p.  345,  the  curvature  is  constant,  so  that  OK'  is  part  of  a 
circle  whose  centre  is  on  the  vertical  through  0,  and  SK^  is  part 
of  a  circle  of  the  same  radius  whose  centre  is  on  the  vertical 
through  S\  by  symmetry  SK'  =  0K\  and  jK"  and  JT'  the  points 
of  contrary  flexure  are  midway  between  the  centre  and  the  ends 
of  the  span.  Since  the  beam  is  of  uniform  strength  and  depth, 
the  breadth  varies  as  the  bending  moment;  hence  the  plan 
should  correspond  with  the  bending  moment  diagram.  For  the 
case  of  an  uniform  load,  the  plan  will  correspond  with  the  bend- 
ing moment  diagram  in  fig.  227,  the  curve  being  drawn  on  hoth 
sides  of  a  centre  line,  the  two  parabolas  passing  through  the 
quarter  points  of  the  span ;  the  breadths  are  then  to  be  reduced 
tni  that  at  any  point  (say  the  end)  is  just  sufficient  to  give  the 
necessary  resistance  to  bending,  and  we  have  the  plan  of  the 
beam ;  see  Bankine's  "  Applied  Mechemics,"  fig.  144.  Since  C/'B, 
fig.  227,  is  half  of  I/L,  and  since  the  the  load  is  uniform,  (f'Fia 
one-quarter,  and  (/'I/  the  maximum  bending  moment  is  three- 
quarters,  of  Fiy  the  amount  of  the  maximum  bending  moment 
for  the  same  beam  not  fixed  at  the  ends.  The  plan  must  allow 
sufficient  breadth  at  the  points  of  contrary  flexure  in  order  to 
be  able  to  resist  the  shearing  force  at  these  points ;  on  K\  for 
instance,  the  shearing  force  will  be  the  load  on  SK\  and  the 
breadth  at  K'  must  be  sufficient  to  resist  this  amount. 

Examples. 

228.  A  beam  24  feet  span,  of  unif onn  symmetrical  section  as  shown  in  fig.  207, 
is  made  of  wrought  iron  whose  working  strength  /■«  4  tons  per  square  inch,  and 
whose  modulus  of  elasticity  E  =  11600  tons  per  square  inch.  Find  the  radii  of 
cuiratuie  at  intervals  of  4  feet,  when  loaded  uniformly  with  the  working  load. 

Taking  equation  16,  page  841,  we  have 

p      £yo  \       cV       11600  X  10  V       144/' 
where  x  and  c  are  to  he  in  one  name, 

,  =  29000-11*-,,  being  in  feet. 
144  —  X* 

The  radii  of  curvature  are 

po  »  29000;    Pi  =  32625;     p^  =  62200  inches;    pn  «  infinity, 
a    2420 ;         a    2720 ;  =    4350  feet. 

The  reason  that  p  is  in  inches  is  hecause  yo  is  in  inches,  and  the  proportions 
derived  at  fig.  81  show  dearly  that  p  and  y  are  in  one  name.  We  had  to  put  yo  in 
inches,  hecause  for  the  materul  /and  £  are  given  in  tons  on  the  square  inch. 
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229.  Calculate  the  alope  and  defleetion  in  the  previous  example 

«e-j4-  '=l»TT7To-^=  '0033;     .-.  f.  =  0°  11' nearly ; 


^       4       (144)» 
12 '11600'     10 


0-30  inoli  B  0*026  foot. 


This  is  nearly  one-thousandth  of  the  span,  which  is  about  the  extreme  ratio  of 
working  deflection  to  span  allowable  in  practice 
(Bankine's^^Applied  Mechanics,  "sect.  302);  and  this  j  c^ 

degree  of  stiffness  is  secured  by  making  the  depth  of 

this  wrottght-iron  girder  a  ittt  ^  part  of  the  span. 

230.  Find  the  slope  and  deflection  in  example 
228  by  means  of  a  graphical  solution. 

As  in  fig.  228,  which  is  drawn  to  a  scale  of 
20  feet  to  an  inch,  draw  verticals ;  one  to  represent 
the  vertical  through  the  centre  of  span ;  the  others 
to  be  drawn  on  each  side  of  the  centre,  and  at  2, 6, 
10,  and  12  feet  therefrom ;  tiie  last  two  will  be 
through  the  extremities  of  span. 

From  ei  any  point  in  the  central  vertical,  with 
radius  24*2  feet,  that  is  a  hundredth  part  of  p^ 
describe  the  arc  3'AB  between  the  verticals 
through  B  and  B';  produce  Bei  to  <^,  so  that 
egB  ss  27 '2,  a  hunchredth  part  of  p4,  and  about  e^ 
descifbe  the  arc  BC ;  similarly  esC  =  43*6 ;  and 
from  D,  DJB  is  drawn  at  right  angles  to  De^.  On 
the  other  side  of  the  point  A  construct  ASS ; 
draw  the  horizontal  chord  BOSy  and  Uie  tangent 
^JT.  Then  BAB'  represents  the  curve  assumed 
hy  the  neutral  axis  of  the  beam  when  under  the 
proof  load,  but  with  its  vertical  dimensions  exaggerated  100  fold. 


Fig.  228. 


The  defleotion      Po 


tan  it 


100  ^  ^"^  "  Too  ^  ^'^  ^y  "^®'  "  '^^  ^^^' 


100  •  100 


i- 124  B  *oo3  =  0°  ir. 


231.  If  the  heam  in  example  228  be  loaded  with  one  ton  per  foot  of  span,  find 
the  deflection. 

Let  W  be  the  working  load,  then  mWl  equals  the  working  value  of  Mo ;  that 
is  J  Jr  (24  X  12)  -  1948  (see  fig.  207) ;  therefore  W"  =  64*1  tons. 

Now  the  load  in  this  example  is  24  tons,  t^  of  W*  the  working  load ;  and 
since  deflectioa  is  proportional  to  load,  we  have 

Deflection  »  v'o  "«  t  x  *30  =  0*13  inch  =  0*011  foot. 

Otherwise,  if  the  working  deflection  had  not  been  already  calculated,  we  have 


Deflection 


2mnr    W<^ 
n'boW  'B~ 


/o  =  4870 


g  (i)  (A)     ^4x(144in.)> 

"4870" '  — Tieoo- —  ^^  "^- '  '^^  '«^*' 
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232.  Find  the  workLng  deflectioii  for  a  wrought-iron  beam  of  uniform  strength 
and  uniform  breadth,  and  loaded  uniformly ;  the  span  is  24  feet,  and  the  upper 
half  of  the  croes-section  at  centre  of  beam  is  shown  in  fig.  207;  /=  4  tons,  and 
£  =  11600  tons  per  square  inch. 

/    (.2       /»         \  /    <?'  4         144« 

ra  =  n"..^.-  =(-  -  1)%.-  = -57  x  — -  .  —  = -41  in.  = -034  feet^ 
£    po       \2         /  B    yo  11600      10 

233.  A  wrought-iron  rectangular  beam  20  feet  span,  16  inches  deep,  and 
4  inches  broad,  is  loaded  at  the  centre.  Calculate  the  proof  deflection  if  ^e  proof 
strength  of  the  iron  be  7  tons,  and  its  modulus  of  elasticity  12000  tons  per  square 
inch. 

t^o  =  «".  ^  .  -  =  i  .  jKKRK  '  T-  =  '^^  ^^^  =  '029  feet. 
£    j/o  12000        8 

234.  Find  the  resilience  of  the  aboye  beam  (see  Chap.  I.). 
Let  W  be  the  proof  load. 

Mo  =  Mo,    or    mWl  =  nfbh^;    \W.  240  =  J  x  7  x  4  x  16^  ; 

therefore  W  ^  20  tons  nearly. 

Besilience    =  \  proof  load  x  proof  deflection  a  }  x  20  tons  x  -029  feet 

s  -29  ft-tons  s  660  ft.-lbs. 

235.  Find  a  general  expression  for  the  resilience  of  a  rectangular  beam  loaded 
at  the  centre. 

Let  Whe  the  proof  load,  and  v^  the  proof  of  deflection,  then 

2m«"\   W^ 


_  /2m>t"\ 


Ebh^ 


—r  1  ^sni  X  J*^ ;    but  m .  »^.  2tf  =  nfhh^ ; 

1F^  — —  ;      .'.   resilience  =  —  . .  [-^ — i    =  .—  .20dA. 

2me  win     Ebh^     \  2mc  /        Smm'    E 

The  flrst  factor  depends  on  the  form  of  cross -section  and  the  distribution  of  load, 
and  the  second  upon  the  material ;  the  third  is  the  volume  of  the  beam. 

Hence  for  a  rectangular  beam  of  a  given  material  loaded  at  the  centre  with  the 
proof  load,  the  resilience  is  directly  proportional  to  its  volume ;  a  result  correspond- 
ing with  that  obtained  for  direct  stress,  Ohap.  I.  Suppose  for  any  given  mateiial 
we  take  a  one-inch  cube ;  then,  when  loaded  at  the  centre  as  beam,  we  have 

resilience  per  cubic  inch  =  f  — -,  J  *^  ; 

\omm  /  E 

for  a  rectangular  section  »  =  ii  ^'  =  \'i  for  load  at  centre 

m  =  i,    «^    «"  =  i;    ^.'~' 

\  f  \ 

and  resilience  pei;  cubic  inch  -  tj,  •/•'^  —  75  x  proof  stress  x  proof  strain. 

lo         E      18 
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In  tbe  case  of  wrought-iron,  for  which  the  pToof  stress  /=  7,  and  E  =  12000 
tODfl  per  square  inch,  and  lemembering  that  the  deflection  is  in  inches, 

1  7' 

resilience  per  cubic  inch  =  t^t  x  tttt^  -  -000227  inch- tons  =  -0423  ft. -lbs. 
*^  18      12000 

For  the  previous  example,  the  yolume  of  the  beam  is  15360  cubic  inches ;  multiply  • 
ing  this  quantity  by  '0423  we  find  the  result  given  there. 

236.  For  a  red  angular  timber  beam  of  uniform  section  and  uniformly  loaded, 
find  the  ratio  of  depth  to  span,  so  that  the  working  deflection  may  be  a  six - 
hundredth  part  of  the  span.  The  working  Svrengih  of  the  wood  is  one  ton,  and  its 
modulus  of  elasticity  is  800  tons  per  square  inch. 

2e      ^fn'     E    vo      ^  J  800 

That  is,  the  depth  is  to  be  between  a  sixth  and  a  seventh  of  the  span. 

237.  What  stiffness  will  be  secured  for  an  uniform  rectangular  beam  of  the 
same  timber,  loaded  at  centre,  by  making  the  depth  an  eighth  of  the  span. 

2e^*'m'  £'  ho"  *     i'  SOO'      "^  600 ' 

That  is,  the  working  deflection  will  be  a  600^  part  of  the  span. 

238.  Find  m"  and  »",  the  numerical  coefficients  for  slope  and  deflection,  for  a 
beam  of  uniform  section  loaded  with  two  equal  weights  at  points  which  trisect  the 
span. 

In  the  equations  at  foot  of  page  344,  substitute  ^e  for  Xr  ;  and 

^«*.  m"-4(l  +  ^)  =  j.      n-oi-J^l-^J'^K. 

239.  A  beam  of  uniform  cross-section  is  loaded  with  two  equal  weights  sym- 
metrically placed  on  the  span ;  the  amount  of  each  weight  is  for  each  position  such 
that  the  outer  fibres  of  the  middle  cross- section  bear  the  working  stress  /.  Compare 
the  amount  of  deflection  when  the  abscis&SB  of  the  left  weight  are  as  follows : — 

Xr  =  0,    Xr  =  i«,     and    Xr  —  ic> 

Am,  For  arr  «  0,  n"  =  J ;  for  Xr  «  K  «"  =  H ;  for  *r  =  ic,  n"  =  JJ- 
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FIXKD   AND   MOVING  LOADS   ON  A   UNIFORM   GIEDER  WITH 
INDS  FIXED  HOKIZONTALLY. 


TTnsymuetkical  Fixed  Loads. 

We  now  conBider  the  deflection  of  a  uniform  beam  and  the 
slopes  or  tvps-up  at  the  freely  hinged  enda  due  to  loada  placed 
imsymmetrically  upon  it. 

On  fig.  229  let  a  load  W  be  concentrated  aX  D  a,  distance  z 
from  the  centre  of  the  span.  I)  divides  the  Bpan  into  two  seg- 
meots  m  and  n.     The  bending  moment  diagram  is  A  OS.     The 


Fig.  229. 

height  ot  C  ia  k,  and  of  any  other  point  is  y.  The  origin  is 
at  Q  the  lowest  point  of  the  beam  which  divides  the  span  into 
segments  a  and  b.  The  deflection  is  m„  =  «(,  and  the  tips-up 
are  a  and  fi.    The  span  is  I -2c. 

In  Chapter,  XVII.  equation  (5),  /  cancels  /„  and  all  the 
factors  are  constant  except  M  the  bending  moment,  y  may  be 
supposed  to  include  this  constant  in  every  case. 

-^      a+5^ ,    y^  _  h~x^  ^    y^      a-x^ 
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The  slope  at  D  and  its  height  above  Q  are 


*»--iI  («+«i)'^-^[««'4] 


0        2      m 


'^^"^{T^'^'^^^^^^^ff-'?] 


—  (m-a)»(m  +  2a). 


A  f*    f *  A  f *    r        a;*n*  h 

And    A  ■  -  (*  -  ^2)  ^d^  --  ^-77        .dx=  ^n*. 


^Jo   Jo  ^  ^ 


Equating  i^a  and  2^^  we  have  (fig.  229), 

2a'  =  (m  -  ay  (m  +  2a)  +  3n  (m*  -  a')  +  2?i'?n, 
(m  +  n)  (m*  +  2mn  -  3a*)  «  0, 

3a»  =  m  (Z  +  7i)  «  (c  +  2;)  (3c  -  z).  (1) 

Substituting  we  have  the  deflection  of  the  beam 

frf  =  ■».  -  «i  -  3^  =  -|^(3c  -  a)y(3c  -  «)  (c  +  s).  (2> 

^  -  ft  -  ft^  +  -  f    (J  -  a;,)dx  =  A  (m»_a')  +  *  [to-^l* 


»-» 


hf        a*        \     h/,     a'\ 
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But  by  equation  (1)  a'  -f  m  «  (Z  +  ti)  ^  3,  so  that 
0  =  ^(2/-»)  =  |(3c  +  2).  (3) 

And  ?  =  1^'  =  — *  (5) 

where  x  is  the  distance  horizontally  of  G  the  centre  of  gravity 
of  the  bending  moment  diagram  h*om  the  centre  of  the  span. 
Also 

(o  +  ^)  =  Ac  =  area  ACS.  (6) 

The  following  are  perfectly  general : — 

Theorems. — If  a  girder  of  uniform  section  and  hinged  at  the 
ends  be  loaded  in  any  maimer  between  them — (a)  The  sum  of 
the  tips-tip  at  the  ends  is  proportional  to  the  area  of  the  bending 
moments  diagram,  and  (b)  their  ratio  is  the  same  as  that  of  the 
segments  into  which  the  perpendicular  from  the  centre  of  gravity 
of  the  bending  moment  diagram  divides  the  span,  but  in  the 
inverse  order. 

Equations  (6)  and  (5)  prove  these  theorems  for  one  concen- 
trated load. 

Let  there  be  two  such  concentrated  loads  so  that  a  «  oi  +  og 
and  /3  =  ft  +  /Sj ;  then,  from  equation  (5), 

^      -  or    2ca^  =  AyC  -  AyX  =  AiC  -  O^, 


flj  +  ft        2c 

where  A^^  is  the  area  of  the  bending  moment  diagram  for  W^ 
alone,  while  Gj^  is  its  geometrical  moment  about  the  centre  of 
the  span.  For  W^  alone  on  the  girder,  we  have  2ca2  =  A^  -  G^, 
and  adding  2ca  =  Ac  -G  for  the  joint  bending  moment  diagram. 
Similarly,  for  any  number  of  loads. 

Putting  2;  =  0,  in  equations  (4)  and  (2),  gives  us 

io  =  ihc    and   Uo  =  JAc',  (7) 


Q 

1 

4 

.  i 
1 

T 

"1 
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which  are  just  the  same  as  equations  (13)  and  (14)  of  Chapter         ? 
XVII    for  the  uniform  beam  with  load  at  centre  if  we  put         -* 

J! 

Again,  put  «  =  c,  and  from  equations  (3)  and  (4),  we  have  j 

/3  =  §Ac    and     a  =  JAc.  (8) 

The  bending  moment  diagram  is  now  right-angled  at  B ;  and  as 
W^  is  at  -B,  and  over  the  abutment,  there  is  no  strain  on  the  beam, 
and  a  and  /3  ai^e  both  zero,  but  still  just  before  W  went  oflf  they 
were  in  that  ratio. 

There  is  another  way  of  loading  the  beam  so  that  the  bend- 
ing moment  diagram  shall  be  right-angled  at  B,  that  is,  by 
applying  a  couple  at  the  end  B. 

Suppose  then  a  right-handed  couple  Mq  applied  at  B^  the 
hinge  A  will  hold  down  with  a  force  P,  and  the  hinge  B  will 
push  up  with  Q'^-  P.  In  this  manner  the  two  hinges  will 
constitute  a  reacting  couple,  with  the  span  as  an  arm,  and  of 
opposite  sense,  but  equal  in  moment  to  Mq\  so  that 

C  «  -  P  »  if  ,  4^  2c. 

The  ends  of  the  beam  will  droop  by  a  and  /3  at  the  ends  A  and 
B,  the  droop  /3  being  double  the  droop  a  by  equation  (8).  Their 
sum  will  be  the  area  of  bending  moment  diagram,  viz.  the  right- 
angled  triangle  of  height  Mq  and  base  2c.  In  the  same  way  let 
a  left-handed  couple  M,  be  applied  at  the  end  A.  The  joint 
bending  moment  diagram  due  to  both  couples  will  be  of  height 
Mp  and  Mq  at  A  and  B,  with  a  straight  locus  HIT,  fig.  230, 
between  them.  If  these  two  end  couples  be  the  only  loads  on 
the  beam,  Mq  being  bi^er  than  Mp,  then  the  hinge  A  must  hold 
down  and  the  hinge  -Bhold  up  with  equal  forces  P  ^^^  Q,  forming 
a  reacting  couple  with  the  span  as  arm  to  balance  Jfg  -  Mp,  so 
that  P  =  -  6  =  {Mq  -  Mp)  ^  2c.  The  beam  will  be  everywhere 
convex  upwards,  its  two  ends  drooping  so  that  the  droops  a  and 
j3  shall  have  their  sum  equal  to  the  area  of  the  bending  moment 
diagram  AHKB,  and  bear  to  each  other  the  same  ratio  into 
which  the  perpendicular  from  g  divides  the  span  only  in  the 
inverse  order. 

Suppose  now  that  the  uniform  girder  hinged  at  the  ends  is 
loaded  between  them  in  any  way,  as  for  instance,  merely  with 
the  weight  W  (fig.  230),  trisecting  the  span.     The  two  ends  will 
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tip  up.  By  applying  suitable  end  couples  M,  and  if^  which  alone 
would  produce  droops  exactly  equal  to  those  tips-vjp,  we  may 
destroy  the  tips^p  and  make  the  ends  level 

The  conditions  are  that  M,  and  Mq  ai-e  given  by  AH  and 
BK  when  HK  is  dmwn  across  the  bending  moment  diagram 
ABC,  in  such  a  way  that  the  areas  AHKB  and  ACB  shall  be 
equal,  and  have  their  centres  of  gravity  g  and  G  in  one 
vertical  line. 

We  have  the  following  graphical  solution  for  a  uniform 
girder  with  its  ends  held  horizontal  and  loaded  between  them 
in  any  way.  Firat  draw  the  bending  moment  diagram  for  the 
extern  loads  as  if  the  girder  were  hinged  at  the  ends ;  next  draw 
a  straight  line  cutting  across  it  so  that  the  four-sided  figure  shall 
include  the  same  ai*ea  over  the  span  as  the  bending  moment 
diagram,  and  have  its  centre  of  gravity  on  the  same  vertical 
This  line,  HK  on  fig.  230,  is  the  new  base  cutting  the  locus  in 
two  points  S  and  T  between  which  the  bending  moments  make 
the  gii  der  convex  downwards,  beyond  which  they  make  it  convex 
upwards.  From  5^  to  T  ordinates  are  to  be  measured  up  to  SCT 
for  positive  bending  moments,  and  from  S  to  H  and  T  \/o  K 
downwards  to  SA  and  TB  for  negative  bending  moments. 

Beam  of  Unifoem  Sbction  fixed  Horizontally  at  the  Ends 

AND  subject  to  A  EOLLING  LOAD. 

Let  W  be  at  any  distance  z  (fig.  230)  fiom  the  centre  0, 
then  AOBy  with  C  du-ectly  under  W,  is  the  bending  moment 
diagram  for  the  ends  hinged.  Let  HK  map  out  the  area 
AHKB  =  ACB,  and  let  g  and  G,  their  centres  of  gravity,  be 
in  a  vertical  line. 

For  shortness,  put  h  =  AH,  and  k  =  BK\  also  put  m  for  the 
height  of  C  fi-om  AB,  and  OA  =  OB  =  <?,  the  half  span.  For 
areas  equal  we  have  A  +  A;  =  m.  For  g  under  G  take  moments 
about  A,  first  dividing  AHKB  into  two  triangles  by  tiie 
diameter  HB\  their  areas  are  he  and  Ix ;  their  levers  about  A 
are  \  of  2c  and  $  of  2c,  while  the  area  of  ACB  is  mc,  and  its  lever 
c  +  \z,  so  that 

meic-k-^z)  =  Ac  X  §c  +  Ac  X  Jo ;  m(3c  +  2)  =  2c(A  +  2k) ; 

therefore  k  =  -- —  m,    and    h  =  -77—  m. 

2c  2c 
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The  equation  to  HK  is 

yj  -  A     k  -  h 

k  -h        k  -\-  h     zm        m 

The  equation  to  BC  is 

Vo-O      m-0                   c-rc 
^^? = ,    ^2  =  ^ • 

Let  us  take  the  negative  bending  moment  at  any  point  x  to 
the  right  of  T.  It  will  be  the  intercept  from  TK  down  to  TB^ 
and 

Now,  m,  the  bending  moment  under  W,  is  the  height  of  C 
above  AB,  or 

and  substituting  and  simplifying 

^"e-£(''^«)'((2<'-«)'«-'^).  (9) 

On  the  girder  above  T  and  S  are  shown  virtual  hinges  or 
points  of  contrary  flexure.  To  find  J,  the  abscissa  of  T,  sub- 
stitute i/neg.  -  zero,  and  x  =  ^  into  (9),  and  change  sign  of  z  for 
r,  then 

1=  --^;    also-r=o^.  (10) 

2c  -  z  2c +  2 

Now  5  is  a  maximum  when  z  =  -  c,  that  is,  when  W  is  just 
at  left  end,  and  substituting  this  value  of  z,  we  get  the  maximum 
value  of  £  to  be  Jc. 

2B 
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Hence,  for  the  middle  third  of  the  span,  the  bending  moment 

cannot  be  negative  at  anj  point  for  any  position  of  the  load. 

J* 

For  negative  values  of  M,  then,  we  require  a;  >  -.     In  equa- 

o 

tion  (9)  let  x  be  any  constant  value  between  ^  and  c,  while 

z  varies, 

WW        ^"^     ^' 

First,  2  =  -  c  makes  -t-  -  0,  and  -^jj.  -tt  =  6c  ( a?  -  - )  a 

dz  W  dir  \       3y 

c  — . 

^MUtttve  quantity,  as  sr  is  between  ^  and  c.    Hence  2  »  -  c  makes 

Second,  with  «  =  c-3^.  ^-0.  and  __=-6c^x-gj 

a  negative  quantity,  since  x>  -^^    Substituting  this  value  of  z  in 
equation  (9),  we  have 

('  -  ij 

^x*^  ^       ,      ,  a  negative  maximum.  (11) 


When  the  load  is  at  a  point 


26 


% 


z-c-^.  (12) 

On  fig.  230  there  are  laid  down  to  scale  the  values  of  M^  at 
I,  n,  m,  rv,  and  v,  for  the  values  of  x,  namely,  2,  3,  4,  5,  and  6 
twelfths  of  the  span.  The  corresponding  positions  of  the  rolling 
load  are  shown  with  circles  round  the  Eoman  numerals  agreeable 
to  equation  (12).  The  maximum  of  negative  maxima  is  at  the 
end  when  x^  c,  and  z  «  \e.  At  the  top  of  fig.  230,  the  load  W 
is  shown  in  this  position,  namely,  trisecting  the  span,  and  the 
maximum  of  n^ative  maxima  bending  moments  at  the  end  ia 

8  4 

Me  =  2^  "^c  =  Tr=  IFZ  maximum.  (13) 

27  27  ' 
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By  substituting  for  m  ia  the  preceding  expression  for  h  and  k 
we  have 

M^^BK=^(<?-^)(e  +  z).  (14) 

M,  =  AH='^(<*-:^){c-z).  (14a) 

We  come  now  to  consider  the  positive  bending  moments. 
Changing  the  sign  of  (9)  we  have 

W 
M\  =  7-i(c  +  «)'(c'  -  (2c  -  z)x)  from  (7  to  r, 

or  as  long  as  x  lies  between  z  and  £  =  r .    Now  j8f' ^  is  only 

admissible  while  z  :^x\  and  as  it  continually  increases  with  s, 
M'x  is  clearly  greatest  for  z  =  x,  that  is,  when  the  load  is  at  the 
section.  As  the  diagram  is  of  the  like  form  right  and  left  of 
W  or  Cy  it  follows  that  the  positive  maximum  bending  moment 
occurs  at  any  point  when  the  load  W  is  over  it.  Substituting 
J2  =  a;  we  have 

W 

ifx  =  2;^  (c*  -  aj*)',  a  positive  maximum.  (15) 

Cor, — If  the  girder  were  only  hinged  at  the  ends,  the 
maximum  bending  moment  is  ifo  =  i  Wl,  when  fixed  horizontally 
at  the  ends  by  equation (13)  it  is -^Wl)  hence  fixing  a  uniform 
girder  at  the  ends  increases  its  strength  in  the  ratio  27  to  16  to 
resist  a  rolling  load.  This  increase  is  69  per  cent.  With  the 
load  confined  to  the  central  point  the  increase  would  be  100  per 
cent.,  for  HK  would  then  be  horizontal,  and  ACB  isosceles,  and 
for  the  two  bending  moment  diagrams  of  equal  area  we  would 
then  have  AH  =  CD  =  BK,  and  all  three  maxima  half  of  that 
for  the  ends  hinged. 

It  can  readily  be  proved  that  the  loci  of  S  and  T  are  the  pair 
of  hyperbolas  shown  on  fig.  230.  The  equation  to  the  locus  of 
T  is  2yx  =  (Sic  -  c)(c  -  x)  W,  The  principal  axes  of  the  pair 
meet  on  the  vertical  0  V  produced  four  times  that  amount. 

It  is  interesting  to  notice  from  fig.  230,  that  at  a  point  \  of 
the  span  from  the  right  end,  the  positive  and  negative  bending 
moments  25  and  27  are  nearly  equal.     That  is,  for  the  end  sixth 

2B2 
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of  the  span  the  negative  maximum  bending  moment  is  greater 
than  the  positive.     This  point  might  be  found  from  the  equation 


(c»  -  a?y 


.tl. 


4c'  x^ 

2 
It  will  be  found  that  by  trial  and  error  x  =  ^zc  gives 

25         1 
4^  =-  4  °^^^^y- 

Levy  gives  this  point  as  '1^1  from  the  end,  a  trifle  more  than 
^  of  span,  as  the  diagram  (fig.  230)  shows  it  to  be.* 

Shearing  Force, — For  the  position  of  the  load  shown  on  figs. 
230,  231,  the  left  supporting  force  Q  is  composed  of  two  parts, 
one  a  major  part  of  W,  namely  W{c-\-  z)  ^  2c,  just  as  if  the 
girder  were  simply  hinged  at  the  ends.  The  other  part  is 
[Mq  -  Mp)  -r  2c  due  to  the  couple  at  one  end  being  greater  than 
the  other,  so  that 

Now  Q  is  the  instantaneous  shearing  force  at  every  point  in  the 
shorter  segment  of  the  girder  from  W  to  the  right  abutment  A 
It  is  clear,  then,  for  a  section  x  =  z,  that  is,  for  a  section  inde- 
finitely close  to  W  on  its  right  side,  that  Q  is  the  maximum 
shearing  force.     Hence 

Fjg  "  W  — —  +  T-^  a;  (c*  -  a;*)  a  maximum, 

jCC  ^rv 

the  load  being  just  to  the  same  side  of  the  section  as  the  more 
remote  abutment 

TV 
^,  =  —  (c  +  xy(2c  "  x)  maximum.  (16) 

*  In  La  Statique  Grapkique,  eecond  edition,  vol.  ii.,  p.  124,  Levy  gives  equa- 
tions (20)  and  (19)  derived  by  constructing  graphicaUv  <'  lines  of  influence."  He 
finds  that  (19)  supersedes  (20)  in  magnitude  for  a  17tii  part  of  the  span  from  each 
end.  In  Levy's  equations  (20)  and  (19)  the  origin  is  at  the  end  of  the  girder; 
substituting  (c  —  x)  for  his  x,  and  2o  for  his  /,  these  equations  (20)  and  (19)  are 
identical  with  our  equations  (ll)  and  (15)  given  above  in  their  symmetrical  fonn» 
the  origin  at  the  centre,  and  the  loci  of  which  are  plotted  on  the  lower  pai-t  of  our 
fig.  230. 

The  solution  in  the  same  form  as  Levy's  is  given  in  Du  Bois  on  The  Strestet  in 
Franud  Structures ,  second  edition. 
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Now  -ftf  =  JT  at  the  ends  just  as  if  the  girder  had  been  hinged 
at  the  ends.  So  also  at  the  centre  Fq  =  ^Wy  as  indeed  is  evident, 
for  with  W  at  the  end  there  are  no  end  couples ;  while  with  W 
at  the  centre  the  end  couples  are  equal  and  do  not  modify  the 
supporting  forces.  Hence  fig.  138  is  an  approximation  to  the 
shearing  force  diagram. 

On  fig.  231  is  shown  the  diagram  of  maximum  shearing  forces 
plotted  from  equation  (16). 


W-18  TONS 


^i — .gf- Cr  i^et 


F.^«*a5lfi8W?>. 


<^^    x^ 


Fig.  231. 


Levy  shows  this  diagram  in  his  fig.  25,  p.  125  (see  footnote). 
From  his  equation  (21  Ms),  identical  with  our  equation  (16),  he 
infers  that  the  locus  starts  horizontally  at  each  end.  It  is 
readily  shown  by  differentiating  (16)  when  the  differential  co- 
efficient of  the  variable  part  is  3  (c*  -  a?'),  then  x  =  ±c  makes 
this  zero,  so  that  the  slope  at  end  is  zero,  and  at  centre  is  45°. 

It  is  important  to  observe  that  at  any  section  the  positive 
maximum  shearing  force  is  instantly  succeeded  by  the  negative 
as  the  load  passes  it,  so  that  their  arithmetical  sum  or  the  range 
of  the  shearing  force,  as  we  have  called  it,  is  W,  and  is  in  no 
way  altered  by  the  fixing  of  the  ends  of  the  girders. 


«  aY+M 
pot,  «#y. 


Fig.  232. 
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Beam  of  TTkifobm  Section  fixed  horizontally  at  the  ends 
and  subject  to  a  uniform  advancing  load. 

For  eonvenience  the  nniform  load  maj  be  taken  as  1  ton 
per  foot-run. 

Consider  first  the  negative  bending  moments.  For  the 
middle  third  of  the  span  they  are  zero  at  each  point ;  for  the 
load,  however  it  be  disposed,  may  be  looked  upon  as  a  number 
of  concentrated  loads,  no  one  of  which  can  produce  a  negative 
bending  moment  on  the  middle  third  by  the  last  problem  (fig. 
230).    See  top  of  page  370. 

Let  X  be  the  abscissa  of  any  section  on  the  third  next  the 
right  abutment,  measured  from  the  centre  as  origin,  so  that  x 
lies  between  the  values  ^c  and  c,  where  c  is  the  semi-span.  Let 
the  load  advance  from  the  left  abutment  till  the  front  is  at  the 
section  z  from  the  centre,  where  z  is  measured  in  the  same 
direction  as  x  but  is  less  than  x. 

On  fig.  232,  A  VCB  is  the  instantaneous  bending  moment 
diagram  for  the  ends  hinged :  compare  fig.  126.  A  VC  is  para- 
bolic, but  CB  is  a  straight  locus.  By  theorems  (a),  (6),  p.  365, 
HE'  is  drawn  across  so  that  the  areas  AHH'B  and  A  VCB  are 
equal  and  have  their  centres  of  gravity  on  one  vertical  line. 

As  2  is  less  than  x,  the  new  base  HET,  for  ends  fixed,  cuts 
at  8  on  the  straight  part  CB,    For  ends  hinged 

the  height  of  C  above  AB  is 

g  (c  +  zy  (c  -  zl 
while  the  height  at  x  to  SB  is 

y  -£(c  +  ^)'(<J-a:). 

The  bending  moment  diagram  AUCB  for  the  extern  load 
divides  into  two  parts  a  triangle  ACB  of  area  \w{c  +  »)•  (c  -  2), 
and  lever  about  A  of  AD  =  (c  +  \z\  and  a  parabolic  part  A  UC 
of  area  %TU{e  +  2),  and  lever  about  A  of  AE  =  JC^J  +  2),  where 
TU  =  J^(c  +  «)*,  just  as  for  a  span  {c  +  z)  uniformly  loaded. 
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Again,  the  bending  moment  diagram  AHH'B,  for  the  end 
couples  m  and  n  that  destroy  the  tips  up,  divides  into  two 
triangles  ;  AHH'  of  area  mc  and  lever  about  A  of  §(;,  and 
AETB  of  area  nc  and  lever  ^. 

Equating  the  areas  of  these  two  bending  moment  diagrams 
and  also  their  moments  about  Ay  satisfies  the  two  conditions 
laid  down  by  preceding  Theorems  (a)  and  (J),  we  have  the  two 
equations 

(m  +  n)c  =  'T{(^  +  «)ic-z)'¥—{c  +  zfy 

(m  +  71)  y  =  -  (c  +  zf  (c  -  «)  l^c  +  ^  j  +  —  (c  +  zy. 
So  that 

4/; 

m  =  ^  (c  +  z)»  (lie*  -  10«  +  S?*),  (IV) 

w  =  4g^  (c  +  2)' (5c  -  32).  (18) 

The  height  to  MW  at  the  section  x  is 

rf  =  n  +  -^  (m  -  »), 


^  =  ^  ^^^^  "  ^'^  "  ^(^  "  ''^'•'■^  ^'  ^  ^^'• 


So  that  at  x 


w 


^neg.  »  y'-y  =  43^  (^  +  «)' (3(3c  -  ^>;  -  4c«).      (19) 
If  05  =  5,  when  M  is  zero,  we  have  for  8  the  virtual  hinge 

^  °  3(3c-a)" 
Putting  u  for  the  part  of  equation  (19)  that  vaiies  with  z,  then 

■J-  =  12(c  +  «)»  {2cx  -<?-xz), 
^  =  12(c  +  z)  {Zcx  -  2c»  -  3a»). 
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^«-  .  =  2«  -  i'.  (20) 

X 

which,  observe,  is  less  than  x  as  premised,  makes 


^  =  0.     and      _-  36.(0  +  .)^!- 


X 


a  n^ative  quantity  as  we  are  only  dealing  with  yalues  of  x 
which  are  greater  than  Jc,  in  that  we  have  disposed  of  the 
middle  third  of  the  span  already  as  far  as  negative  bending 
moments  are  concerned.  Hence  this  value  of  z  makes  M^^,  a 
maximum  for  all  points  in  the  third  of  the  span  towards  the 
right  abutment.     Substituting  and  reducing,  we  have 


i'  -  ly 


^       _  27wc  \ 3/  max.,  (21) 

when  the  front  of  the  load  is  at  z,  equation  20. 

We  come  now  to  consider  the  positive  bending  moments. 
Let  the  load  cover  the  span,  and  simultaneous  at  all  sections 
the  bending  moment  is  given  by  the  dotted  parabola  on  fig.  232 
as  already  explained,  measuring  up  and  down  from  the  hori- 
zontal base  across  it.  The  equation  to  this  parabola  with  the 
centre  of  that  base  as  origin  is 

y  =  ^{(^-  3a^).  (22) 

See  fig.  91  for  such  equations,  and  fig.  227  for  the  conditions. 

Now  y  is  positive  in  the  middle  third  and  even  further  out 
from  the  middle,  but  we  shall  only  consider  the  middle  third. 
Now  removing  any  part  of  the  load  is  the  same  as  if  we  had 
left  the  load  all  over  the  span  and  applied  a  load  of  equal 
intensity  uptoard  at  a  part,  and  this  upward  load  being  itself 
negative  cannot  cause  any  positive  bending  moment  in  the 
middle  third  of  the  span.  Hence  the  dotted  parabola  itself 
gives  the  maximum  bending  moment  at  each  section  in  the 
middle  third,  the  load  being  all  over  the  span 

^pc.  =  g  (^  -  ac»)  max.  (23) 

for  values  of  x  from  0  to  Jc  only. 

For  the  third  of  the  span  next  the  right  abutment,  let  x  be 
the  abscissa  of  any  section  as  before.     Now  we  have  shown  that 
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equation  (20)  -Wneg.  is  greaiyest  for  the  load  extending  from  the 
left  abutment  to  z  =  2c  — .     If  this  load  were  acting  upwards 


X 


the  bending  moment  at  x  would  still  be  the  maximum,  but  of 
course  positive.  But  before  applying  this  upward  load,  let  the 
whole  span  be  loaded,  and  the  upward  load  removes  the  load 
from  left  abutment  to  z  and  leaves  it  from  z  to  the  right  abut- 
ment.    Hence  the  maximum  positive  bending  moment  is  the 
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Fig.  233. 


same  as  Mneg.  only  measured  upwards  from  the  dotted  parabola 
(fig.  232),  and  occurs  when  the  short  segment  from  z  is  loaded. 
Hence  for  values  of  x  from  Jc  to  c 


M. 


w 


PC.  =  g(c'-3a:»)  + 


21wc 
16 


('-ij. 


2!» 


(24) 


a  maximum  when  the  tail  of  the  load  is  at  z,  equation  20. 

The  same  argument,  on  page  377,  shows  the  negative  or 
downward  intercepts  between  HH'  and  the  arc  A  U,  all  to  be 
maxima  for  the  whole  span  loaded.  These  maxima  onlv  reach 
down  to  the  dotted  parabola,  and  are  superseded  by  the  locus  of 
equation  21. 
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Shearing  Force. — For  the  ends  fixed  (fig.  233),  we  have 

and  this  is  the  shearing  force  at  x  for  the  position  of  the  load 
shown.  Now  the  differential  coefiBcient  of  Q  with  respect  to  z 
is  positive,  or  Q  continually  increases  with  z  till  z  =  x.  Again 
z>x  means  z  =  x,  and  an  additional  load  between  x  and  the  right 
abutment  a  share  of  which  is  thrown  on  the  left  abutment,  so 
that  the  increase  of  Q  is  more  than  cancelled  when  from  Q  we 
subtract  this  whole  extra  load  as  we  must  for  the  shearing  force ; 
hence  the  shearing  force  at  any  section  x  has  maximum  positive 
and  negative  values  when  the  segment  from  x  to  one  or  other 
abutment  is  loaded,  exactly  as  was  the  case  for  the  ends  hinged 
(see  fig.  133),  only  now 

7/7 

^po..  =  Tz:i  (^  +  ^)"(3^'  +  2cr  -  a^).  (25) 


16c» 


Examples. 


240.  Graphical  construction  of  the  bending  moment  and  ahearing  force  diagrams 
for  a  uniform  girder  of  36  feet  span,  fixed  horizontally  at  the  ends,  and  loaded 
tnth  12  tons  at  9  feet  from  the  left  end,  and  6  tons  at  21  feet  from  the  left  end 
(fig.  234). 

The  load  line  is  laid  down  to  a  scale  of  10  tons  to  an  inch.  From  a  trial  pole  a 
link  polygon  constructed  among  the  four  forces  P,  W\,  Wtf  and  Q,  laid  down  at 
10  feet  to  an  inch,  and  a  yector  from  the  pole  parallel  to  the  closing  side  deter- 
mines the  joint  between  the  reactions,  making  P  scale  11)  and  Q  scale  6)  tons, 
being  the  values  for  hinged  ends.  They  may  also  be  found  by  taking  moments 
about  the  left  hinge.  Through  this  joint  the  base  of  the  shearing  force  diagram  is 
drawn  horizontally,  and  the  diagram  completed  for  hinged  ends. 

A  new  pole  on  the  horizontal  through  the  joint  is  chosen  at  a  distance  6  feet, 
a  horizontal  base  laid  off  for  the  bending  moment  diagram  (with  hinged  ends), 
which  is  then  constructed  as  a  Unk  polygon  to  the  new  pole. 

Thus  far  it  will  be  seen  that  the  load  and  girder  correspond  to  the  moying 
models  (figs.  149,  160),  with  the  locomotiye  standing  so  that  its  heayy  wheel  is 
9  feet  from,  the  left  abutment. 

To  return  to  fig.  234  it  will  be  found  that  the  scale  for  bending  moments  is 
60  foot-tons  to  an  inch,  that  is,  six  times  as  fine  as  the  ton  scale. 

For  the  ends  fixed  we  must  draw  a  base,  cutting  across  the  bending  moment 
diagram,  so  as  to  include  the  same  area  over  the  base,  and  have  the  centres  of 
giayity  in  one  yertical  (see  Theorems  (a)  and  (d),  page  365). 

To  do  this  graphically  the  bending  moment  diagram  is  divided  into  three 
trianglee  and  one  rectangle.  The  first  triangle  has  a  base  9  feet  and  a  height 
103'5  foot-tons,  being  the  bending  moment  under  W\j  either  as  scaled  off  or  as 
calculated.  The  last  triangle  has  a  base  15  feet  and  a  height  97 '5  foot-tons.  The 
dimensions  of  the  remaining  triangle  and  the  rectangle  are  readily  seen. 
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It  ifl  convenient  to  reckon  18  feet  the  half  span  as  a  horizontal  unit  for  these 
areas,  which  will  then  he  found  to  he  ^i  -  26,  A%  =  2,  As  «  65,  and  Ai  =  41. 
The  lines  of  action  are  drawn  down  through  the  roBpective  centres  of  gravity. 
Next  the  lims  of  action  At  and  Ae  are  drawn  upwards  through  the  trisecting  points 
of  the  span  to  represent  the  areas  of  the  two  triangles,  into  which  the  bending 
moment  diagram  for  the  pair  of  end  couples  can  always  be  divided.  A  load  line 
of  the  areas  is  laid  down  to  the  foot- ton  scale,  a  link  polygon  drawn  among  the  lines 
of  action  when  a  vector  from  the  pole  drawn  parallel  to  its  closing  side  divides  the 
areas  A5  and  At  from  each  other.  Since  the  half-span  is  unity,  it  will  be  seen 
t)iat  Ai  and  A^  are  JTs  and  M^  on  the  foot-ton  scale.  Tlieir  values  scale  51  and 
83  foot-tons,  and  are  pricked  up  at  the  ends  and  the  base  drawn  across. 

To  modify  the  shearing  force  diagram  Jfe  —  ifs  =  31  foot- tons,  dividing  this  by 
36  feet,  the  lever  between  the  supports,  we  get  (ths  of  a  ton  as  the  common  foree 
by  which  the  right  end  must  hold  down  and  left  hold  up  to  resist  the  left-handed 
couple  Jfe  —  ifft-  Drawing  a  new  base  for  the  shearing  force  diagram  Iths  of  a  ton 
lower  down  decreases  the  one  and  increases  the  other  support  by  this  amount. 

241.  To  find  the  righting  end  couple  Jfs  (fig.  234)  by  calculation.  For  equal 
areas  and  equal  moments  about  0, 


ife  +  ifs  «  26  +  2  +  65  +  41  «  134, 


12Jfs  +  24ir9  »  26  X  6  +  2  X  13  +  65  X  15  +  41  X  26, 

and  Its  s  51,  JTo  =  83  ft.-ton8. 

242.  A  uniform  girder  is  loaded  on  the  left  half  only  with  a  uniform  load : 
find  the  righting  end  couples  to  hold  the  ends  horizontal. 

Substituting  for  m  and  n  in  equations  (17)  and  (18),  we  get 

m  a  21  trc*    and    «  =  ii  tec*. 

Now  the  bending  moment  at  centre  for  hinged  ends  is  Q  a  quarter  of  total  load, 
multiplied  by  e  half  span  ;  that  is,  the  height  of  C  (fig.  232)  is  now  ^wc^  or  ^u'^- 
Hence,  if  on  fig.  232,  we  suppose  the  load  to  be  on  left  half  only  then  m  and  n 
are  i|  and  y|  respectively,  of  the  height  of  C  the  middle  point  of  the  bending 
moment  diagram. 

243.  The  case  of  a  uniform  girder,  uniformly  loaded  on  the  left  half  only,  is  so 
important  that  we  shall  calculate  the  righting  end  couples  directly. 

First  since  Qibsl  quarter  and  P  three-quarters  of  the  load,  it  follows  that  the 
shearing  force  diagram  crosses  the  base  atapoint|th  of  the  span  from  A  (fig.  232). 
Also  ^  ^  is  one-half  of  span  so  that  U  and  C  are  the  same  height  and  £T  »  TU 
are  each  half  the  height  of  C,  With  0  the  half  span  as  unitv  for  horizontal  areas,  the 
area  AUG  UiTU  or  |rd  height  of  0.  Putting  k  for  the  height  of  (7,  area  A UC 
is  ik  and  its  lever  about  ^  is  ^0  while  area  ACB  is  A,  and  its  lever  about  Aia  e. 
Agiiin  fur  ^f  if  C7  divided  into  two  triangles  by  AH',  the  area  of  ASS*  is  m,  its 
lever  ^x  2c;  the  other  AWB  has  an  area  n  and  lever  f  x  2c.  Equating  areas  and 
moments  of  areas  about  A 

k      ^  2e  Ac       k     e      ,  11  ,         ^  6   , 

The  graphical  construction  is  shown  at  top  of  fig.  249. 
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CHAPTER  XIX. 


SKELETON  SECTIONS  FOR  BEAMS  AND  STRUTS;  COMBINED  THRUST 

with  bending  and  twisting  with  bending ;  long  struts. 

Thin  Hollow  Cross-sections. 

Let  t  be  the  uniform  thickness  of  a  thin  hollow  cross-section  of 
any  form,  and  let  ti'  and  n  be  the  numerical  coefficients  respec- 
tively of  the  moment  of  inertia  and  the  moment  of  resistance  to 
bending  of  a  solid  cross-section  of  the  same  form ;  let  B,  H  loe 
the  breadth  and  depth  of  the  rectangle  circumscribing  the 
section,  and  5,  h  the  breadth  and  depth  of  the  rectangle  cir- 
cumscribing the  hollow ;  then 

I,  =  n'(BJE^  -  6A»)  =  n'B{m  -  h%  since  B^b  nearly 
=  n'B.2t.ZH^  since  iT=  A  nearly  =  n\6BH^t. 


M 


''^^^^^(S^)^-^-^-^-^ 


=  n .  G/Bfft    (1st  approx.)  (a) 

Thin  hollow  rectangle,  M  =  i .  6/SiK  --fBHt. 
Thin  hollow  circle,        M  =  ^  6/BJK  =  '^f(L%  (d  =  diam.) 

A  closer  approximation  for  any  form  is  obtained  thus  : — 
I^  =  ^^{BH^  -  W\  =  n\{B  -  l)m  +  6(ir»  -  A')} 
=  ii\{B  -  b)m  +  J(JT-  h){H^  +  Hh  +  h')] 
^  n'[2t.ff^-¥b.2f.  3Hh]  (approx.) 
=  2nH[tH*  +  Zbifh]  (approx.) ; 
/.     M  =  2nf{tH^  +  Znh)  (approx.),  (J) 

where  t  is  the  thickness  of  each  eide,  and  ff  the  thickness  of  the 
top  or  bottom. 
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To  design  a  thin  hollow  cross-section — choose  the  depth  R 
the  proper  fraction  of  the  span  to  give  the  required  d^ee  of 
stiffness ;  assume  B  a  suitable  fraction  of  ^  to  give  sirfficient 
lateral  stiffness,  and  the  above  is  a  simple  equation  from  which 
to  find  ^ ;  or  ^  may  be  assumed  a  multiple  of  the  thickness  that 
the  metal  plates  are  usually  manufactured,  and  B  found  from 
the  formulae.  Now  find  the  moment  of  resistance  to  bending, 
and  the  resistance  to  shearing,  by  the  accurate  formulae ;  and  if 
this  differs  from  M  and  Fy  alter  ^  or  jB  for  further  approxima- 
tion. 


Cross-Sections  of  Equal  Strength. 

When  a  beam  is  made  of  a  material  whose  strengths  to  resist 
tension  and  thrust  are  different,  the  area  of  the  upper  flange  is 
made  different  from  that  of  the  lower  (fig.  235),  in  order  that 
both  flanges  may  be  brought  to  the  proof  or  working  stress  at 
the  same  time.  In  the  case  of  cast  iron,  the  strengths  to  resist 
tension  and  thrust  are  as  1  and  6 ;  and  on  this  account  the  area 
of  the  upper  flange  (compressed)  is  about  one-sixth  that  of  the 
lower  flange  (extended).  This  form  of  cross-section  was  fiirst 
proposed  by  Mr.  Hodgkinson.  On  account  of  the  liability  of 
cast  iron  to  crack  if  unequally  cooled,  sudden  changes  of  thick- 
ness of  metal  are  to  be  avoided ;  on  this  account  the  top  of  the 
web  may  be  made  of  the  same  thickness  as  the  top  flange,  and 
the  bottom  of  the  web  of  the  same  thickness  as  the  bottom 
flange. 

Double  T  cross-section  (fig.  235).— The  position  of  the  neutral 
axis,  and  the  moment  of  inertia  about  that  axis,  in  terms  of  the 
areas  and  depths  of  the  three  rectangles,  are  found  as  follows, 
the  notation  being : 


Areas.  Depths.                 , 1 c~~r 

Upper  flange,    .     .    .    ^„  K  SV"'"?^  i 

Web, Aiy  h%. 

Lower  flange,    .     .     ,    A^,  h^,  ^ — 


1 


Totals, 


Fig.  235. 
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Erjict  Solution. — The  height  of  the  neutral  axis  above  the 
lower  side  of  the  cross-section  is  obtained  thus — 


y*  =  2- 


h     (hi  +  Ju,)A,-(h,  +  A,)  Ai-  (ha-  h,) At 


2A 


(1) 


The  moment  of  inertia  for  each  rectangle  is  shown  on  page 
283 ;  and  letting  2  as  before  denote  the  "  sum,"  the  moment  of 
inertia  for  the  cross-section  is 


',  =  S/+S^.cc,»;     2/- 2—  = 


12 


2^1  V  =  SMiCo'  =  A I 


b  -  ( 


A»+ Aj+^'j 


r    '^T 


=  Ai 


|-  A3  (h,  +  hi)  -  Aa  (hi  +  2hi  +  ht)\ ' 

2A 


^      .     {Ai(hi+h3)-Aa(ha  +  h,)\* 

+  ^»  j 22 1 

.    {Ai(hi  ^-  2ht  +  ht)  +  A,(ht  +  hi)f * 


^,  V  +  AM  +  Atha*      1  ,  .    .  .,      ,  ., 


+  AiAa(hi  +  2ha  +  h,y  +  A,At(ha  +  A,)'j. 
The  moment  of  resistance  to  bending  is  as  before 


(2) 


VI  = 


/»/. 


;'/'. 


(3) 
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Approximate  Solution. — (Eankine's  "  Civil  Engineering," 
8  163, 164).  When  hi  and  A,  are  small  compared  with  A,,  we 
may  leave  them  out  of  the  exact  formulae ;  and  we  obtain 

h     {Az  -  Ai)fh  r.v 

^»  =  2 2A—'  (*> 

/.  =  ^'  +  ^  (A,A,  +  4A,A,  +  A^A,).  (5) 

Put  h'  for  A,  +  -^ — ,  that  is  for  the  distance  between  the 

centres  of  gravity  of  the  flanges ;  and  let  Ax  be  the  area  of  the 
cross-section  of  the  vertical  web  measured  from  centre  to  centre 
of  the  top  and  bottom  flanges ;  then,  nearly 


Vh 


"  2 22—  =  2  [-^—}  ^^^^ 

A'  f2A,  +  A,\  ,^,. 

/o  =  A''  [^  +  ^  (A,A,  +  4A,A,  +  ^,^,)j.  (7) 

Since  Va'-yb'-h: :/«  r/^ :/,  +/», 

we  have  yaiyb'-h':  :fa  :fh'fa  +/»  approx. 

From  equations  (6)  we  have 

ya  :  yj :  A' : :  2A^  +  -4^  :  2-4^  ■\-  A^i2A\ 

fa  'fh  'fa  +/*  : :  2-4j  +  -4^  :  2-4^  +  -4,  :  2-4  approx., 

and  2A^j¥A^ /»  /g) 

2(A,^A,^A,)     f^^fi  ^^^ 

From  this  equation  we  can  eliminate  A^  and  A^,  and 

A^JjA^^f^A,.  (9) 

A^JfA^J^A^  (10) 


2C 


K 
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Substituting  this  value  of  A^  in  equation  (7),  we  obtain 

^^,A,.4A,{JAy-^  A,y  12A,  {fj^y^A^^A^ 

=  hjJj^lJjL^  /,  .  A'[^^,-f  (2/../,)  ^}    (12a) 

=  K  j/5-43  +  (2/5  -  /,)  ^j .  (12J) 

In  designing  a  beam  to  resist  a  given  bending  moment,  the 
depth  h'  is  taken  at  a  fraction,  say  |th  to  -^^  of  the  span  so 
as  to  ensure  stiffness ;  the  thickness  of  the  web  is  then  fixed  by 
considerations  of  practical  convenience,  and  so  as  to  give  suffi- 
cient resistance  to  shearing ;  and  the  area  of  the  upper  and 
lower  flange  can  then  be  found  by  equations  12 ;  having  thus 
fixed  the  value  of  A^  and  A^  we  can  then  choose  breadths  and 
depths  suitable  for  the  flanges. 

For  the  section  as  thus  fixed  calculate  M  and  F  by  the 
tabular  method  shown  for  figs.  185,  207,  &c. ;  if  A^  and  A3,  the 
depths  chosen  for  A^  and  A^  are  very  small,  it  will  be  found  that 
M  and  F  are  sensibly  what  is  required,  and  that  the  neutral 
axis  sensibly  divides  the  depth  of  section  as /a  and/^,  so  that  no 
further  calculation  is  necessary.  If,  however,  one  or  both  of 
the  depths  \^  Aj,  be  'xvot  very  small,  the  solution  by  the  tabular 
method  will  differ  considerably  from  the  data,  and  further 
approximation  wiU  be  necessar/  When  one  of  the  flanges,  as 
in  the  case  of  cast  iron,  is  comparatively  deep,  the  inaccuracy  of 
the  results  will  be  considerable,  and  one  or  more  further  ap- 
proximations may  be  required.  For  different  examples,  the 
error  will  be  different  in  amount,  and  we  have  no  simple  means 
of  judging  how  great  this  error  will  be  in  any  particular  case. 

In  the  equations  11  and  12  given  above,  the  results  for  M 
and  /  are  close  when  \  and  h^  are  small ;  the  result  for  ya  will 
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be  close  although  Ag  is  not  small,  and  that  for  yj,  will  be  close 
although  \  is  not  small ;  thus,  suppose  that  h^  is  small,  we  have 

h     (^  +  h^A^  -  (A,  +  h^A^  -  (A,  -  A,)^, 

y*      2  2A 

2  2^ 

putting  A'  -  ^Aj  -  Aj,    and    A'  =  A, 

2  2^ 


A'  /^  -  ^.  +  ^1 


2 


^)-^ 


,4i  +  2,42  +  A 


s 


=  A 


i 


,2A^  +  A 
2A 

2A 


-iK 


4A 
-4^  +  -^2  +  -4 


3 


',  nearly ; 


(13) 


a  result  similar  to  that  found  previously  in  equation  (6b),  but  y« 
cannot  now  be  found  by  interchanging  A^  and  A^, 

Common  forms  for  cast-iron  besuois  are  shown  in  fig.  236,  the 
•corresponding  equations  for  these  T-shaped  sections  are  derived 
from  tiie  above  by  putting  A^  =  0,  or  A^  =  0,  according  as/,  or/j 
is  the  greater.  Thus  for  a  section  of  this  form,  when  fa  is  greater 
than/»,  the  flange  will  be  required  on  the  extended  side ;  when 
/ft  is  greater  than  /,,  the  flange  will  be  required  on  the  com- 
pressed side ;  and  we  have 


A  -^""'^^ A  • 


(14) 


or^,=<^"^,;       (15)    [ 
as  the  case  may  be. 


d. 


b 


Fig.  236. 

Similarly  for  resistance  to  bending,  we  have 

A. 


M  =A'(2/«-/,) 

or  -^'Wi'faY 

as  the  case  may  require. 

2  0'/ 


6  ' 

A. 
6' 


(16a) 
(16J) 
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In  the  case  of  trough-shaped  beams  the  same  formulse  are 
applicable,  if  we  consider  the  web  A^  to  consist  of  the  two 
vertical  ribs. 

Approadmaie  soliUian— Second  method. 

Problem. — ^Two  heavy  particles  A^  and  -4-  (fig.  237)  are 
placed  at  a  known  distance  h'  apart ;  raid  another  particle  A^^ 
of  known  mass,  is  placed  midway  between  them;  to  find  the 
mass  of  A^  and  of  A^,  so  that  the  centre  of  inertia  of  the  three 
particles  may  divide  the  distance  A^  in  a  given  ratio  p,  and  that 
the  sum  of  the  moments  of  inertia  about  the  common  centre  of 
inertia  may  be  of  a  given  amount  /o. 

Let  -  =  p>  and  let  k  be  the  distance  of  the  centre  of  inertia 

y 

of  the  three  particles  from  A^  then 

;      X  =  -^-r; ;  u  = r ;    and    /o  =  A,ix^  +  AJ^  +  ^,y*. 

JSow    k-x     2      p  +  1      2      2  p  +  1'  -h'-^p+l'    ^^^> 

if  ^  (^g  -  A^  be  taken  from  A^  and  added  to  A^,  the  common 
centre  of  inertia  O  would  coincide  with  A^,  since  the  upper  and 
lower  particles  would  then  he  of  equal  mass ;  and  we  obtain 

k(A,  +  A,  +  A,)  =  h' .  i(A,-  A,), 

From  equations  17  and  18, 

T^S^  =  ^i     •••   ^,^2^«"P^^  (19) 

Ai  +  A^-\rAi     p  +  1  *  p-1 

,  X     2A.  +  A.  ,^^^ 

and  P--'  2ATA-  ^^O) 

=  ^J{^,p»  i-A^  +  HA-  P^i)(p  - 1)) 
-i^-TyOo^i  +  ^s);  (21) 

and  from  equations  20  and  21  we  can  find  A^  and  Ay 
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Equation  21  may  be  written  more  symmetrically  thua : 


V  1 


'■IJ 


by  substituting  from  equation  20, 


Similarly 


^3  =  i   -  (2^1  +  ^,)  -  aA  ;  hence 


(25) 


e.j?.i^.  (24) 


Suppose  now  that  the  particles  A^  and  A^  are  replaced  by 
flanges  of  area  A^  and  .^g.  whose  centres  are  at  these  points, 
and  the  particle  A^  by  the  web  of  area  A^  with  its  centre 
sensibly  midway  between  the  centres  of  the  two  flanges ;  equa- 
tion 20  will  still  hold  absolutely ;  equation  21  will  be  a  close 
approximation  to  the  moment  of  inertia  of  the  cross-section,  Ae 
error  being  that  it  leaves  out  of  account  the  moment  of  inertia 
of  each  part  about  its  own  neutral  axis,  a  quantity  which,  for 
such  cross-sections  as  we  are  treating,  is  not  laige. 

If  we  substitute  /o  for  x,  and  /( for  tj  in  equations  20  and  22, 
/-  ■■y'i-.h'   : :   2^3  +  A^  :  2^,  +  A^:2A\ 
h  =  A'  Mi/a  +  i(y'-  -  y'h)As]  approx., 

'^  =  h'{AA>-{(f.~A)A,]. 


(25) 


Now 


-n. 


A-/.  1 


2W 


i-.^ 


where  (a  and  (j  denote  the  thickness  of  the  i 


(27) 

(28) 
iges  A^  and  A^ 
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respectively ;  so  that  having  fixed  the  thickness  of  the  flanges, 
we  obtain  from  equations  (25)  and  (26)  the  area  required  for  A^ 
and  A^.  Having  fixed  upon  h'  from  considerations  of  stifiFness, 
and  on  u^  so  as  to  give  sufficient  resistance  to  shearing  or  for 
other  considerations,  then  equations  (25)  and  (26)  will  give  the 
areas  of  the  flanges  A^^  and  A^,  so  that  the  neutral  axis  shall 
divide  A'  in  the  ratio  /'a  :  /'»,  and,  approximately,  give  M  the 
required  moment  of  resistance  to  bending;  provided  that  the 
flanges  have  their  centres  at  the  distance  h'  apart,  and  that  the 
web  is  so  disposed  that  its  centre  is  (sensibly)  midway  between 
the  centres  of  the  flanges. 

When  the  two  strengths  of  the  material, /«  and^,  are  nearly 
equal,  so  also  are  the  flanges,  and  the  centre  of  the  web  will  be 
sensibly  midway.  When  /«  is  much  greater  than  /j,  as  is  the 
case  with  cast  iron,  then  A^  is  much  greater  than  A^ ;  if  the 
web  be  made  of  uniform  breadth,  its  centre  will  be  above  the 
point  which  is  midway  between  the  centres  of  the  flanges ;  but 
for  practical  considerations,  it  is  usual  to  make  the  web  increase 
in  breadth  as  we  pass  from  the  upper  to  the  lower  flange ;  in 
which  case  the  centre  of  the  web  will  be  lowered,  and  thus 
brought  so  that  its  centre  is  sensibly  midway  between  the 
centres  of  the  two  flanges. 

EXAKPLKS. 

244.  Find  the  tbiokness  of  metal  required  for  an  aqueduct  bridge  40  feet  span, 
the  waterway  being  2  feet  square,  and  the  material  wrought  iron  for  which  /  =  4  tona 
per  square  inch. 

The  weight  of  water  supported  is  4}  tons,  and  the  weight  of  metal  (assumed^ 
1^  tons ;  making  a  further  allowance  of  2  tons,  we  have  W—B  tons  distributed, 
which  giyes  Mo  =  480  inch-tons.     Let  B  ^  24",  H  =  24",  then 

M  480  1  .  , 

'  =  iriTzz.  =  : — rr::  =  ^  in.  nearly. 
/BJT      4  X  24«       6  ^ 

Allowing  for  rivets,  the  plates  might  be  taken  }"  thick ;  but  as  the  plates  are  liable 
to  rust,  the  thickness  would  require  to  be  increased  still  further,  and  t  might  be 
taken  as  |"  in  an  actual  case. 

245.  Find  the  moment  of  resistance  to  bending  of  a  cast-iron  pipe  18"  external 
diameter,  metal  1"  thick,  and  /  =  2  tons  per  square  inch,  by  means  of  the  exact 
formula ;  and  compare  the  result  with  that  obtained  by  the  approximate  f  ormule 
(a)  and  (4). 

M  B  430  inch  tons  by  exact  formula  =  390  and  429  by  approximate  formulae. 

246.  Find  the  thickness  of  metal  required  for  a  cast-iron  pipe  24"  external 
diameter,  so  that  its  moment  of  resistance  to  bending  may  be  50  foot-tons,  and  its 
resiBtance  to  shearing  10  tons ;  taking  /  »  2  tons  per  square  inch 

600  =  -6  X  2  X  24»  X  < ;     .-.  t  =  0"-87  nearly. 

On  checking  the  calculation  by  the  accurate  formula,  and  taking  t  =  0^-87^ 
M  =  706  inch-tons ;  so  that  t  =  0"'87  is  more  than  sufficient ;  and  for  shearing 
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this  thickness  will  be  several  times  too  great.  On  account  of  the  difficulty  of 
easting  so  as  to  have  the  thickness  quite  uniform,  an  allowance  has  to  he  made,  and 
t  would  probably  betaken  at  about  V''26. 

247.  Find,  by  the  approximate  formula,  the  moment  of  resistance  to  bending  of 
the  cross-section  shown  in  fig.  183,  and  compare  the  result  with  that  given  in  the 
text  at  that  figure, 

M  =  /J(2  .  900  +  3  .  3  .  6  .  24)  =  103^(2  x  7794/4-  16). 

248.  Design  the  central  cross-section  for  a  wrought  iron  beam,  for  which /a  =  4, 
andy^  s  5  tons  per  square  inch,  suitable  for  example  171,  figs.  99,  100,  153. 

Since  the  span  is  42  feet,  we  may  take  h'  =  40  inches;  M  »  405-76  ft. -tons 
"  4863  inch-tons ;  the  web  may  be  ta^en  as  f  thick. 
From  equation  12  we  have 

4863  =  40  {iAi  +  (8  -  6)  V}  ;      .*.    Ai  =  28*6  sq.  in. 
4863  =  40  {6^3  +  (10-4)  V};    .-•     ^3  «  21-3      „ 

Adopting  as  a  first  approximation — breadth  of  flanges,  21  inches ;  thickness  of  top 
£ange,  1*36  in.,  of  bottom  do.,  1  in. ;  thickness  of  web,  {  in.,  and  depth  of  girder 
(outside  to  outside),  41 '2  in.;  we  get  by  applying  the  exact  method  shown  at 
p.  289, 

4  X  21340       ^^^^  .    .   ^ 
M  =      ^g.gg      -  4662  inch-tons, 

a  result  differing  from  what  is  reouired  by  only  4  per  cent. 

The  upper  fiange  may  therefore  be  taken  1|  in.  thick,  the  lower  flange  1  in. 
thick,  and  the  breadth  of  each  22  in.  This  does  not  take  into  account  the  angle 
irons,  and  the  loss  by  rivet-holes. 

Solve  this  example  by  the  second  approximate  formulas. 

In  order  to  fix  on  ta  and  tbj  we  will  assume /'a  and/'&  equal  to /a  and/»  respec- 
tively ;  and  then  find  new  breadths  to  satisfy  equations  25  and  26 

4863  =  40  {4^1  -  i  (6  -  4)  16}  ; 

Ai  =  31,  and  similarly  ^s  e  24  square  inches  for  a  first  approximation ;  we  may 
fix  on  t«  =  1*26  and  h  ^  I  inch,  and  from  these  obtain  suitable  breadths, 

p'„  =  140  =  17*78  in.,  and  /&  »  22*22  uiu,    jr«  =  18*4  in.,  and  yb  =  22*72  in. ; 

(1*26\ 
1  -  ^_- j   a  3-86,     and    f'b  =  4-89ton8. 

We  have  therefore 

4863  e  40  { 3*86^1  -  }  (4*89  -  3*86)  15}  ; 

Ai  "  30*5  square  inches,     and     As  s  25*6  square  inches. 

Adopting  the  following  dimensions,  upper  flange  24*4  in.  x  1*26  in.,  lower  flange 
26*6  in.  X  1  in.,  and  A  =  41*12  in.,  and  solving  by  the  exact  method,  we  obtain 

,,       4  X  24260       _^^^  .    ,   ^ 
M  «      j^g.^       =  6040  inch-tons, 

a  quantity  differing  from  the  required  result  by  less  than  4  per  cent. 
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249.  Find  suitable  dimensions  for  the  top  and  bottom  flanges  of  a  cast  iron 
beam,  having  given  M^  1200  inch -tons,  A  s  20  inches,  /a  -  10  and  /»  s  2  tons 
per  square  inch,  and  web  1  in.  thick. 

Let  A'  s  18  inches ;  then  equations  12  and  10, 

1200  B  18(10^1  +  64) ;     .'.    A\  ^  1'3  square  inches  nearly  ; 
Az  •  hA\  +  36 ;  .*.    A%  »  42*6        „  „ 

Taking  the  upper  flange,  1*3  in.  x  1  in.,  and  the  lower  flange  14*2  in.  x  3  in.,  and 
solving  by  the  exact  method,  ve  get 

2  X  1720 
y%  =  4*46,    Jo  =  1720,     M  «      ,     '      770  inch-tons; 

4*40 

a  result  very  different  from  that  which  is  required ;  we  will  therefore  solve  this 
problem  by  the  second  approximate  method. 

Assume  tm^  1  in.,  and  <6  »  3  in.  thick. 

In  this  example   y '«  s=  16,  and  y'i  =  3  in. ;  so  that 

/-  =  9-68,      /'ft  «  1*3  tons; 
1200  =  18{9*68^i  +  i  (9-68  -  1-33)  16}  ; 
A\  ss  3*4,     Ai  s  75  square  inches. 

Adopting  the  following  dimensions,  ^i  =  3*4  in.  x  1  in.,  At  ^  16  in.  x  1  in., 
Az  s  26  in.  X  3  in. ;  and  solving  by  the  exact  formulas,  we  obtain 

„       2x2460       ,^,^  .    ,   ^ 
M  =  — j-rr —  =  1312  inch-tons, 

a  result  9  per  cent,  greater  than  required. 

250.  Find  suitable  dimensions  for  the  top  and  bottom  flanges  of  a  cast-iron 
beam,  having  given  M  =  800  inch-tons,  A  s  20  inches,  /«  =  8,  and  /»  »  2  tons 
per  square  inch,  and  web  1  inch  thick. 

Let  the  upper  flange  be  (",  and  the  lower  flange  2"  thick,  then  h'  =  18^*76,  and 
we  have 

800  «  18*75{8^i  +  (16  -  2)312}  ;      .*.    uf i  =  -  J, 

but  as  negative  values  are  inadmissible,  we  will  take  Ai  =  0, 

^3  =  S  18*75  B  28*12  square  inches. 

We  may  therefore  take  the  lower  flange  14*1  in.  broad  and  2  in.  deep,  and  the 
web  1 8  in.  x  1  in. ;  solving  by  the  exact  equation 

. .       2  X  1696       ^^^  .    ^ 

1^  = a  638  inch-tons, 

ij 

a  result,  as  in  example  249,  very  different  from  that  required.    Such  examples 
show  us  that  unless  the  flanges  are  thiUy  the  results  are  not  quite  satisfactory. 

261.  Solve  example  250  by  the  second  approximate  method,  and  assuming 
ta  =  ^  in.,  and  ^»  b  2  in.  thick. 

In  this  example  y*  =  16  in.,  and  y'*  =  3*76  in. ;  so  that  /',  =  7-87,  aid 
f'b  =  1-68  tons, 

800  =  18*76{7*87^i  +  t(7-87  -  l-68)17-6} ; 

Ai  «  1*9,     and    Az  =  44*4  square  inches. 

Adopting  the  following  dimensions,  upper  flange  3*8  in.  x  J  in.,  lower  flange 
22*2  in.  X  2  in.,  and  web^l7*6  in.  x  1  in. ;  and  solving  by  exact  method,  we  obtain 

2  X  2120 

M  =       .  -g—   «  890  inch-tons, 
4*75  ' 

a  result  again  greater  than  the  one  required  by  about  11  per  cent,  but  much  nearer 
than  that  obtained  by  the  method  in  example  260« 
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Allowance  foe  Weight  of  Beam. 

After  having  designed  a  beam  which  is  sufficient  to  bear  a 
given  external  load,  it  is  necessary  to  make  an  allowance  for 
the  weight  of  the  beam  itself;  especially  is  this  the  case  for 
beams  of  long  span,  as  then  the  weight  of  the  beam  bears  a 
considerable  proportion  to  the  amount  of  the  external  load. 

This  allowance  is  readily  made  by  increasing  the  breadth  of 
the  provisional  beam  sufficient  for  the  external  load  alone; 
since  the  breadth  is  a  dimension  which  appears  in  the  first  power 
in  the  expression  for  the  resistance  to  bending. 

Consider  the  weight  of  the  beam,  and  the  external  load 
reduced  to  its  equivalent  dead  load,  as  imiformly  distributed,  a 
supposition  sufficiently  exact  for  our  present  purpose;  let  V 
denote  the  breadth,  and  B'  the  weight  of  the  provisional  beam, 
computed  for  W  the  external  load  alone;  let  6,  B,  and  W 
denote  the  same  quantities  for  the  dctual  beam  sufficient  to  bear 
the  external  load  and  its  own  weight ;  then 

m 

W        W-B  W" 


W       W'-B'       W'-B" 


Therefore  the  breadth  of  beam  required, 


h  =  -iJl— .  (29) 


The  weight  of  beam  requited, 


The  groes  load 


_^W_  ^.^Q. 

W-B'  ^    ' 


W (31) 

W'-B' 
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Eesistance  to  Twisting  and  Wrenching. 

One  end  of  a  cylindrical  bar  is  rigidly  fixed,  and  to  the  othei* 
end  a  couple  is  applied  in  a  plane  at  right  angles  to  the  axis  of 
the  bar ;  or  what  is  the  same  thing,  as  shown  in  fig.  238,  a  pair 
of  equal  and  opposite  couples  are  applied  to  the  ends  of  the  bar ; 
the  tendency  of  these  couples  is  to  make  the  bar  rotate  about 
its  axis ;  and  if  we  suppose  the  bar  to  consist  of  fibres  originally 
straight  and  parallel  to  the  axis,  each  of  these  fibres  iinll  now 
have  assumed  a  spiral  form.  The  moment  of  each  couple  is 
called  the  twisting  moment  or  moment  of  torsion  applied  to  the 
bar,  and  it  is  constant  for  each  cross-section ;  on  account  of  the 
bar  being  uniform,  the  stress  will  be  similarly  distributed  on 
each  cross-section ;  and  since  the  bar  is  circular  in  section  the 
stress  at  all  points  equidistant  from  the  axis  will  be  the  same. 

Suppose  two  cross-sections  to  be  taken  at  the  distance  dx 
apart;  the  twisting  moment  causes  the  one  section  to  move 
relatively  to  the  other  through  an  angle  di ;  and  if  we  consider 
two  points  originally  opposite  to  each  other,  that  is  in  the  same 
fibre,  one  in  each  section  and  at  a  distance  r  from  the  axis ;  then 
these  points,  relatively  to  each  other,  move  laterally  through  a 
distance  r  ,di;  and  since  the  two  sections  are  dx  apart,  the  rate 
of  twist  is 

'  %  <^^> 

a  quantity  directly  proportional  to  the  distance  of  the  points 
under  consideration  from  the  axis. 

We  have  thus  at  any  point  in  a  cross  section,  a  shearing 
stress  at  right  angles  to  the  radius  drawn  to  the  point,  and  pro- 
portional to  that  radius  in  intensity;  this  may  be  expressed 
thus 

,  -  Cr'^;  (33) 

where  Cia  the  coefficient  of  transverse  elasticity  for  the  material 
of  the  cylinder  under  consideration ;  Eankine  gives 

For  cast  iron,  C  =  3,000,000  lbs.  per  square  inch  (approx.) 

For  wrought  iron,    C  =  9,000,000 


»  if  >» 
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The  greatest  value  of  q  occurs  at  the  surface  of  the  cylinder; 
and  if  /  represent  the  resistance  of  the  material  to  shearing, 
and  rj  the  radius  of  the  cylinder,  then  we  have 


^1 


(34> 


If  we  consider  $  a  small  portion  of  a  ring  of  the  cross- 
section,  with  its  middle  point  at  a  distance  r  from  the  axis, 
then  r  .  di  will  be  its  mean  length,  and  we  may  denote  its 


Fig.  238. 

breadth  by  dr ;  its  area  then  is  r.di,dr\  the  intensity  of  the 
shearing  stress  B.t  8  v&  q\  the  amount  of  shearing  stress  on 
the  small  area  is  therefore 

/ 
q .r ,  di .  dr  ^  —  7^ .  di ,  dr  \ 


and  its  moment  round  the  axis,  found  by  multiplying  this 
(juantity  by  r,  is  therefore 

/ 

—  r^{r  .di.  dr). 


The  quantity  within  brackets  is  the  small  area,  and  r  is  its 
distance  from  the  centre ;  7*{r .di.  dr)  is  therefore  the  moment 
of  inertia  of  the  small  area  about  the  centre  ;  summing  for 
every  such  small  area,  we  have  the  moment  of  resistance  to 
torsion  for  the  cylinder 


M-  ^-K^^2I' 


(35) 


where  K  is  the  moment  of  inertia  of  the  surface  about  the 
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centre,  and  I^  is  the  moment  of  inertia  of  the  same  surface 
about  a  diameter  (see  p.  298).    We  therefore  have 

M  -  ^  I V  =  I  fr*  -  g/rf,'  =   imfd,* ;  (36) 

where  d^  is  the  diarbeter  of  the  cylinder. 

For  a  hollow  cylinder,  let  r^  and  r^,  d^  and  d^,  be  the 
internal  and  external  radii  or  diameters  as  the  case  may  be ; 
let  i'o  &^d  ^0  ^  ^h^  moment  of  inertia  about  a  diameter  of  a 
cylinder  equal  in  radius  to  r^  and  r^  respectively,  then  I^  -  F^ 
is  the  moment  of  inertia  about  a  diameter  of  the  ring  under 
consideration;  we  have  therefore 

M  =  ^  (/.  -  A)  =  ^  (i>rV  -  i^rr/) 

»  ^  "jLzII  =  196/  ^L-Z^ .  (37) 

2        ri  ^1 

Comparing  these  equations  with  those  on  page  299,  we  find 
that  for  equal  values  of  the  limiting  stress  /,  the  resistance 
of  a  cylinder,  solid  or  hollow,  to  wrenching  is  double  its 
resistance  to  breaking  across. 

The  working  values  of  the  limiting  stress  /,  suitable  for 
shafts,  as  given  by  Bankine,  are 

cast  iron,  /  =  5000  lbs.  per  square  inch ; 

wrought  iron,     /  =  9000  lbs.  per  square  inch. 

For  a  cross-section  which  is  not  circular,  the  above  formula* 

are  inapplicable,  since  the  ratio  -  is  no  longer  constant.    For  a 

square  shaft  M.  de  St.  Yenant  gives  as  the  moment  of  resis- 
tance to  torsion 

M  =  0-281/A».  (38) 

Angle  of  torsion  of  an  uniform  cylindrical  shaft. — ^Let  x  be 
the  length  of  the  shaft,  and  i  the  angle  in  circular  measure 
through  which  the  one  end  has  turned  relatively  to  the  other ; 
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then  since  the  angle  of  torsion  per  unit  length  is  constant,  we 
have,  from  equation  (33), 

If  /  be  the  working  resistauce  of  the  material  to  shearing  we 
have  the  same  angle,  whether  the  shaft  be  solid  or  hollow; 
the  values  of  /and  of  C  for  cast  and  wrought  iron  have  already 
been  stated,  and  for 

cast  iron,  i  =  -:r^rz:  -3-  ;  (40a) 

oUU  «! 

1        X 

wrought  iron,     i  =  ^^  j  \  (406) 

where  i  is  the  angle  in  circular  measure  through  which  the  one 
end  of  a  shaft  of  length  x  and  diameter  A^  has  turned  relatively 
to  the  other  end,  when  the  working  strain  has  been  produced ; 
the  coefficient  for  cast  iron  is  somewhat  uncertain. 

When  subjected  to  M  any  twisting  moment  not  greater  than 
the  proof  moment,  we  have  for  a  solid  shaft  (equation  (36)) 

A/^--il__r*  =  -— r*'  -=    • 


and  from  equation  (39) 


^       2i^  ^  10-2^.  (41) 

For  a  hollow  shaft,  similarly 

i  =  10-2 — (42) 

If  we  make  a?  =  1,  or,  what  is  the  same  thing,  if  the  distance 
between  the  two  cross-sections  which  we  consider  is  unity,  the 
stifihess  of  the  shaft  will  be  measured  by  the  reciprocal  of  t, 
i  being  the  angle  in  circular  measure  through  which  the  two 
cross-sections  have  turned  relatively  to  each  other,  when  the 
skin  has  has  been  brought  to  the  proof  strain. 
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For  two  shafts  of  the  same  length  and  material,  but  of 
different  diameters,  we  see  from  equation  (10)  that  the  twisting 
moment  to  be  applied  to  each,  in  order  that  both  may  be  turned 
through  the  same  angle  of  torsion,  is  proportional  to  the  fourth 
power  of  the  diameter,  the  proof  stress  not  being  in  any  case 
exceeded;  thus 

z  =  10-2  ^  =  10.2  ^,    or    ^  =  ^.  (43) 


Bending  and  Torsion  Combined. 

Let  the  shaft  shown  in  fig.  239  be  acted  upon  by  a  bending 
load  and  a  pair  of  equal  twisting  couples ;  and  at  the  point  ff 
let  ifi  be  the  moment  of  the  first,  and  M^  the  moment  of  the 
second ;  then  in  order  to  find  the  amount  and  direction  of  the 
greatest  principal  stress,  we  require  to  combine  the  greatest 
direct  stress  due  to  bending  with  the  greatest  shearing  stress 
due  to  twisting;  this  is  done  by  the  method  of  the  ellipse  of 
stress. 

At  the  point  fi",  let  p  be  the  intensity  of  thrust  (or  tension) 
due  to  the  bending  moment  if^,  and  q  the  intensity  of  shearing 
stress  due  to  the  twisting  couple  M^ ;  then  we  have 

^  =  — i  5    2  =  — I  (44) 

Let  Pi  be  the  greatest  intensity  of  stress  (thrust)  at  the 
point ;  then  fig.  216  shows  the  construction  required  to  find  its 

amount ;  in  that  figure  OL  =  p,  OB!  =  jf,  and  we  have 


p^  =OM^ME=^+J^  +  f;  (45) 

the  greatest  intensity  of  shearing  stress  is  represented  by 

m=Jt  +  ^.  (46) 

and  the  angle  0  made  by  the  greatest  stress  p^  with  the  axis  of 
the  shaft  is  given  by  the  equation 


"» ^^  -  S  -  V  <") 
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By  substituting  for  p  and  q  the  values  given  in  equation  44, 
we  have 


n-~,yMr^;,  (48) 

and  for  the  greatest  intensity  of  shearing  stress 

^  =  ^  -/W^^-  (49) 

A  very  important  example  of  this  principle  is  that  of  a  shaft 
with  a  otank  attached ;  in  this  case  we  have  a  force  applied  to 
the  centre  of  the  crank  pin,  and  resisted  by  the  equal  and 
opposite  force  at  the  bearmg  S.  If  P  represent  the  force,  then 
the  moment  of  the  couple  is  (fig.  239) 

M=  P.SP;  (50) 

this  couple  may  be  resolved  into  two  couples,  one  a  bending 
couple 

M^-F.NS'Memj;  (51) 

the  other  a  twisting  couple, 

J/j  =  P.NP='M^nj.  (52) 

I— ^^^ 


(tiZZ® 


Fig.   23S. 

The  greatest  mtensity  of  stress  is  found  by  equation  48, 
2 


P^  =  — J  (M  cos  J  +  ^Af  cos'/  +  M*  sin'/) 
=  — ■  (M  COB y  +  M)-  — ,  M{1  +  cos  J) 
^^,M(1+  cos;-)-  (53) 
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If  instead  of  p^  we  put  /  the  resistance  to  tension  or  thnist 
(the  smaller),  we  get 

d»  -  ^ifa  +  cosj*);  (54) 

wliich  enables  us  to  calculate  the  diameter  required  for  the 
shaft.  If  we  put  f,  for  the  greatest  intensity  of  the  shearing 
stress,  we  have 

d'  =  ^^M;  (55) 

which  also  enables  us  to  calculate  the  diameter  required ;  and 
the  greater  of  the  two,  one  got  from  equation  54,  the  other  from 
equation  55,  is  to  be  adopted. 

The  angle  made  by  the  principal  stress  with  the  axis  of  the 
shaft  is  given  by  equation  47. 

tan2fl»r??  =  §-?!£4=tany;    ,.  6  4-  (56) 

p      M^     cosj  2 


Thrust  or  Tension  combined  with  Torsion. 

Let  the  shaft  shown  in  fig.  240  be  acted  upon  by  a  thrust 
(or  tension)  F  and  a  pair  of  twisting  couples  of  moment  M;  the 
stress  due  to  P  is  uniformly  distributed,  and  that  due  to  Jf  is 
greatest  at  the  skin;  the  greatest  intensity  of  stress 
will  therefore  be  at  the  skin.     If  under  thrust,  the         i 
length  of  the  shaft  is  to  be  so  short  compared  with  its     ^  J^ 
di^mxeter,  that  the  bending  action  need  not  be  taken     ^  ^ 
into  account.    At  the  point  H  we  have  a  thrust  (or 

tension)  p  =  — ^,  and  a  shearing  stress  q  =  — j ;  pro- 


ceeding as  at  fig.  216,  we  have 


i 


Fig.  240. 


»-jf-i4)K^.)'    <-> 


The  greatest  intensity  of  thrust  (or  tension)  is 


Pi"  OM^  MR,  (59) 


THBUST  AND  TOBSION  COMBIKIED.  401 

the  angle  0  made  by  j?^  with  the  axis  of  the  shaft  is  given  by  the 
equation  

tan  20  =  =  =  -i-  (60) 

ML     P  ^  ^ 

The  greatest  intensity  of  shearing  stress  is 

MR  (61) 

Examples. 

262.  A  lattice  girder  80  feet  span  bears  a  load  of  100  tons  uniformly  distribnted ; 
depth  from  centre  to  centre  of  flanges  6  feet,  and/s=  4  tons  per  square  inch ;  the 
breadth  of  the  flange  is  1  ft.  0  in.,  and  is  constant,  the  thickness  however  Taries. 

Taking  the  proyiaional  breadth  as  1  ft.  9  in.,  find  hov  much  this  has  to  be 
increased  so  as  to  allow  for  the  weight  of  the  beam  itself, 

ifo  e  12,000  inch -tons ;  ifio  «  11,250  ;  Mvt  -  9000  ;  ifso  «  6260  ;  JTm  «  0  ; 

tinoe  the  flange  is  thin,  we  have  M  s  fhVt  «  4  x  72  x  21  x  /,  and  we  obtain 
^  a  2  in.,  <io  s  2  in.,  i%i  «  1*5  in.,  ^so  =  1  in.,  and  /«o  —  0*5  in.  say;  the 
ayerage  bnng  1  -2  in.  nearly.  Taking  this  as  the  thickness  of  the  flanges,  and  allow- 
ing for  bracing,  we  obtain  10  tons  nearly  as  the  weight  of  the  provisional  girder ; 
so  that  b'  a  21  inches,  jB*  «  10  tons,  and  W  =  100  tons ;  from  which  we  readily 
find  6  B  24  inches,  J^  =  11  tons,  and  IF  =  111  tons  for  the  actual  girder. 

263.  An  aqueduct  bridge  is  60  feet  span  and  20  feet  broad ;  the  water  is  6  feet 
de«>  and  is  carried  on  iron  plates  supported  on  cross  girders  6  feet  apart ;  the  cross 
girders  are  supported  on  the  lower  fiuiges  of  two  plate  girders ;  the  weight  of  Uie 
water,  cross  girders  plates  and  stiffeners  is  240  tons,  and  may  be  considered 
uniformly  distributed.  The  flanges  of  the  main  girders  are  to  be  80  inches  apart 
centre  to  centre,  the  web  may  be  taken  as  fth  of  an  inch  thick,  and/  =  6  tons  per 
square  inch. 

Find  a  provisional  breadth  for  the  flanges,  and  also  how  much  this  has  to  be 
increased  so  as  to  aUow  for  the  weight  of  the  actual  girder. 

Here  we  find  Mo  »  900,  Jfio  =  800,  Mtn  »  500,  and  jtfao  -  0  foot-tons  ; 
from  this  we  find  that  an  area  of  22*5  square  inches  is  required  for  each  flange  at 
the  centre  of  gprder,  and  if  ft'  be  taken  as  18  inches  throughout,  we  have  to  s  l^, 
^10  »  H,  <2o  ^  if  and  /ao  «  i  inch.  The  average  thidmess  of  flange  will  be  1 
inch  nearly,  and  allowing  for  stiffeners,  &c.,  we  find  the  weight  of  the  provisional 
beam  to  oe  8  tons  nearly;  hence  we  have  b'  «  18  inches,  ^'  «  8  tons,  and 
W  B  120  tons ;  from  which  we  obtain  (page  398) 

h  B  20  inches,  ^  s  9  tons,  and  W  «  129  tons,  for  each  girder. 

264.  A  water  wheel  of  20  horse  power  makes  5  revolutions  per  minute ;  find 
the  diameter  suitable  for  the  malleable  iron  shaft  which  transmits  this  force. 

For  each  revolution  132,000  ft. -lbs.  of  work  are  performed ;  this  \b  equivalent 
to  21,008  lbs.  acting  on  a  wheel  of  radius  one  foot,  and  we  have  M*^  21,008  ft. -lbs. 
=  252,096  inch -lbs. 

252,096  B  -196  x  9000  di^  »  1764  <fi>;    .'.    d  »  5*23  inches. 

If  this  shaft  be  12  feet  long,  what  is  its  angle  of  torsion  when  the  working 
moment  as  above  is  applied  P    Take/  b  9000,  and  C  b  9,000,000 ;  then 

1    144 
i  =  ^  1^  =  .06607  =  3"  9'. 
500  6*23 

2  D 
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2^.  The  diameter  of  one  shaft  is  doahle  that  of  another  of  the  same  material ; 
the  smaller  gaye  way  when  suhjected  to  a  twisting  moment  of  2  ft. -tons.  What 
twisting  moment  will  be  required  to  wrench  the  other  P    Ans,  If  s  16  ft.-tons. 

256.  A  shaft  12  feet  long  and  6  inches  diameter  is  suhjected  to  a  twisting 
moment  of  16  ft. -tons,  and  the  two  ends  are  thus  twisted  through  a  certain  angle ; 
a  second  shaft  of  the  same  material,  16  feet  long  and  9  inches  diameter,  is  twisted 
so  that  its  angle  of  torsion  is  exactly  the  same  as  that  of  the  first ;  find  the  twisting 
moment  required  to  do  this, 

.       ,«« 1^2x144       ,^„Jfxl92 
i  B  10-2  — ;= — TT-  =  10-2     ^     ^^    ; 

therefore 

y^  ^  ^^*  B  ^JlJ^  ;    therefore    M  =  729  in.-tons  «  60-76  ft-tons. 
1296  6661 

267.  What  thickness  of  metal  is  required  for  a  cast-iron  hollow  shaft,  10  inehee 
outer  diameter,  so  as  to  resist  a  twisting  moment  of  10  ft. -tons  P 

10* -dU* 
Am.  Jf  =  120  X  2240  =    196  x  6000  "^  • 

do*  »  7268  ;     therefore     do  »  9*23,  and  the 
thickness  required  is  0*4  inch. 

268.  A  malleahle  iron  shaft  20  feet  long  and  6  inches  diameter  is  suhjected  to 
a  moment  which  twists  the  ends  through  an  angle  of  2° ;  taking  (7  the  coeiBcient 
of  tmnsTerse  elasticity  as  9,000,000,  find/,  the  stress  at  the  skin, 

2/.  240 
i  s  '0349  SB  ^     ,r; — s ;    therefore   /  =  8926  Ihs.  per  square  inch. 
9  X  10«  X  6  ''  r     -^ 

269.  The  inner  and  outer  diameters  of  a  hollow  steel  shaft  are  10  and  12  inches, 
and/  B  6  tons  per  square  inch  is  the  working  Talue  of  the  resistance  to  shearing. 
What  is  the  twisting  moment  this  shaft  is  capahle  of  transmitting  P 

12*  -  10* 
M  «  -196  X  6  — — —  =  1062  inch-tons. 

260.  The  working  tensile  strength  of  the  steel  for  the  previous  example  is  12 
tons  per  square  inch,  and  the  crushing  strength  is  greater.  What  is  the  moment 
of  reaistanoe  to  hending  of  this  same  shaft  P 

Ans.  M  =  1062  inch-tons ;  since  the  resistance  to  wrenching  is  douUe 
the  resiBtance  to  hreaking  across  when  the  two  values  of /are  equid. 

261.  A  shaft  9  inches  diameter  and  12  feet  long  is  supported  at  its  two  ends, 
and  loaded  at  the  two  points  which  divide  its  length  into  three  equal  parts  with  4 
tons  at  each  point ;  a  twisting  moment  of  20  foot-tons  is  applied  to  one  end  of  the 
shaft  while  th»  other  is  held  fixed.  Find  the  greatest  intensity  of  the  thrust, 
tension,  and  shearing  stress ;  and  the  angle  that  the  line  of  greatest  principal  stress 
makes  wi^  the  axis  of  the  shaft 

At  any  point  hetween  the  two  loads,  the  hending  moment  Ifi  »  16  foot-tons 
B  192  in<m-tons;  the  twisting  moment  Jfa  «  240  inch-tons ; 


4  X  192  2  X  240 

p  =  r^T  =  2<J9  tons;     g  o  — -— -  =  1*67  tons; 

^       V  X  91-1  '       irx91-l 


therefore 


J  7-24 
-—  +  2-80  «=  3-6  tons  per  square  inch^ 

is  the  greatest  value  of  the  intensity  of  the  thrust  at  the  upper  point,  and  of  the 
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tension  at  the  lowest  point  of  the  skin  near  the  middle  of  the  length  of  the  shaft ; 
the  greatest  intensity  of  the  shearing  stress  is  2*15  tons  per  square  inch,  and  it  is 
sito^ed  at  the  points  just  mentioned, 

3*34 
tan  20  s   —  =  1-24;    therefore    9  «  26®. 

262.  The  crank  shaft  of  an  engine  is  5  inches  diameter ;  the  distance  from  the 
centre  of  the  bearing  to  the  point  opposite  the  centre  of  the  crank  pin,  ys  in  fig. 
239,  is  12  inches ;  the  half  stroke,  J^F  in  figure,  is  16  inches ;  and  the  pressure 
applied  to  the  crank  pin  is  5000  lbs.  Find  the  greatest  intensity  of  thrust,  tension, 
and  shearing  stress ;  and  9  the  angle  made  by  the  line  ol  principal  stress  with  the 
axis  of  the  shaft, 

FS  =  20  inches;     .-.    Jf  -  100000 inch-lbs. ;  Mi  »  60000,  and  Jfa  -  80000. 

6*1 
pi  =  — --  100000  (1+1)  B  6530  lbs.  per  square  inch, 

the  greatest  intensity  of  thrust  and  of  tension,  at  the  bearing,  the  one  being  at  the 
one  side  and  the  other  being  at  the  other  side  of  the  shaft  The  grealest  intensity 
of  shearing  stress  is  ,^   100,000  »  4080  lbs.  per  square  indh.    The  angle 

• 

9  ^^m  27®. 

263.  A  phaft  8  inches  diameter  is  subjected  to  a  thrust  of  100  tons  uniformly 
distributed  oyer  its  two  ends,  and  a  twisting  moment  of  30  foot-tons.  Find  the 
greatest  intensity  of  thrust  and  shearing  stress,  and  the  angle  made  by  the  line  of 
principal  stress  with  the  axis  of  the  shaft, 

100  720 

P  =  7T-^  "  1'^^  too« ;   g  •  -  ,  ^,  =  3'68  tons  per  square  inch ; 
^      60-26  *      201-04  *^   ^  ' 

pi  B  1-0  +  \/-99  + 12-81  =  4-71  tons  per  square  inch; 

the  greatest  intensity  of  thrust ;  the  greatest  intensity  of  shearing  stress  is  3-71  tons 
per  square  inch ;  and 

7-16 
tan  20  s  i-ty  a:  3-6  ;    9  m  37''. 
1-99 

264.  Find  the  diameter  of  a  malleable  iron  shaft  capable  of  bearing  a  tension  of 
60  tons,  and  a  twisting  couple  whose  moment  is  26  foot-tons ;  the  resistance  of  the 
material  to  tension  and  shearing  being  6  and  4  tons  per  square  inch  respectiyely ; 


60        16-92  600        191 

P" 

4 

therefore 


^  ^  »ri*         n*   '     *       »ri»       ri» 


^       7-96         i63-36      36500 
pi  =  6  -  —T-  +     I — J-  +  — T- 


stress  =  4  =     i^^:^_^  _^  —     ,  ^^  '^irhich  we  find  n  -  3-64  inches ;  and  since 


from  which  we  find   n  m  3*63  inches.      The  greatest  intensity  of  shearing 
/63-36      3660 

this  is  greater  than  the  former  result,  it  is  to  be  adopted ;  that  is,  the  diameter 
required  for  the  shaft  is  7^  inches  nearly. 

2D2 
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Thrust  and  Induced  Bending. 

When  thrust  is  applied  to  a  pillar  or  strut  whose  length  is 
great  compared  with  its  diameter,  it  will  collapse  not  bj  direct 
crushing  but  by  bending  and  breaking  across. 

Let  a  long  thin  vertical  bar,  originally  straight  be  deflected 
to  an  extent  not  greater  than  the  proof  deflection  by  the  appli- 
cation of  a  horizontal  external  force  applied,  say 
at  its  middle,  while  the  ends  are  guided  so  that 
they  cannot  move  laterally,  and  let  it  be  held  in 
that  position ;  it  will  then  have  a  form  such  as  is 
shown  in  fig.  241 ;  let  the  load  P  be  now  applied, 
then  when  the  restraint  is  withdrawn,  the  bar  will 
tend  to  assume  its  original  vertical  form,  it  will 
remain  neutral,  or  it  wUl  collapse  according  to  the 
amount  of  P ;  that  is  to  say,  if  the  moment  of  P 
relatively  to  the  centre  of  the  bar,  viz.  P. -w,  is  less 


7^ 


u 


than  the  moment  of  resistance  of  the  bar  to  bend-  p 

ing,  the  bar  vrill  tend  to  right  itself. 

The  stress  on  the  cross-section  AB  consists  of     ^^^  241 
one  part  p'  due  to  the  load  P,  and  another  part  j?" 
due  to  the  bending  which  takes  place  in  the  direction  in  which 
the  pillar  is  most  flexible;  since  P  is  imiformly  distributed, 

we  have  ,      P  .^^. 

P  =  S'^  (62) 

where  S  represents  the  sectional  area  of  the  bar ;  by  equation 
given  on  page  269,  we  have  M  =  np"bh\  and  since  M^  Pv 

p-'ocg;  (63) 

where  h  is  the  smaller,  and  h  is  the  larger  diameter,  when  these 
are  unequal ;  the  proof  deflection  v,  page  340,  equation  (14a)  is 
directly  proportional  to  the  square  of  the  length  and  inversely 
proportional  to  the  depth ;  that  is  to  say 

/»  ,       „      P/«      Pl^ 

.x^,    and    p    X-X-; 

that  is  p"  x.p'  —  \    therefore     —  ^W]  \  (64) 

that  is,  the  additional  stress  due  to  bending  is  to  the  stress  due 
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to  the  direct  thrust,  as  the  square  of  the  proportion  in  which 
the  length  of  the  pillar  exceeds  the  least  diameter. 

The  total  intensity  of  stress  p'  +  p"  must  not  exceed  the 
strength  of  the  material ;  equating  that  intensity  to  /  the 
strength  of  the  material,  we  have 


/- 


I' 


-Il-«©1- 


p  = 


fS 


(65) 


r 


r^-^ 


f       t 

Fig.  242. 


I' 

7T" 


1 


where  a  is  a  constant  coefiGicient  to  be  determined  by  experi- 
ment. The  above  investigation  is  due  to  Tredgold,  and  values 
of  the  coefficient  a,  as  determined  by  Professor  Gordon,  are 
given  below. 

For  a  strut  or  pillar  securely  fixed  at  the  ends : — 
Wrought-iron  solid  rectangular  section,    .      .      .  a  »  ^J^^^ 
,  *Angle,  channel,  cruciform,  and  J-iron  (see  fig.  243),  a  «  ^^ 

Cast-iron,  hollow,  cylinder, a  =  ^^ 

tFor  timber  struts,  oak  and  pine, a  =  j^^, 

A  pillar  rounded  at  both  ends  is  as  flexible  as  one  of  double 
the  length  fixed  at  the  ends ;  so  that 


P  = 


fS 


fS 


1  + 


«(!)• 


l  +  4a 


aj 


(66) 


The  strength  of  a  pillar  fixed  at  one  end  and  rounded  at  the 
other  is  a  mean  between  that  of  a  beam  fixed  at  both  ends  and 
one  roimded  at  both  ends. 


*  As  deduced  by  Unwin. 


t  As  deduced  by  Weisbach. 
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The  values  of /in  lbs.  per  square  inch  are  given  by  Rankine 
as  follows : — 


Breaking  load. 

Proof  load. 

Working  load. 

Wrought -iron  solid  rect-  \ 
angular  seotion,  .      .) 

36,000 

18,000 

6,000  to   9,000 

Wrought-iran  cell,  . 

27,000 

13,600 

4,600,,    7,000 

Cast-iron  cylinders, . 

80,000 

26,700 

13,800  „  20,000 

British  oak,  dry, 

10,000 

— 

1,000 

American  oak,  dry,  . 

6,000 

— 

600 

Bed  pine  and  laroh,  dry, 

6,400 

660 

For  green  timber  the  values  of /should  be  halved. 

A  pillar  or  strut  securely  fixed  at  both  ends  corresponds 
with  a  beam  fixed  at  the  ends  (fig.  227) ;  the  points  of  fracture 
are  the  points  where  in  that  figure  the  bending  moment  is 
greatest,  viz.,  at  the  centre  and  at  the  ends.  A  pillar  fixed  at 
one  end  corresponds  with  the  beam  shown  in  fig  225 ;  the 
points  of  fracture  being  at  the  fixed  end,  and  at  about  one-third 
of  the  length  from  the  rounded  end.  A  pillar  rounded  at  both 
ends  corresponds  with  the  beam  shown  in  fig.  110,  the  point  of 
fracture  being  at  the  middle  of  the  length. 

•  The  following  table  gives  the  results  of  the  above  formulsa 
for  pillars  of  wrought  and  cast  iron,  whose  diameter  and  lengths 
are  in  different  proportions,  and  whose  ends  are  securely  fixed : — 


h 

p 

Breaking  load,  lbs.  per  sq.  in.  =  -r 

S 

h 

p 

Breaking  load,  lbs.  per  sq.  in.  «  — 

o 

Wrought -iron 

solid  rectangular 

section. 

Cast-iron  hol- 
low cylinder. 

Wrought-iron 

solid  roctangular 

section. 

Cast-iron  hol- 
low cylinder. 

10 
16 
20 
26-4 

84,840 
83,490 
31,766 
29,280 

64,000 
61,200 
40,000 
29,280 

30 
36 

40 
60 

27,700 
26,660 
23,480 
19,640 

24,620 
19,700 
16,000 
11,030 
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From  this  table  it  is  seen  that,  so  far  as  the  ultimate  strength 
of  such  pillars  is  concerned,  cast  iron  is  stronger  than,  as  strong 

as,  or  less  strong  than,  wrought  iron  when  the  proportion  t  iB 

less  than,  equal  to,  or  greater  than  26*4 ;  this  result  was  first 
pointed  out  by  Professor  Gordon. 

For  struts  in  wrought-iron  framework,  such  cross-sections 
as  are  shown  in  fig.  243  may  be  chosen  on  account  of  their 
stiffiiess ;  these  are  called 


T,   angle,    channel,    and        ^         _^,^        p=T=S 
cruciform    iron,    respec-    .^tJUn       v|        B    j    t 


tively ;    in   fixing    the 

proportion  ■=■   for   such 

sections,  the  value  of  A  is  to  be  taken  as  the  least  diameter ; 
this  is  marked  in  the  diagram. 

Since,  however,  such  cross-sections  are  not  made  of  very 
large  dimensions,  struts  above  a  certain  size  require  to  be  huilt ; 
in  this  case  they  usually  consiBt  of  four  thin  plates  forming  a 
square  and  connected  at  the  comers  by  angle  irons ;  of  two  thin 
plates  held  parallel  and  at  a  fixed  distance  apart,  by  means  of 
a  web  and  angle  irons,  or  by  a  lattice  work  of  small  diagonal 
bars ;  or  of  two  J-irons  or  channel-irons,  with  the  ribs  turned 
towards  each  other,  and  held  by  a  lattice  work  of  small  diagonal 
bars  as  in  the  case  just  stated. 


Examples. 

266.  A  cast-iron  column,  Becurely  fixed  at  the  ends,  external  diameter  8  inches, 

length  20  feet,  is  to  bear  a  steady  load  of  30  tons.    Find  the  thickness  of  metal 

required. 

; 
Here  t  »  30,  and  for  that  proportion  the  hreaking  load  is  24,620  lbs.  per 

square  inch  ;  taking  i  for  a  factor  of  safety,  we  get  the  working  stress 
/  =3  4100  lbs.  =  1*8  tons  per  square  inch  ;  the  area  of  metal  required  is  there- 
fore 17  inches ;  this  giyes  6*7  inches  for  the  internal  diameter,  or  j-  inch  nearly 
for  the  thickness  of  metal.  Since  an  allowance  has  to  be  made  for  slight  irregu- 
larities in  casting,  the  thickness  of  metal  should  be  1  inch. 

266.  Find  the  working  load  for  a  cast-iron  pillar  12  inches  diameter,  40  feet 
long,  metal  I  inch  thick,  taking  6  as  the  factor  of  safety. 
I 
Here  t  ■=  40  ;    ^  »  34*6  square  inches ;  f—1'2  tons  per  square  inch ;   and  the 

steady  working  load  is  42  tons  nearly,  hoth  ends  heing  securely  fixed ;  hut  if  the 
load  is  such  as  to  cause  considerable  vibration,  from  one-half  to  two-thirds  of  this 
amount  may  be  taken. 
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267.  What  is  the  crushing  load  for  a  malleablo  iron  bar  6  in.  x  3  in.  x  10  feet 
long,  eecuiely  fixed  at  one  end  P 

/5  =  18  square  inches ;  t  =  ^0,  and  the  ultimate  stress  corresponding  is  10*5 

tons  per  square  inch,  when  fixed  at  both  ends  ;  when  rounded  at  both  ends,  this 
reduces  to  6*1  tons ;  when  fixed  at  one  end  and  rounded  at  the  other,  the  result  is 
the  mean  of  these  quantities,  Tix.  7*8  tons  per  sc^uare  inch. 
The  crushing  load  is  therefore  140  tons  steadily  applied. 

268.  Find  the  working  strength  of  a  strut  formed  of  channel  irons  ^  inch  thick, 
6  inches  broad,  width  of  each  flange  (outside)  2^  inches,  and  length  6  feet,  fixed 
securely  at  both  ends. 

Here  5  »  5  square  inches  ;  -  as  29  nearly,  and  the  working  strength  is  1*4  tons 
per  square  inch,  or  7  tons  nearly. 

269.  What  is  the  working  load  for  a  strut  of  seasoned  American  oak  firmly 
fixed  at  the  ends,  20  feet  long,  and  1  foot  square  P 

Am.  P  s  38,000  lbs.  nearly,  or  14|  tons. 

270.  A  strut  of  red  pine  whose  ends  are  to  be  well  fixed,  is  to  be  4  inches  thick 
and  6  feet  long ;  the  thrust  applied  to  its  ends  is  calculated  to  be  4  tons.  Find  the 
breadth  required. 

*  324 

1  +a|  .  I  1  +  xrr 

»  \^/       ^  260       --  .    ,  , 

8  =  F  '       =  4        ■        =  37  square  inches  nearly, 

and  the  breadth  required  is  therefore  9}  inches  nearly. 


Long  Steel  Struts. 

For  long  struts  in  wrought  iron  and  steel,  the  double  T-sec- 
tion  is  of  great  importance,  as  most  struts,  where  merely  booms 
of  girder  or  themselves  girders,  can  be  blocked-otd  into  such  a 
form.  The  extreme  shapes  where  the  flanges  are  equal,  and 
where  one  flange  is  zero,  that  is,  double  T-sections  equal  above 
and  below,  and  the  J-iron  sections  are  especiallj  important.  The 
angle-iron  too  is  often  constrained  to  bend  like  a  T-iron  by  being 
brcu^ed  in  other  directions. 

We  will  establish  a  general  expression  from  which  to  select 
an  approximate  one  suitable  for  designing  struts.  The  sizes  are 
shown  clearly  on  fig.  244.    As  in  equation  6, 

.      .,       ,         .  26  +  ^c      A'  2a  +  qc     h' 

a'¥  0  -^  qc     L  a-\-  0  ■¥  qc    Z 
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and  taking  a  mean  of  the  term  in  S'  repeated  twice,  once  with 
each  of  the  evident  values  of  8,  for  symmetry,  we  have 

Iq  =  cUm*-^  bin*  +  -^  (a^»  +  bt*  +  jfc*) 


ijc^((m-|')V(|'.^J) 


th"^  i(2a  +  qc){2b  +  qcY  +  ^(26  +  qc){2a  +  qcf 
4  (a  +  6  +  g'c)* 

^A'*  (2a  +  qc)  (2b  +  jc) 


4  a  +  b  +  qc 


7o  -  -4  ( WW  ■*■  19 ) ""  fi  **'^*  ^^"^^^ 

/o  =  ^mTi  -  ^^'A'»  nearly.  (676) 

Here  we  have  (67J)  a  remarkable  expression  for  the  Trn'm'Tniim 
moment  of  inertia  of  the  double  T-section,  the  degree  of  approxi- 
mation clearly  shown  by  comparison  with  the  exact  expression 
(67a).  The  approximate  expression  may  be  given  in  words 
thus: — 

The  moment  of  inertia  of  a  double  T-section  is  sensibly 
equal  to  its  area  mvltiplied  by  the  product  of  the  ttoo  segments  into 
which  the  centre  of  gravity  divides  the  depth  between  the  middle 
poirUs  of  its  flanges,  from  which  is  to  be  deducted  twice  the  moment 
of  inertia  of  the  wd>  considered  separately ,  and  as  reoLchmg  from 
centre  to  cemtre  of  the  flanges^ 

Cor. — ^For  a  given  area  the  value  of  Jp  and  therefore  of  the 
stiffness  is  a  maximum  when  m  =  n,  that  is,  with  equal  flanges. 
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By  a  further  reduction  we  have 

By  im  exactly  similar  reduction 

Or,  for  the  double  T-section  thickness  of  Metal  constant, 

'^12  a  +  b  +  h  '  ^      ' 

is  a  sufficient  approxinuite  value  for  designing  struts,  even  with 
h  for  A'. 

EcoTwmical  double   T-sectian   of  uniform  strength  to  resist 
bending.     In   fig.  244   suppose   the 

two  skins  6  and  a  to  simultaneously  ' «— — ^ 

come  to  their  working  or  proof 
strengths  /&  and  /„,  and  putting 
p  =  fb  '■  fa  their  ratio,  then  p  will 
sensibly  be  equal  to  the  ratio 
fi-.fa.  that  is,  n:m. 

Just  as  for  general  stiffness  h  or  k' 
must  be  a  suitable  fraction  of  the 
span,  BO  also  for  local  stiffness  must 
also  f,  the  thickness  of  the  web,  be  Fig.  -m. 

a  suitable  fraction  t-  of  A  or  A'. 

The  resistance  to  bending  is,  by  equation  (67i), 

JH  =  —  /„,    or    -=-  =  Am  — s — ■ 
n  fi  6    n 

But     m  " ,     and    n  = ,    so  that 

1  +  p  1  +  /) 

^       A)^  _  f  A^Cl  +  p)       Ah'      rA"(l  +  p) 

/■j      1  +  p  6p  1+p  6p        ' 

Equating  zero  to  the  differential  coefficient  with  respect  to  A'. 

rfA'  /•»  °  1  +  p  2p        ■ 
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Or  the  area  of  the  web  measured  from  centre  to  centre  of  the 
flanges,  namely, 

makes  the  strength  a  Tnaximum. 

f,     3(l  +  p)-         3p  3p  ^'''-^ 

For  homogeneous  strength  p  >«  1,  and  the  section  has  then 
equal  flanges.  For  wrought  iron  ^  »  4 :  5  commonly,  and  is 
never  less  than  1  :  2  for  steel  or  steely-iron.  For  values  of  p 
from  ^  to  1  the  coefficient  2/o  ~  (1  +  pf  is  |  sensibly  constant. 
Hence  the  condition  given  by  (69)  that  the  double  J -section  of 
v/ihiform  strength  shall  be  the  mo^  economical  for  a  given  degree  of 
local  stiffness  is  tha^  the  area  of  the  web  meoj&wred  from  cerUre  to 
centre  of  the  flanges  shall  be  half  of  the  total  area. 

Substituting  /o  «  1  in  (69)  and  (70)  we  get  for  the  most 
economical  section  of  equal  flanges  for  a  given  degree  of  local 
stifl&iess  the  two  conditions 

i:K^\A    and    ^=^'-KA^  (71a) 

fh       ^ 

The  second  may  be  written  if  -  4  (iA^'A")  where  the 
expression  in  brackets  is  the  share  of  the  resistance  to  bending 
exerted  by  the  web  measured  as  befoie  from  centre  to  centre  of 
the  flanges.  Hence  the  two  conditions  (71)  for  designing  the 
economical  cross-section  with  equal  flanges  for  a  given  degree  of 
local  stiflhess  can  readily  be  remembered  thus — Design  the  section 
so  that  the  web  mea^sv/ring  from  centre  to  centre  of  the  flanges  shall 
be  half  the  area  and  take  up  a  fourth  of  the  resistance  to  bending. 

For  the  purpose  of  direct  design,  however,  (71a)  is  to  be 
modified  by  putting 

jTj  =      /j ;  A' «  (A  -  ^) ;  t  =  sh,     and     f  =  rh, 

fh 


when  we  have,  where /» is  the  lesser  strength, 


(716) 
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For  comparison  put  M^  in  (70),  and  M^  in  (71a),  when 

is  the  fractional  excess  of  strength  of  the  one  section  over  the 
other  where  both  have  the  same  area  A,  the  same  depth  h\  or 
same  general  stiffness,  and  the  same  value  otr^f-r  h\  or  same 
local  stiffness.  In  each  section  the  '^  web  "  is  half  the  total  area 
and  each  is  the  most  economical  of  its  kind.  For  the  ordinary 
value  /o  »  4>  ^^6  expression  (72)  is  10  per  cent. 

To  design  the  economical  double  T-section  of  uniform 
strength  for  a  given  degree  of  local  stifihess  from  the  required 
strength,  deduct  the  percentage  indicated  by  (72),  and  design 
the  economical  section  with  flanges  equal,  of  the  required  degree 
of  local  stiffiiess  by  (715) ;  then  borrow  from  the  flan^  a  a  por- 
tion, and  add  it  to  the  flange  ft,  till  (a  +  ^h)  :  (b  +  f  A)  is  in 
the  ratio  p  :  1. 

Care  must  be  taken  that  the  weaker  strei^h  /&  in  {71b)  is 
used  always  for  the  compressive  strength  of  wrought  iron  and 
steeL  Then  too,  it  must  be  the  weaker  or  thrust  flange  that 
is  increased  at  the  expense  of  the  other. 

Also  the  beam  is  to  be  placed  with  the  proper  flange  up,  and 
there  must  be  no  possibility  of  the  bending  reversing.  For 
beams  a  saving  of  10  per  cent,  may  be  effected.  Such  sections 
are  not  suited  for  struts  for  which  the  flanges  are  best  to  be  equal, 
the  bending  being  equally  like  to  be  one  way  or  the  other. 

The  T-section  and  angle-iron  constrained  to  bend  like  a 
T-section  are  often  used  as  struts,  as  they  suit  constructional 
purposes. 

The  angle-iron  if  not  braced  so  as  to  bend  like  a  T-iron  is 
very  weak  as  a  strut,  as  it  tends  to  open  flat  and  bend  over. 

These  points  are  best  illustrated  by  the  numerical  examples 
to  follow. 

Dovble  T -section  with  equal  flanges,  fig.  245. — In  equation 

(676) 

/o  =  Amn  -  ^'K* ; 
we  must  now  put 

a  =  J,    m  =  71  =  JA',    if  ^gt^ 
and  we  have 

A  =  ^(2A'  +  2i),  (73a) 

/o  -  ^  {?*'  +  6J),  (736) 
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and  the  radius  sq.  of  gyration 

where  q  is  the  ratio  of  the  thickness  of  the  web  to  the  common 
thickness  of  the  flanges. 

Tsection  and,  angle-iron  constrained  to  bend  like  it  (fig.  245, 
IV.). — In  equation  (68a)  put  a  =  0,  and  now  c  =  h\ 

A  =^  t{qc  +  b).  (74a) 

^  ^  gV  +  46gc     fh\  qc  +  4b     f^  gc  +  4ft 
^  ■"   12      gc  +  6     "   12     gc  +  6  '  12   gc  +  ft"'       '"    ^ 

Jo      c'   qc  +  4ft  ^^ .  . 

A      12    qc  +  0 

Angle-iron  wa&wpporied  or  a  crux-section  (fig.  245,  v.). — Let 
f  =  t,  for  angle-irons  are  always  of  one  thickness  being  rolled 
from  a  plate  of  one  thickness.  The  section  is  readily  identified 
with  a  rectangle  of  breadth  B  and  depth  ff,  where 


ff  =  hsiaO^h^  y/h^  +  ft' 

and  B  =  ^(sec  0  +  cosec 0) ^t^/WTV Lr  +  -\ 

80  that  putting  /o  =  -^BH^  and  reducing,  we  get  the  values,  of 
little  practical  use,  given  in  line  V.  of  the  accompanying  table. 

In  the  Table  the  struts  are  constrained  to  bend  only  about 
the  dot-and-dash  lines. 

line  /.  is  box  or  double  channel  section. 

Line  //.  is  double  T-section  of  uniform  metal. 

line  III.  has  the  web  half  as  thick  as  the  flanges,  they  are 
got  by  putting  2, 1  and  ^  f or  g  in  equation  73. 

line  IV.  is  the  uniform  metal  T  or  angle-iron  constrained  to 
bend  like  a  T-iron.  Unity  is  put  for  g  in  equation  74.  The 
approximation  is  very  close,  as  the  terms  in  t^  and  ^  vanish 
together,  in  the  exact  expression  expanded  in  powers  of  t.  It  is 
of  great  practical  use,  and  is  not  given  in  the  Table,  Sankine's 
CvM  EngineeriTigy  p.  523,  where  there  only  appears  the  value  in 
our, 

Line  F.  for  unconstrained  angle  iron  a  section  quite  unsuited 
for  struts. 
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OF    AREAS,    MOMENTS    OF    IKSRTIA,  AND    RADII   BQUARR    OP 
GTKATION. 


s^2= 


-t 


A  +  4* 

13    ■  (*  +  »)»■ 


LONG  STEEL  STRUTS.  415 


Eaneine-Gokdon  Formula. 

fiankine  first  proved  that  Gordon's  formula,  equation  (66), 

was  rational  {see  Bankine,  C,  K,  p.  523).    He  then  substituted 

A* 
t*  for  —    because  that  is  the  relation  of  the  radius  square  of 

gyration  to  the  depth  for  the  solid  rectangular  sections  upon 
which  the  actual  experiments  were  made.  He  then  says  the 
formula  is  general,  only  for  skeleton  sections  the  proper  value 
of  1*  must  be  used.  To  be  of  practical  use  the  values  of  i*  like 
those  in  the  above  table  must  not  contain  t,  the  thickness  of  the 
metal  otherwise  there  would  result  a  quadratic  equation  to 
determine  its  value,  since  t  is  generally  the  unknown  quantity 
in  this  formula. 

We  prefer  to  present  the  formula  suitable  to  a  strut  with 
hinged  ends,  because,  as  Fidler  justly  says,  in  wrought-iron  and 
steel  struts,  the  ends,  at  best,  can  only  be  imperfectly  fixed  in 
direction  as  the  other  portions  of  the  steel,  in  a  bridge  for  in- 
stance, to  which  such  struts  are  fixed,  are  themselves  so  elastic, 
that,  in  yielding  to  the  loads  imposed  on  them,  the  end  of  the 
struts  do  deflect.  Fidler  allows  for  this  imperfect  fixing  by 
supposing  the  virtual  length  of  such  a  strut  to  be  -^ths  of  its 
actual  length.  But  every  strut  imperfectly  fixed  at  the  ends 
can  be  judged  on  its  merits,  and  a  deduction  made  from  the 
length  never  more  than  i^ths.  As  the  length  in  the  Bankine 
formula  is  in  inches,  it  is  always  wise  in  making  the  above 
deduction  to  so  do  it  as  to  leave  the  virtual  length  expressed  in 
a  Totmd  nv/niber  of  inches.  The  reason  that  /  is  in  inches  is 
because  h  and  i  are  always  in  inches. 

The  Bankine  formula  then  for  ends  hinged  is 

Iron,    F  tons  = ^.  (75a) 

Mild  Steel,  P  tons  «  ^*  tons^  ^^^^^ 

These,  of  course,  are  only  good  average  values. 
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For  a  practical  knowledge  of  this  formula  for  designing  long 
struts  Fidler's  Treatise  on  Bridge  Design  should  be  studied. 

The  formula  for  many  years  was  thought  to  be  too  general, 
and,  in  America,  most  eminent  engineers  made  formulae  of  their 
own,  of  like  form  but  varied  to  suit  the  different  cross-sections, 
in  a  way  that  led  to  great  confusion.  Fidler  has,  in  the  most 
skilful  way,  arranged  the  Bankine  formula,  and  tabulated  results 
which  agree,  with  great  exactness,  with  the  results  of  the  more 
recent  exhaustive  and  elaborate  experiments  made  on  struts 
with  the  skeleton  sections.  His  tabulated  results  agree  also 
with  the  results  of  the  special  formulae  for  special  sections. 

In  Britain  again  many  writers  put  forward  a  modification 
of  Euler's  formula.  In  our  opinion  Euler's  formula  is  quite 
unsuited  for  struts  in  engineering  steel-work.  Euler  contem- 
plates a  load  which  will  just  not  bend  the  strut.  Now  the 
whole  duty  of  a  steel  strut  in  a  structure  is  to  resist  bending, 
and  bend  it  will  no  matter  how  it  is  designed,  for  it  will  take  a 
set  to  one  side  or  other  with  its  own  weight  if  with  nothing  else, 
for  the  weight  of  the  immense  struts  in  modem  structures  is 
very  considerable.  Also  heat  will  distort  a  strut ;  and  in  riveted 
work  the  straining  of  the  adjacent  members  sends  bending 
strains  along  a  strut,  which  must  be  designed  with  an  ample 
radius  of  gyration,  and  it  is  undesirable  to  talk  about  a  load 
which  vnHfust  not  bend  it. 

Fidler  has  done  great  service  in  vindicating  the  supreme 
position  of  the  Bankine-Gordon  formula  as  a  master  formula  for 
tentative  design,  though,  of  course,  experiments  on  the  actual 
strut  of  any  special  section  will  supersede  all  formulae  provided 
the  experiments  are  on  a  proper  scale,  and  in  this  matter  no 
perfunctory  experiment  in  special  struts  can  compare  in  im- 
portance with  the  life-history  of  such  a  strut  in  some  large 
structure. 

We  quote  a  part  of  two  of  the  tables  given  in  Fidler's 
Practical  Treatise  on  Bridge  Construetion,  These  tables  give 
the  coefficient  for  stiffening  long  struts,  that  is,  a  multiplier 
for  converting  the  net  area  of  the  strut,  where  quite  short,  into 
the  gross  area  to  resist  both  thrust  and  induced  bending.  In  a 
good  design,  this  multiplier  should  not  exceed  1*5,  that  is,  the 
extra  volume  of  steel  for  stiffening  the  strut  should  not  be  more 
than  50  per  cent,  of  the  net  volume.  Otherwise  the  main  cross 
dimension  h  should  be  increased  to  give  a  bigger  radius  of 
gyration. 
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For  section  (fig.  245  il)  with  A  «  2i  »  16^  and  /»  «  4  tons 
per  square  inch. 


Ends  fixed,  . 

6  feet 

10  feet. 

20  feet. 

30  feet. 

40  feet. 

Ends  hinged. 

8   „ 

6    „ 

12    „ 

18    „ 

24    „ 

PtODB. 

8 

2 

1*04 

1-14 

1-46 

1-80 

2-18 

16 

4 

1-02 

1-07 

1-25 

1-49 

1-74 

;      82 

8 

1-01 

1-04 

114 

1-28 

1-44 

48 

12 

1-01 

1-03 

110 

1*20 

1-32 

64 

16 

1-01 

102 

1-08 

1-16 

1-26 

80 

20 

1-00 

1-01 

1-06 

1-13 

1*21 

For  section  (fig.  245  i.)  with  A  =  ^  =  16^  and  /i  =  4  tons 
per  square  inch. 


Ends  fixed,  . 

6  feet. 

10  feet. 

20  feet. 

80  feet. 

40  feet. 

Ends  hingedy 

3    „ 

6    „ 

12    „ 

18    „ 

24    „ 

PtaoM. 
16 

4 

104 

1-13 

1-42 

1-76 

2-13 

32 

8 

1-02 

1-07 

1-24 

1-46 

1-71 

48 

12 

1-01 

1-06 

1-17 

1-34 

1-62 

64 

16 

1-01 

1-04 

1-13 

1-27 

1-42 

80 

20 

1-01 

1-03 

1-11 

1-22 

1-36 

96 

24 

1-01 

102 

1-09 

1-19 

1-31 

FiXAKPLTW. 

271.  Compare  the  strength  to  resist  hending  of  four  double  T  cross-sections, 
jJI  haying  the  common  area  of  18  square  inches,  and  all  havinff  the  common  local 
stiffnees  afforded  by  the  constant  thickness  of  the  metal  being  a  tenth  part 
of  the  depth  of  the  section.  The  four  sections  are  respectiyely  to  have  depths  of 
13-4,  12,  10,  and  8  inches. 

The  fig.  246  shows  the  four  sections  drawn  to  scale,  and  the  calculations  made 
by  the  exact  tabular  method  of  Chapter  XV.,  fig.  183. 

The  section  nx.  has  -^  =  49-2  a  maximum,  and  it  will  be  seen  that  the  web  is 

half  of  the  area  and  is  the  $ironge»t  section  with  area  18  square  inches,  and  the  local 
stiffioiess  due  to  <  s  <^A. 

2B 
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or    OOHPAKATIVK    STRBMOTHS    OF    FOUK    DOUBLE    T    BXCTIONS, 
WITH  THtCKKEAS  OF  UBTAL  j'sTB  OF  TSE  DIPTH. 


9 

»■ 

VxiKft 

X^f 

%1<- 

T 

H' 

300-8 

m 

Z 

o 

00 

21«-0 

300'R  K^x  1-31  =  134-33 
\  1=  lSi-33 

Jfi        7 

/   "6-7 
=  40-1 

I 

llD-6 

00 
I2&'0 

106-4  X  ^  X  2-70  =    94-86 
110-Bxix  1-20-    44-24 

i/- 139-10 

M-0 

61-0x1x5-00  =  101-67 
64-OxixlOO-   21-S3 

J  J=  13300 

M,      I 
f    "   6 
=  49-2 

0-0 

6«-0 
32-8 

0-0 

31-2x1x806=    S3-80 
32-8  X  1  X  0-80  =     880 

\I=    92-80 

\t\ 

■0 

'■^rr' 

»1 

'& 

o 
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The  section  n.  has  the  web  three-fourths  of  the  area  if  it  be  measured  from 
centre  to  centre  of  the  flanges,  and  is  the  stifett  section  of  area  18  square  inches,, 
and  local  stiffiiees  due  to  ^  =  -^gh. 

Pot  substituting  from  (73«)  into  (733),  we  have  Jo  =  V**''  {^^  -  2M')  which 
with  A  constant  and  t'  a  constant  r*^  fraction  of  h'  give  the  variable  factor 
fi  e  ZAh'*  —  2rV^.  The  differential  coefficient  with  respect  to  h'  equated  to  zero> 
gives  6 Ah'  -  Srh'^  »  0,  or  the  area  of  web  i'h'  =  ^A.    See  fig.  246,  ii. 

272.  Design  the  economical  double  T  section  with  equal  flanges  in  wrought 
iron  for  which /&  »  4  tons  per  square  inch.  Its  strength  to  be  M  =  196*8  ft.-tons, 
and  to  have  the  local  stiffness  afforded  by  the  thickness  of  the  web,  tf  being  a  tmih 
of  its  depth  A'.    The  thickness  of  the  flanges  to  be  ^  s  ^,  that  is,  **  uniform  metal. '^ 

We  must  plan  the  web  measured  from  centre  to  centre  of  the  flanges  to  have 
its  area  fh'  a  half  of  Uie  total  area  A^  and  its  share  in  the  strength  if'^hf^  to  be  a 
fourth  of  M.    This  is  done  by  putting  in  (71*)  M  r  /*  =  49-2,  and  »  «  r  =  ^  when 

J.A(ftA)'  =  49-2;     A3  =1013;     A  =  10. 

So  that  t=f=l.  A'  =  9,  and  e^S,  while  t'h'  «■  9,  and  so  ^  =  18  square  inches. 
The  upper  half  of  this  section  is  shown  at  fig.  246,  lu.,  and  the  whole  section  at 
fig.  245,  u. 

273.  Design  the  economical  double  T  section  of  uniform  strength  for  wrought 
iron  wiih/fr  »  4  and/«  s=  6  tons  per  square  inch.  For  local  stiffness  the  web  is  Uy 
have  f  =  -^A%  and  the  thickness  of  the  flanges  t  —  f.  The  required  moment  of 
resistance  to  bending  is  M  =  218*6  inch  tons. 

In  (72)  put  p  s  f ,  and  we  find  that  the  section  will  be  10  per  cent,  stronger 
than  if  its  flanges  were  equal.  From  218*6  deduct  10  per  cent.,  and  it  leaves 
196*8  ft. -tons.  In  £x.  272  we  have  already  designed  the  section  with  equal 
flanges  and  found  the  values  there  quoted.  It  only  remains  to  borrow  &om 
one  flanse  and  add  to  the  other,  so  that,  with  a  +  b  still  equal  to  10,  we  get 
a-^ieio-k-^e  equal  to  4  :  6.    And 

a+4      4 
-  +  *  =  *<"     »— 4  =  5  = 

or  a  =  4  and  b=  6  inches. 

The  half-section  is  seen  at  fig.  246,  iii.,  if  an  inch  of  breadth  be  taken  off  the 
upper  flange  and  added  to  the  lower.  The  section  may  now  be  checked  by  the 
tabular  method  at  fig.  185,  p.  289,  when,  with  the  axis  at  the  lower  skin  of  i,  the 
results  are  ^  s  18,  &»  b  81,  Jo  =<  606,  and  y  =  4*5,  so  that  h'  is  exactly  divided 
as  4  to  5,  although  A  is  only  nearly  divided  in  that  ratio  ;  further  Jo  =  242,  and 
multiplying  this  by  the  smaller  of  the  quantities  4  tons  -^  4^  in.  or  5  tons  -^  5^  in., 
namely  the  first,  we  get  the  exact  value  of  M  =  215,  almost  exactly  what  was 
prescribed. 

274.  Design  a  double  T  section  for  a  wrought -iron  strut  24  feet  long  and 
hinged  at  the  ends,  the  load  being  64  tons.  The  depth  should  be  A  —  12  inches 
for  stiffness,  and  with  the  breadth  of  the  fianges  each  6  inches,  and  flanges  and 
web  of  one  thickness  ^  as  in  fig.  245,  ii.,  we  have 

A*  A  +  64 
*        T^  I — 51  =  24  ;     /  =  288  in.  ;    /=  4  tons  per  square  inch, 

then  A  «  (2b  +  A)^  »  24^  nearly, 

being  the  same  degree  of  approximation  as  t . 

2  E  2 
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By  (76a) 

1     /•  "    1-384  ' 
''■  9000  t« 

/si  inch  nearly,  but  A*  =  2it  nearly,  or  A  ms  22t  s  22  square  inches. 

276.  Design  the  same  strut,  using  Fidler's  table,  p.  417,  coiresponding  to 
fig.  246,  u. 

^  «-  64  -r  4  s=  16  square  inches  is  the  net  area.  The  multiplier  is  the  last  in 
the  second  last  line,  that  is,  1*26.  The  gross  area  ^  «  1*26  x  16  =:  20  square 
inches.    As  the  relative  dimensions  on  the  table  are 

h  ^  2b  ^  let,    so  that    ^  »  (A  -  2q<  +  2bt  -  30^, 
and  therefore 

^  B  20  -r  30  B  -67,    or    t  «  -816,    and    A  -  164  «=  13  inches. 

This  is  the  nearest  that  can  be  done  with  the  table.  It  is  evident  that  with 
A  a  12  inches  instead  of  13  inches,  then  A  must  be  greater,  say,  22  square  inches. 

f  -';276.  A  square  box  steel  strut,  virtual  length  30  feet,  is  to  take  a  thrust  of 
80  tons.  Design  the  section.  For  stiffness  6  =  A  =  16  inches  might  be  suitable 
(fig.  246, 1.). 

A*  A  +  33 
»2  =  ^  1Z_^  «  44  ;     ^  =  2<(*  +  A)  «  64<  ;     /  «  360  ; 

M  o«       7x64r 

^  =^  ,     „>     or     80  =  -T-^T-  • 

1     /*'  1-42 

■*"  7600? 

As  the  divisor  1*42  indicates  that  the  excess  metal  to  stiffen  the  strut  is  not  over 
60  per  cent,  we  can  feel  assured  that  A  =  16  was  ample  enough.    Proceeding 

t  =  0-26  s  ^  inch,    and    ^  >  16  square  inches. 

277.  Design  a  T  iron  or  angle  iron  constrained  to  bend  like  one.  The  etrut 
is  12  feet  long,  the  load  30  tons.  Taking  A  =  8  inches  and  6^4  inches,  then 
(fig.  246,  IT.) 

^«.(A  +  *).12.;    i3  =  g^^..9; 
P i^iSi^.     or    30        ''' 


J_144»'  1-266* 

■^  9000    9 

t  e  -786,    and    A  »  9-4  square  inches. 

278.  If  the  above  strut  be  an  angle  iron  not  constrained  in  any  way,  design  it. 
Taking  h  =  b  sslQ  inches,  say,  we  have  by  fig.  246,  v. 

^/>.       *       ^  «        T         ««            *  X  20<  80^ 

A=20t,    ♦«  =  4-2nearly;     30 __  =  —  ; 

^  "*"  MOOn 
and  <  s  •58  B  {  inches,    and    ^  b  20^  -  12*6  square  inches. 


i 


CHAPTER   XX. 


THB  STKSL  ABCHSD  GIBDEB* 


Tor  roofsy  the  steel  arched  girder  is  of  great  importance.  It  is 
used  as  a  roof  principal  to  cover  the  multiple  platforms  of  great 
railway  stations,  a  gigantic  example  being  the  St.  Pancras  Sail- 
way  Station,  London.  It  is  struck  in  arcs  of  circles  with  a  slight 
cusp  or  peak  at  the  crown,  span  240  ft,  rise  96  ft.  The  ribs, 
which  are  spaced  about  30  ft.  apart,  are  each  6  ft.  deep,  and  uni> 
form  except  a  part  of  the  top  where  the  moment  of  inertia  is  of 
double  the  value  elsewhere.  The  rib  is  without  hinges  either  at 
the  crown  or  springings,  and  a  tie-girder  holds  the  ends  together. 
These  tie-girders  are  underneath  the  platforms  which  they 
support.  We  shall  quote  from  Walmisley  on  Iron  Hoofs,  2nd 
edition,  p.  83 ;  the  test  prescribed  in  the  specification  of  this 
roof.  "  Two  main  principals  of  the  roof  shall  be  erected  at  the 
works  upon  proper  abutments  erected  for  the  purpose  upon  the 
flooring.  The  principals  shall  be  erected  with  purlins  complete 
in  every  respect,  and  shall  be  tested  in  presence  of  the  engineer 
or  assistant  appointed  by  him.  First  a  weight  of  200  tons  or 
100  tons  on  each  principal  shall  be  evenly  distributed.  Next 
25  tons  shall  be  taken  from  one  side  of  each  principal  leaving 
50  tons  upon  the  other  side,  and  making  the  relative  loads 
25  tons  and  50  tons  on  the  two  sides  of  each  principal."  We 
would  note  too,  that  in  Mills'  Railway  Construction,  1898,  p.  271» 
he  gives  the  weight  of  iron  work  per  square  (of  100  square  feet) 
as  207  tons  for  the  Central  Station  Manchester  Roof  only 
30  feet  less  in  span  than  the  St.  Pancras.  In  Mills'  book 
there  are  four  consecutive  pages  showing  arched  roofs,  most  of 
them  like  the  St.  Pancras  without  hinges.  One,  however,  of  the 
roof  of  the  Anhalt  Railway,  Berlin,  he  shows  with  a  hinge  at 
each  end,  parabolic  in  outUne,  uniform  in  depth,  which  is  greater 
in  proportion  to  the  span  205  feet  than  that  of  the  St.  Pancras. 
The  Anhalt  principals  suddenly  taper  at  the  ends  towards  the 
hinges. 
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Again,  arched  girder  roofs  for  buildings,  often  of  great  span, 
are  generally  made  in  two  halves  affording  three  hinges,  one  at 
the  crown,  as  well  as  the  two  at  springing.  The  third  hinge 
eliminates  to  a  great  extent  the  temperature  effects,  and  f acUi- 
tates  the  erection.  Besides  the  two  halves  can,  with  economy, 
be  swelled  out  in  the  middle,  and  shaped  with  a  curved  lower  or 
inner  member,  and  yet  have  a  polygonal  upper  member  to  suit 
the  covering.  Two  of  the  finest  examples  can  be  seen  super- 
imposed on  each  other  in  the  Worlds  Columbian  Exposition,  re- 
printed from  Ungineering  of  April  21st,  1893.  They  are,  one 
the  roof  of  the  Manufacturers'  and  Liberal  Arts  Building  of  the 
Exposition,  and  the  other  the  roof  of  the  Machinery  Hall, 
Paris,  1889.  The  spans  have  the  common  value  of  368  feet. 
The  Columbian  roof  has  a  rise  206  feet,  being  about  50  per  cent, 
higher  than  the  Paris  one,  the  principals  being  spaced  50  feet 
apart.  The  girders  are  8  feet  deep  at  the  top,  and  at  least 
twice  as  deep  as  the  haunches.  Two  rival  modes  were  employed 
in  erecting  the  Columbian  roof  by  two  contractors :  figures  illus- 
trating them  are  shown.  They  are  called  the  Fives  LUle  mode 
and  the  CaU  mode. 

We  mention  those  examples  as  the  drawings  can  readUy 
be  seen  by  British  students.  A  complete  list  of  roofs  and 
bridges  is  given  by  Howe  in  his  Treatise  on  Arches,  Wiley  and 
Son,  1897,  an  excellent  and  exhaustive  treatise  on  the  subject 

For  bridges,  the  steel  arched  girder  seems  likely  to  entirely 
supersede  the  suspension  bridge.  A  comprehensive  view  can  be 
had  on  one  page  of  Engineering,  of  April  28th,  1899.  With  the 
exception  of  the  top  one,  the  spans  shown  are  all  between  500  and 
600  feet,  the  rises  varying  from,  judging  by  the  eye,  one-fifth  to 
two-thirds  of  the  span.  Some  are  circular,  some  parabolic,  some 
have  no  hinges,  when  the  girders  have  a  small  depth  at  crown 
and  increase  till  they  are  from  twice  to  thrice  as  deep  at  the 
springings. 

Others  have  a  hinge  at  each  springing,  and  are  either  uniform 
with  a  sudden  taper  at  the  hinges  or  are  very  deep  at  the  crown 
and  taper  graduaUy  to  the  hinges. 

Again,  some  have  abutments,  others  tie-rods  suspended  from 
the  arch.  Also  in  some  of  the  examples  there  shown,  the  railway 
rims  over  the  crown  on  straight  girders  supported  by  "  Eifel " 
towers  rising  from  the  arch ;  in  other  examples  these  straight 
girders  are  suspended  or  are  partly  suspended  from  crowns  and 
partly  supported  over  the  haunches. 

The  figure  at  the  top  of  the  group  is  the  great  Niagara  Falls 
bridge,  1898,  span  840  feet,  rise  150  feet,  depth  of  parallel 
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booms  26  feet  The  shape  of  arched-rib  is  parabolic,  and  it 
rests  on  steel  pins  12  inches  in  diameter  one  at  each  end.  Two ' 
arched  girders  support  two  railway  tracks  and  side  walks.  The 
horizontal  girders  ride  over  the  arches  on  which  they  rest  by 
vertical  and  horizontal  spandril  bracing.  The  live  load  is  pre^ 
scribed  in  one  form  as  a  string  of  the  Ely  Tram  and  Trailer, 
spaced  200  feet  clear  apart  per  track.  Such  a  tram  is  roughly 
40  tons  in  a  60-foot  length. 

Disposition  of  loads. — It  is  evident  that  the  Uve  load  all  over 
the  span  of  an  arch  produces  the  greatest  thrusts  on  any  section 
of  the  rib  as  a  whole.  But  the  live  load,  say  half  over,  produces 
bending  moments  which  at  some  sections  greatly  increase  the 
thrust  on  one  boom,  at  the  same  time  decreasing  it  in  the  other, 
it  may  be  to  such  an  extent  as  to  change  it  to  tension.  The 
unsymmetrical  position  of  the  live  load  causes  the  thrust  at 
some  sections  not  to  be  truly  along  the  rib  but  oblique.  Tliis 
oblique  thrust  is  then  equivalent  to  a  direct  component  thrust, 
and  a  tangential  component  which  distorts  the  panel  or  bay 
of  the  rib,  which  must  accordingly  be  braced  by  one  or  two 
diagonal  members. 

These  efifects  would  be  most  pronounced  for  the  middle  panel 
or  bay  with  the  live  load  half  over  the  span.  And  with  this 
position  of  the  live  load  these  effects  are  sufficiently  pronounced 
at  all  bays  for  practical  purposes,  the  span  being  very  great, 
although  with  short  spans  it  might  be  well  to  put  the  load  three- 
fourths  over  for  some  bays. 

From  these  remarks  on  bridge  arches,  and  from  the  specifi- 
cation of  the  test  on  the  St.  Fancras'  roof  arch,  it  will  be  seen 
that  for  large  span  lofty  steel  arched  girders,  either  for  roof  or 
bridge  work,  it  is  practically  sufficient  to  consider  only  two 
dispositions  of  the  load — (1)  A  uniform  load  all  over  the  span, 
and  (2)  a  uniform  load  on  each  half,  but  greater  on  one  half  of 
the  span  than  on  the  other. 

L^vy  has  given  his  solution  of  this  problem  in  the  happiest 
way.  He  draws  the  stress  diagram  for  a  unit  uniform  load  on 
left  half  of  the  span  only,  from  which  by  suitable  multipliers  the 
stresses  on  the  members  cut  by  any  section  can  be  computed 
for — (1)  The  live  load  as  weU  as  the  dead  load  all  over  the 
span ;  (2)  the  live  load  on  the  half  in  which  the  section  lies, 
but  not  on  the  other  half ;  and  (3)  the  live  load  on  the  other 
half  but  not  on  the  half  of  the  span  in  which  the  section  itself 
lies. 

The  curve  of  benders  Uvd  cv/rve  offlatteners. — If  an  arched  rib 
stand  on  its  ends  on  a  horizontal  plane,  and  if  we  suppose  each 
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end  to  be  a  pin  furnished  with  wheels,  then  if  any  load  be 
imposed  on  the  back  of  the  arch  it  will  straddle  out  and  be 
everywhere  flatter  than  it  was  before,  and  the  flattening  moment 
at  each  section  can  be  shown  by  the  diagram  which,  for  a  straight 
girder  hinged  at  the  ends  bearing  the  same  load  is  called  the 
bending  moment  diagram.  We  shall  now  call  that  figure  the 
cv/rve  of  flaUenerg. 

If  we  measure  the  amount  by  which  the  arch  has  straddled 
or  increased  the  span  and  remove  the  load,  and  if  we  now  put  a 
tie-rod  across  between  the  pins  and  screw  it  tight,  till  they  are 
brought  nearer  to  each  other  by  the  same  amount  that  they 
straddled  before,  the  arch  will  be  like  a  bow  a  little  more  bent 
at  each  section  than  it  was  at  first.  That  is,  there  is  now  at 
each  section  a  bending  moment  the  amount  of  which  is  the  pull 
on  the  tie-rod  multiplied  by  the  height  of  the  middle  point  of 
the  section  above  it  as  a  lever.  Hence  the  curve  drawn  up  the 
middle  of  the  arched  rib  is  itself  the  curve  of  benders  due  to  the 
pull  on  the  tie-rod.  If  the  pull  on  the  tie-rod  be  ascertained  in 
any  way,  a  scale  could  readily  be  constructed  for  this  curve  of 
benders. 

Suppose  that  the  free  girder  as  at  first  is  loaded  with  the 
external  load  which  straddles  it  out,  and  that  then  the  tie-rod 
is  put  across  and  screwed  till  the  straddle  is  destroyed,  and  the 
hinges  brought  to  the  original  span.  We  have  now  two  diagrams, 
one  the  curve  of  flatteners  due  to  the  extern  load  drawn  arbi- 
trarily to  any  scale,  and  the  other,  the  middle  line  up  the  rib 
itself,  a  curve  of  benders  due  to  the  pull  on  the  tie-rod,  the  scale 
for  which  is  unkrummy  unless  we  should  happen  to  know,  say  by 
experiment,  the  pull  on  the  tie-rod.  Suppose  for  a  moment  that 
we  did  know  the  pull  on  the  tie-rod  and  so  were  enabled  to 
construct  the  scale  for  it.  We  propose  to  call  this  scale  the 
normal  scale.  On  looking  now  at  our  curve  of  flatteners,  which 
is  hardly  likely  by  accident  to  be  to  this  very  scale,  we  could 
reduce  it  or  draw  it  over  again  to  this  normcU  scale,  and  in  doing^ 
so,  we  could  draw  it  on  the  chord  of  the  rib  as  base  so  as  to  have 
both  curves,  the  one  oi  flatteners  and  the  other  of  benders,  on  the 
chord  as  a  common  base,  and  both  to  the  n^ormal  scale. 

We  have  already  shown  that  a  bending  moment  diagram  is 
itself  a  balanced  linear  rib  for  the  load,  so  that  the  two  curves 
thus  superimposed  on  the  chord  as  base  and  to  the  same  scale, 
may  now  be  distinguished  with  propriety  as  the  real  rib  and  the 
ideal  balanced  rib. 

It  will  be  seen  that  if  the  free  unstrained  rib  be  first  pro- 
vided with  rigid  abutments  that  will  not  yield  appreciably,  or 
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with  a  tie-rod  which  will  not  stretch  an  appreciable  amount,  the 
load  placed  on  its  back  produces  simultaneously  the  flatteners  (a 
curve  of  which,  we  can  draw  to  an  arbitrary  scale  independent 
of  everything  but  the  extern  loads)  and  the  benders  due  to  the 
iTiducedpull  on  the  tie-rod,  of  which  the  central  line  of  the  rib 
is  itself  the  curve  to  the  normal  scale  unknown.  This  normal 
unknown  scale  depends  only  on  the  induced  pull  on  the  tie-rod, 
that  is,  on  the  straddle  of  the  girder  without  a  tie-rod  under  the 
extern  load.  Now  this  straddle  depends  on  the  variations  of  the 
cross-sections  of  the  rib  from  section  to  section,  so  that  the 
normal  scale  is  statically  indeterminate  as  a  rule. 

The  exception  is  the  presence  of  a  third  hinge,  say  at  the 
crown.  Suppose  there  had  all  along  been  a  hinge  at  the  crown, 
but  that  it  had  been  securely  clamped.  The  minute  it  was 
undamped  the  normal  scale  is  known,  for  the  ideal  rib  must 
pass  through  this  third  hinge  in  order  that  the  flattener  and 
the  bender  may  at  that  point  neutralize  each  other ;  hence  the 
mere  reduction  of  the  curve  of  flatteners  so  that  it  may  pass 
through  the  third  hinge  changes  its  arbitrary  scale  at  once  into 
the  normal  scale  which  is  then  known. 

Bankine  advised  the  adoption  of  a  third  hinge  at  the  crown 
of  cast-iron  arched  girders,  and  says  the  assumption  of  such  a 
hinge  at  the  crown  in  conjunction  with  hinged  springings  will 
always  be  a  good  approximation. 

L^vy  illustrates  his  graphical  construction  for  an  arch  with 
hinged  ends  by  an  application  to  the  Oporto  bridge  over  the 
Douro.  In  this  bridge  the  rib  is  crescent-shaped,  and  is  hinged 
at  the  springings  where  it  rests  on  abutments.  Span  160, 
mean  rise  42*5,  and  depth  of  rib  at  crown  10  metres.  The 
moments  of  inertia  of  the  cross-sections  from  crown  out  to  a 
hinge  vary  at  intervals  as  10,  8,  6,  5,  4.  It  is  described  in  the 
Mem.  and  Comte  Bendu,  de  la  S.  d.  I.  C.  1878,  par  T.  Seyrig. 
The  line  up  the  middle  of  the  rib  is  an  arc  of  a  circle. 

L^vy  primarily  assumes  the  rib  to  be  of  uniform  cross- 
section,  and  indicates  a  correction  for  the  variation. 

The  stresses  on  the  members  of  this  bridge  are  calculated  by 
Howe  in  his  treatise  already  referred  to,  and  his  results  com- 
pared with  those  of  Seyrig.  Howe  quotes  the  moving  load 
covering  the  entire  roadway  as  277  tonne  or  270  tons,  which  is 
roughly  half  a  ton  per  foot,  or  half  a  share  of  a  single  row  of 
locomotives. 

L^vy  illustrates  his  graphical  construction  for  an  arch  with 
fixed  ends  by  a  rib  with  the  same  arc  of  a  circle  as  the  other, 
but  with  the  section  increasing  from  the  crown  outwards  so  that 
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its  moment  of  inertia  at  each  section  is  proportional  to  the  secant 
of  the  slope  of  the  rib  to  the  horizon.  Such  an  arched  rib  is  of 
imt/brm  stiffriesa.  This  is  proved  quite  simply  by  Bankine  {see 
"  The  Sloping  Beam,"  CivU  Eng.,  p.  292). 

It  is  evident  that  this  arch  E^ould  deepen  in  section  as  it 
goes  outward  for  two  reasons.  The  bending  moments  at  the 
«nds  of  the  straight  boom  fixed  at  ends  are  greatest.  Also  a 
broad  foot  is  required  to  securely  fix  it  to  the  skewbacka 

Lastly,  before  illustrating  Levy's  construction,  the  relative 
weight  of  steel  on  the  three  types  are  given  by  Howe  in  the 
following  proportion : — 

(1)  Three  hinges,    ...     1. 

(2)  Two  hinges,      .    .    .     12. 

(3)  No  hinges,    .     .    .     .     1'3. 

He  says,  too,  that  three  hinges  are  unsuitable  for  the  bridge 
with  moving  loads  on  account  of  vertical  vibrations. 

The  economy  of  (2)  over  (3)  would,  we  think,  be  increased 
by  the  extra  material  in  the  skewbacks  to  supply  the  reacting 
couples  at  the  ends. 

Observe  that  the  type  (3)  cannot,  when  circular,  subtend 
much  more  than  120°  at  the  centre,  as  the  secant  of  60°  is  2, 
and  beyond  60°  it  increases  enormously.  Roof  girders  of  this 
type  (3)  are  often  the  complete  semicircle  with  a  vertical  part  in 
addition  at  each  end.  Here  only  the  portion  out  to  60°  on  each 
side  of  the  crown  should  be  treated  as  the  actual  elastic  rib,  the 
lower  part  on  each  side  being  reckoned  as  part  of  the  vertical 
post,  and  is  generally  along  with  the  post  buttressed  or  braced 
to  a  smaller  rib  rising  on  the  opposite  side  of  the  post. 

Other  references  are  The  Engineer,  June  30  and  July  14, 
1899,  for  a  Danish  bridge ;  also  March  30,  1900,  for  the  Shine 
bridge  at  Bonn. 

Levy's  Graphical  Solution  of  the  Abched  Rib  of  Uniform 

Section  Hinged  at  bach  end. 

On  fig.  247, 2  is  shown  to  scale  a  segment  of  a  circle,  span 
240  feet,  rise  80  feet,  radius  130  feet.  It  is  the  lineal  real  rib 
up  the  centre  of  the  iron  arch  which  consists  of  two  parallel 
booms  10  feet  apart.  This  then  is  the  curve  of  benders  to 
the  unknown  normal  scale.  It  is  divided  into  16  equal  parts 
along  the  curve,  and  the  ordinates  are  numbered  from  0  to  8  to 
the  right  hand,  and  from  0  to  8'  to  the  left. 

The  fig.  247,  5  shows  the  load  line  W  =»  120  tons  drawn  to  a 
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scale  of  tons,  being  one  ton  per  foot  on  left  half  of  span  only. 
The  reactions  are  Q  =  ^W  and  P  =  f  JT.  A  pole  Q  is  chosen 
arbitrarily,  and  the  curve  of  JlcUteners  (fig.  247,  1)  drawn  to  it, 
and  consisting  of  a  straight  tail  over  the  unloaded  half  parallel 
to  the  vector  Qa.  A  parabolic  arc  must  be  drawn  over  the 
loaded  half.  The  vertex  is  over  the  point  where  the  shearing 
force  diagram  (dotted)  crosses  the  base,  that  is,  at  a  point  divid- 
ing the  span  in  the  ratio  3  to  8.  The  curve  of  flatteners  when 
finished  is  like  a  great  fish  or  "  Jon  Dor^,"  and  it  is  best  to 
construct  the  points  on  the  parabolic  arc  corresponding  to  the 
ordinates  of  the  figure  below  ruled  up.  This  is  done  by  produc- 
ing the  straight  tail  till  it  makes  an  intercept  on  the  vertical 
through  the  left  end  (see  fig.  249,  1),  dividing  this  vertical 
intercept  proportional  to  the  way  the  left  half  of  span  is  divided 
when  vectors  from  the  top  point  of  the  straight  tail  will  cut  off 
the  proper  heights  on  the  ordinates.  Number  these  ordinates 
from  1  to  8  right,  and  from  1  to  8'  left  (see  fig.  90). 

The  next  step  is  best  done  with  proportional  compasses. 
Double  all  the  ordinates  of  fig.  247,  2  drawing  right  and  left  a 
series  of  fictitious  parallel  forces  1  to  8  and  1  to  8^  Set  the 
compasses  to  the  convenient  ratio  4  to  1,  construct  the  load  line 
(fig.  247,  3)  with  0  equal  to  a  quarter  of  the  middle  ordinate  of 
the  curve  of  benders,  with  1  equal  to  a  quarter  of  the  sum  of  its 
ordinates  1  and  1\  &c.,  and  to  a  convenient  pole  draw  the  link 
polygon  among  the  horizontal  fictitious  forces  going  left,  and 
produce  the  two  end  links  to  make  the  first  intercept  on  the 
chord  joining  the  hinges  of  the  real  rib. 

In  the  same  way  lay  ofif  the  load  line  (fig.  247,  4)  with  0 
equal  to  a  quarter  of  the  middle  ordinate  of  the  "  Jon  Dore," 
with  1  equal  to  a  quarter  sum  of  its  ordinates  1  and  1^  &c. 
With  the  same  polar  distance  as  last  draw  the  link  polygon 
among  the  horizontal  fictitious  forces  going  right,  and  produce 
the  end  links  to  make  the  second  intercept  on  the  chord  joining 
the  hinges  of  the  real  rib. 

On  fig.  247  this  second  intercept  is  about  two-thirds  the 
length  of  the  first.  Now  we  know  that  these  two  intercepts 
should  be  equal,  for  their  algebraic  sum  equated  to  zero  means 
that  the  moments  of  all  the  fictitious  forces  with  respect  to  the 
chord  joining  the  hinges  is  zero. 

In  this  problem  three  definite  integrals  are  involved,  namely, 

IMdx  =  0,    IxMdx  =  0,    lyMdx  -  0, 

where  x  and  y  are  the  coordinates  of  the  real  rib,  and  the  limits 
of  the  int^ration  being  from  hinge  to  hinge. 
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The  first  two  integrals  we  have  fully  discussed  as  regards 
the  straight  beam  and  illustrated  by  examples  in  Chapter 
XVIII.,  at  the  b^inning  of  which  are  theorems  (a)  and  (6), 
corresponding  to  these  first  two  int^rals,  and,  for  an  illus- 
tration see  fig.  230,  in  which  AK  is  drawn  that  its  area  may 
equal  that  of  ACB,  and  that  its  geometrical  moment  about  the 
vertical  through  the  centre  0  shall  equal  that  of  ACB.  That 
is,  the  joint  areas  are  zero,  and  the  joint  geometrical  moments 
are  zero. 

So  with  the  third  integral ;  Mdx  is  the  joint  algebraical  area 
of  the  two  corresponding  strips  of  the  two  curves,  one  of  benders 
and  one  of  flatters,  and  by  drawing  a  fictitious  force  for  this 
partly  right  and  partly  left,  and  giving  them  the  common  lever 
about  the  chord,  namely,  the  height  of  the  rib  itself  (only 
doubled  for  good  definition),  we  obtain  the  product  Mcb)  x  y 
for  that  finite  part  of  the  rib  by  producing  the  two  links  that 
concur  on  the  fictitious  force  till  they  make  an  intercept  on  the 
chord.  The  total  intercept  must  be  zero,  and  it  matters  not 
that  we  have  grouped  them  in  two  categories  according  ta 
whether  they  tend  to  flatten  or  further  bend  the  rib. 

The  reason  that  the  two  intercepts  are  not  equal  is  that  the 
arbitrarily  chosen  pole  ft  to  which  we  drew  the  "Jon  Dore,'* 
does  not  make  that  figure  be  to  the  normal  scale. 

It  is  now  necessary  to  draw  the  "Jon  Dore"  or  curve  of 
flatteners  over  again  to  a  vertical  scale  increased  in  the  ratio  in 
which  the  first  intercept  exceeds  the  second.  It  is  best  by  trial 
and  error  to  set  the  proportional  compasses  till  one  end  spans 
one  intercept,  and  the  other  spans  the  other  intercept.  Take 
the  height  of  the  middle  ordinate  of  the  "Jon  Dore"  on  the 
smaller  end,  and,  with  the  large  end,  set  it  up  on  the  middle 
ordinate  of  the  real  rib.  On  fig.  247,  2,  it  wiU  be  seen  to  reach 
a  little  above  the  crown  of  the  real  rib;  joining  this  with  a 
straight  line  to  the  right  hinge  we  have  the  tail  of  the  new 
curve  of  flatteners,  and  with  the  proportional  compasses  the 
seven  intermediate  points  of  the  left  half  may  be  set  up,  or  the 
new  parabola  may  be  constructed  at  those  ordinates  as  at  first. 

Next  from  h  the  bottom  of  the  load  line  fig.  247,  5,  a  line 
parallel  to  the  tail  of  the  new  curve  of  flatteners  will  meet  the 
horizontal  from  d,  the  junction  of  the  reactions  P  and  Q,  at  0  the 
new  pole.    Or  dO  is  shorter  than  dQ  in  the  ratio  of  the  intercepts. 

This  polar  distance,  which  is  130  feet,  determines  the 
fwrrruil  scale  of  the  joint  curves  of  flatteners  and  benders,  or 
as  they  may  now  be  called  the  ideal  and  real  ribs.  For  it  is 
evident  that  if  the  right-hand  link  polygon  were  redrawn  for 
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the  new  curve  of  flatteners,  the  new  intercept  2  would  now 
equal  the  first  intercept. 

The  virtual  hinge  or  point  at  which  there  is  no  bending 
moment  is  a  little  to  the  right  of  the  crown  of  the  real  rib 
where  the  tail  of  the  ideal  rib  crosses  it.  Had  there  actually 
been  a  hinge  at  the  crown  of  the  rib,  the  curve  of  flatteners 
could  have  been  drawn  at  once  with  its  tail  drawn  from  the 
crown  to  the  right  end,  and  the  normal  scale  determined  at  once. 

The  elevation,  to  the  double  scale,  of  the  steel  arched  girder 
is  shown  on  fig.  248,  6 ;  it  is  sketched  as  if  for  a  roof.  It  has 
radial  stiffeners  with  double  diagonal  ties  in  each  square. 

Counting  the  crown  square  £is  zero,  we  will  now  take  out 
the  stress  at  a  radial  cross-section  through  the  middle  of  the 
third  square  to  the  right  hand. 

This  cross-section  is  shown  at  A  on  fig.  247, 2,  and  A'  is  the 
corresponding  cross-section  in  the  loaded  half  of  the  girder. 
A  portion  of  the  arch  reaching  from  A'  Ui  Aia  shown  above, 
furnished  with  arrows  to  indicate  the  stresses  on  the  upper  and 
under  booms  and  the  radial  or  shearing  stress. 

The  thrust  on  the  ideal  rib  at  the  point  below  A  is  given  by 
the  vector  iO  of  fig.  247,  5,  which  is  resolved  into  two  com- 
ponents a  tangential  thrust  50  tons,  and  an  outward  radial 
force  19  tons.  The  50  tons  is  divided  into  25  tons,  each  of 
thrust  on  the  upper  and  under  boom.  At  A  the  height  of  the 
€urve  of  benders  or  real  rib  is  greater  than  that  of  the  curve  of 
flatteners  or  ideal  rib.  The  intercept  at  A  between  the  ribs  is 
the  residual  bender,  it  measures  5  tons  and,  when  multiplied  by 
the  polar  distance  130  feet,  we  have  the  bender  Jf^  equal  to 
650  ft.-tons.  The  booms  have  a  lever  of  10  feet  to  resist  it,  and 
•accordingly  there  is  a  pull  of  65  tons  on  the  upper  and  thrust 
of  65  tons  on  the  lower  boom  at  A  due  to  this  bender.  This  is 
the  most  business-like  way  of  taking  out  the  e£fect  of  the  bend- 
ing couple  at  A. 

But  there  is  another  and  instructive  way  of  looking  at  it 
«nd  of  scaling  it  off.  Suppose  the  thrust  hO  tons  acting  on  the 
real  rib  at  the  point  below  A,  then  to  shift  it  parallel  to  itself 
80  as  to  act  at  A  instead ;  we  must  compound  with  that  force 
JO,  a  left-handed  couple,  the  common  force  of  which  shall  be 
W  tons  and  whose  arm  is  the  perpendicular  distance  between 
the  old  and  new  positions  of  the  force  before  and  after  the  shift. 
Now  this  arm  is  shorter  than  the  vertical  intercept  at  A,  It  is 
^ual  to  the  vertical  intercept  multiplied  by  the  cos  fl,  if  0  be 
the  slope  of  the  tail  of  the  ideal  rib  to  the  horizon.  So  that  if 
we  measure  the  vertical  intercept  at  A  in  feet,  we  have  the  arm 
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of  the  shifting  couple  multiplied  by  sec  0.  But  if  instead  of 
measuring  bO  in  tons  we  take  instead  dO  in  tons,  we  have  the 
force  of  uie  shifting  couple  decreased  in  the  exact  proportion 
that  the  arm  was  increased.  Hence  the  moment  of  the  shifting 
couple  equals  the  product  of  the  vertical  intercept  measured 
in  feet,  and  of  dO  measured  in  tons.  But  the  prodAict  is  in  no 
way  altered  if  we  interchange  the  scales  upon  which  we  scale  off 
the  two  factors.  Hence  what  we  measured  off  before,  namely, 
the  intercept  at  ^  in  tons,  and  the  polar  distance  dO  in  feet 
give,  when  multiplied  together,  the  moment  of  the  couple 
which  shifts  the  thrust  on  the  ideal  rib  up  to  act  at  ^  on  the 
real  rib.  When  the  thrust  arrives  at  A  it  brings  with  it  this 
left-handed  couple,  so  that  the  two  booms  have  not  only  to 
oppose  the  thrust,  but  have  also  to  exert  a  rigM-handed 
couple  to  neutralize  the  shifting  couple. 

This  is  the  penalty,  as  it  were,  that  the  real  rib  pays  at  A 
for  not  coinci(&ng  with  the  ideal  one.  Again,  now  .that  the 
thrust  is  at  ^  it  is  not  directly  along  the  rib,  and  when  resolved 
into  a  direct  thrust  along  the  rib  there  is  also  a  radial  outward 
or  shearing  force  as  well,  tending  to  distort  the  square  at  Ay  and 
this  distorting  force  is  the  penalty,  as  it  were,  that  the  real  rib 
pays  at  A  for  not  being  parallel  to  the  ideal  one. 

Note  that  dO  plays  two  parts :  it  is  130  feet  as  polar  distance, 
but  is  also  44  tons  as  the  thrust  at  crown  of  ideal  rib  or  pull  on 
the  tie-rod. 

At  -4'  the  vertical  intercept  measures  5  tons,  and  when  mul- 
tiplied by  130  feet  we  have  M^,  =  650  foot-tons  a  residual 
flattener,  giving  a  thrust  of  65  tons  on  upper  boom,  and  a  like 
pull  on  the  lower.  A  tangent  drawn  to  the  parabola  at  A 
happens  to  be  horizontal;  it  resolves  into  a  direct  thrust  of 
43  tons  along  the  real  rib  at  A\  or  22  on  each  boom,  together 
with  an  inward  tangential  force  of  10  tons. 

The  like  quantities  are  constructed  for  the  pair  of  points 
B  and  B^  corresponding  to  the  twelfth  square  from  crown.  In 
drawing  the  tangent  to  the  parabolic  part  of  the  real  rib  at  B  it 
is  best  to  construct  the  tangent  at  -B"  by  ruling  it  horizontally 
to  meet  the  vertical  through  the  vertex,  setting  up  a  like  height 
above  the  vertex  which  gives  a  point  to  join  B'  to ;  thus  Qb  is 
drawn  parallel  to  this  tangent,  and,  joining  V  to  0,  we  have  the 
tangent  to  the  real  rib  at  B".  When  the  point  i?"  lies  near  the 
vertex  this  construction  is  bad  and  a  better  one  in  such  a  case 
is  shown  for  the  point  /S"  on  fig.  249,  i.,  namely,  to  draw  a 
chord  from  c  (the  most  remote  given  point  on  the  parabola 
to  the  right  of  S"),  to  (2  a  point  lying  at  the  same  distance 
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horizontally  from  8^^  as  c  does,  but  on  the  left  side.  The  tangent 
at  iS"  is  parallel  to  dc.  The  other  tangent  at  iT"  is  drawn  from 
Jf  to/  where  Vf=efe^  already  described. 

On  fig.  248,  6,  three  varieties  of  load  are  shovni.  Fig.  248,  7 
gives  the  stress  at  the  third  square  selected  from  values  at  A  and 
A'  as  follows :  the  pull  on  the  upper  boom  at  ^  is  65  -  25  «  40, 
due  to  a  load  of  1  ton  per  foot  on  left  half  of  span ;  but  at 
fig.  248,  7  only  half  of  this  or  20  tons  is  set  on  the  upper  boom 
beside  a  half  barb  or  arrow-head,  because  there  is  only  half  a 
ton  per  foot  on  the  left  half  of  the  arch.  In  the  same  way  we 
have  set  45  as  thrust  on  low  boom,  and  9  as  outward  radial 
stress.  These  are  set  beside  half  barbs  to  indicate  that  the 
stresses  are  due  to  the  load  on  left  half  of  arch  only. 

Now  if  we  suppose  the  figs.  247, 1  and  2  turned  over  so  as  to 
be  seen  through  the  paper  at  the  back,  A^  will  have  taken  the  place 
of  A,  so  that  by  halving  the  stress  at  A'  and  writing  them  on 
fig.  248,  7  with  full  barbs,  we  have  the  stress  due  to  the  load  on 
the  right  half  of  the  arch.  These  are  summed  algebraically  and 
written  with  a  black  figure  a  little  to  the  left  of  the  section 
(fig.  248,  7). 

On  fig.  248,  8  the  quantities  for  half -barbs  are  unaltered,  as 
the  load  on  the  left  half  for  the  second  variety  is  unaltered,  but 
the  quantities  at  the  full  barbs  are  halved,  as  the  load  on  right 
half  is  reduced. 

On  the  other  hand,  fig.  248,  9  shows  the  stresses  for  the 
third  variety  of  load.  Here  the  quantities  at  the  full  barbs  are 
unaltered  and  the  others  halved. 

On  the  third  square  to  right  hand  of  the  arch  itself  33  tons 
is  written  on  the  upper  boom,  being  the  greatest  of  the  three 
varieties.  On  the  lower  boom  it  is  35  tons.  On  one  of  the 
diagonals  in  the  third  square  is  written  10  tons :  this  is  a  pulL 
The  other  diagonal  is  dotted  to  indicate  that  there  is  no  puU  on 
it  for  any  of  the  three  varieties  of  load. 

It  wUl  be  seen  that  the  gross  radial  stresses  for  the  three 
varieties  of  load  are  4,  7,  and  0,  all  otUtoard,  As  the  cross- 
section  cuts  the  diagonal  at  about  45"^,  and  as  7  tons  is  only  one 
component  of  the  pull  on  the  diagonal,  it  has  to  be  multiplied  by 
sec.  45°  or  by  IJ  nearly,  giving  the  puU  10  tons.  To  make  the 
roof  stiff  the  two  diagonals  in  the  third  square  might  both  be 
tightened  by  a  thimble,  or  one  only  tiU  they  had  an  initial  pull 
of  2  tons  each,  giving  12  and  2  as  the  greatest  pulls  on  the  two 
diagonals  respectively. 

The  figs.  247  to  250  are  reduced  half  lineal  size  from  a  set  of 
.graphical  exercises  which  we  hope  to  publish  soon. 

2  F 
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LfvY's  Gbaphical  Solution  of  the  Akched  Rib  of  Unifobm 
Stiffness  fixed  at  the  ends  and  without  hinge  any- 

WHEBE. 

The  preceding  description  must  serve  in  detail,  and  we  shall 
point  out  the  marked  differences  in  this  case. 

We  have  the  same  central  line  for  the  linear-rib.  The  boom 
are  now  7  feet  apart  at  crown,  and  17  feet  apart  at  springing,  and 
the  moment  of  inertia  of  the  cross-section  is  everywhere  pro- 
portional to  the  secant  of  the  slope.  The  stiffeners  are  vertical 
and  are  prolonged  as  suspending  rods  to  support  the  horizontal 
girders  that  cany  a  railway. 

The  first  marked  difference  in  the  construction  is  that  the 
real  rib  is  divided  into  equal  parts  along  the  span  or  horizontal. 
There  are  more  parts,  being  12  in  each  half.  The  curve  of 
flatteners  is  shown  at  fig.  249, 1,  drawn  as  before  to  a  short  load 
line  with  a  polar  distance  of  50  feet.  Then  for  theorems  (a),  (6), 
Chapter  XYIII.,  as  applied  generally  at  fig.  232  (and  particularly 
at  Exs.  242, 243),  we  must  draw  a  new  base  mn  across  the  curve 
to  include  the  same  area  an  that  a  Vb  contains,  and  with  its  centre 
of  gravity  on  the  same  vertical  line.  This  is  accomplished  by 
making  am  »  \\oCy  and  hn»  ^oc.  The  graphical  construction 
is  shown  to  left  of  fig.  249, 1.  The  half  span  being  reckoned  as 
the  horizontal  unit,  a  force  is  laid  down  equal  to  oc  to  represent 
the  area  of  the  isosceles  triangle  acb,  followed  by  a  force  -fo^  to 
represent  the  area  of  the  parabolic  segment  ooc.  The  lines  of 
action  of  those  two  areas  are  drawn  dovniward;  also  two  lines  of 
action  trisecting  the  span  are  drawn  upwards  to  represent  the 
two  triangles  into  which  the  unknown  figure  an  can  be  divided. 
A  link  polygon  drawn  among  these  four  Imes  of  action  is  shown, 
its  closing  side  dotted ;  a  vector  from  the  pole  parallel  to  this 
divides  the  load  line  into  two  segments  which  are  the  areas  of 
the  two  triangles  amn  and  anh.  But  the  half  span  being  unity, 
those  segments  are  am  and  hn  respectively. 

MN  is  drawn  across  the  real  rib  so  that  AN  may  have  the 
same  area  as  AGB.  To  draw  MN  its  height  AM  will  be  a  little 
more  than  two-thirds  of  the  height  of  C.  For  if  AGB  had  been 
parabolic  it  would  have  been  exactly  two-thirds.  The  area 
AGB  can  be  measured  with  a  planimeter,  or  calculated  from 
three  ordinates  in  a  half  of  it,  using  Simpson's  multipliers. 

In  drawing  the  load  line,  fig.  249,  III.,  0,  1, ...  7  go  left,  as 
long  as  the  ordinates  of  the  real  rib  in  pairs  are  above  MN,  but 
8,9, ...  12  go  right,  and  ovly  one-half  oi  ordinates  12  are  to  be  taken. 
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This  load  line  should  be  a  closed  polygon,  but  it  will  only  nearly 
closa  This  must  be  averaged  so  that  the  two  end  vectors  may 
coincide.  When  the  link  polygon  to  left  of  fig.  249,  II.  is  drawn, 
its  two  end  links  are  parallel,  and  make  an  intercept  on  the 
horizontal,  the  load  line  being  horizontal,  the  two  end  links  of 
the  right  polygon  make  another  intercept  on  the  horizontal. 

This  second  intercept  which  should  be  equal  to  the  first,  shows 
that  the  curve  of  flatteners  is  to  a  scale  too  smalL  The  propor- 
tional compasses  may  be  set  so  that  one  end  shall  span  the  one 
intercept  and  the  other  end  the  other.  The  curve  of  flatteners 
is  then  to  be  increased  and  superimposed  on  the  real  rib  with 
mn  coinciding  with  MIf.  To  do  tim  from  the  middle  of  MN 
set  up  oC  equal  to  the  increased  value  of  oe.  Set  downwards 
NB  equal  to  the  increased  value  of  rib,  and  MF  equal  to  the 
increased  value  of  ma.  Join  CF  with  a  straight  line  and  it  is 
the  taU  of  the  ideal  rib,  and  the  points  on  the  curved  half  FS'C 
can  have  their  values  set  up  from  the  chord  FC  increased  from 
those  of  aS^^c  from  its  chord  ac. 

The  load  line  to  a  bold  scale  is  drawn  on  fig.  250,  Y.,  the 
poles  Q  and  0  determined,  and  the  stresses  at  four  sections 
S,  S\  Ky  K\  scaled  off  as  in  the  last,  and  then  these  are  mani- 
pulated with  the  proper  multipliers  as  on  the  hinged  rib. 

The  reason  that  equi-intervals  are  taken  along  the  span  is, 
that  /  is  not  constant,  the  integral  being  \{M  ^  I)ydx  =  0 ; 
but  /  cos  0,  the  projection  on  the  chord,  is  constant  since  /  is 
proportional  to  the  sec  0,  so  that  in  taking  finite  intervals  it  is 
necesscuy  to  make  them  have  a  constant  horizontal  projection. 

Numbers  engraved  along  the  upper  and  under  booms  of  both 
of  our  girders  show  how  the  plates  must  vary,  and  it  is  iaterest- 
ing  to  note  the  difference  in  the  variation  for  the  two  cases. 

Some  booms  sustain  a  pull  instead  of  a  thrust  for  the  live 
load  half  over,  and  we  note  that  eight-tenths  of  this  reverse  stress 
is  prescribed  on  the  figure  of  the  Niagara  bridge  as  a  quantity 
to  be  added  to  the  direct  stress. 

On  Levy's  own  figure  for  the  arched  linear  rib  fixed  at  ends, 
we  think  that  some  error  in  scale  has  crept  in,  as  the  intercepts 
between  the  real  and  ideal  ribs  are  much  greater  than  those  in 
his  example  with  the  ends  hinged,  which  would  imply  increased 
bending  stresses  by  the  mere  fixing  of  the  ends. 


CHAPTER  XXL 


ANALYSIS    OF    TRIANGULAB    TBUSSIKG    IN    GIBDSRS    WITH     HORI- 
ZONTAL  PARALLEL   BOOMS. 


The  lower  member  A^^^,  (fig*  251)  is  supported  at  each  end 
and  is  divided  into  2n  equal  parts.  Upon  the  first  n  of  these 
booms  as  bases  similar  triangles  are  erected,  the  upper  booms 
joining  the  vertices  of  the  triangles.  This  constitutes  the  left 
half  of  the  girder  with  which  we  have  principally  to  deal.  The 
right  half  of  the  girder  extending  from  A^  to  A^n  is  the  image 

a  Onnv    Reaction  dne  to  uniform  dead  load  W. 
W(i-^    Reaction  dne  to  rolling  load  W  at  A  a/'.        |j 


A.  A. 


A2t-i     Aa,'4.| 


"M^ 


W 


n  is  No.  of  parts  in  half-span, 
r  is  ratio  k  to  L,  depth  to  span. 
e  is  segment  of  base  of  triangle  remote  from 
centre  of  girder. 

T&IANOrLAB  T&UB8INO. — (Fig.  261.) 


of  the  left  half,  that  is,  it  has  the  pattern  reversed  just  as  an 
image  of  the  left  half  would  appear  in  a  vertical  mirror  forming 
a  right  cross-section  at  the  centre. 

It  will  be  seen  that  we  are  dealing  with  a  girder  divided 
into  an  even  number  of  bays.  This  is  partly  because  of  the 
comparison  to  be  drawn  with  the  Fink  system  of  trussing, 
which  only  admits  of  even  subdivision,  and  partly  because  an 
odd  number  of  bays  is  not  so  desirable  &om  an  economical  point 
of  view.  Neither  could  the  notation  be  conveniently  adapted 
to  both  the  odd  and  even  subdivision  of  the  span. 


NOTATION. 
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The  triangular  girder  with  an  odd  number  of  equal  bays 
will  be  taken  up  separately  further  on.  For  the  central  bay 
there  is  no  shearing  stress  with  the  dead  load,  so  that  the 
material  in  the  diagonal  brace  is  not  economically  disposed. 
And  ^ain,  the  pattern  will  not  change  at  the  centre  of  the 
girder  but  at  one  side  of  the  central  bay,  unless  two  diagonals 
be  placed  in  the  central  bay,  a  further  departure  from  economy. 
But  these  disadvantages  are  not  felt  if  the  live  load  is  great ; 
that  is  to  say,  in  smaU  light  girders  for  moving  loads. 

Betummg  to  fig.  251,  it  will  be  seen  that  there  are  2n-  1 
upper  booms  all  equal  in  length  with  the  exception  of  the 
central  one.  At  each  lower  joint  or  apex  the  letter  A  is  placed 
with  an  even  suffix,  and  at  the  upper  apexes  with  an  odd  suffix. 


ThSs  side  of  the  triangle,  and 
the  secment  o  of  its  base,  are 
said  to  oe  remote  from  ihe  centre 
of  girder. 


^y^         This  side  and  segment  are  ad- 
/"O       jacent  to  centre  ofgirder. 


Form  of  the  tri- 
aa^e  Taries  with  e. 


Position  of  tri- 
angle varies  witii 
I. 


<- — ^ — 4 — ih"^) 

The  f^  Triangle  prom  left  end  of  Girder* — (Fig.  252.) 


Am 


The  depth  of  the  girder  is  h,  and  the  span  is  Z  «  AqA^^  and 
the  common  length  of  all  the  booms,  with  the  exception  of  the 
upper  central  one,  is  L  -r  2n, 

A  variable  e  to  regulate  the  shape  or  form  of  the  triangle  is 
now  introduced  in  the  following  manner.  Fig.  254  is  one  of  the 
triangles,  singled  out  from  those  n  triangles  forming  the  left 
half  of  the  girder.  Its  base  is  A^i^^A^,  and  from  its  vertex 
-^2»-i  *  perpendicular  h  is  dropped  dividing  the  base  into  two 
s^ments ;  c  is  the  segment  of  the  base  remote  from  the  centre 
of  the  span  (the  shorter  in  the  diagram),  while  L-^  271-0  is  the 
segment  adjacerU  to  the  centre.  The  surd  v/(A'  +  c')  gives  the 
length  of  the  diagonal  A^^j^A^.g,  which,  in  the  same  way,  is 
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said  to  be  remote  from  the  centre  of  the  span,  and  a  similar  surd 
gives  the  length  of  the  diagonal  adjacent  to  the  centre.  For  all 
symmetrical  loads,  such  as  the  dead  weight  of  the  girder  itself, 
the  diagonals  remote  from  the  centre  are  struts,  and  those 
adjacent  to  it  are  ties,  so  that  diagonal  struts  and  diagonal  ties 
are  convenient  short  names  for  those  members,  which  however 
become  rather  misleading  when  moving  loads  are  to  be  con- 
sidered. It  will  now  be  seen  that  the  upper  central  boom  is 
twice  the  length  of  the  segment  adjacent  to  the  centre.  To  the 
variable  i  are  to  be  assigned  the  integer  values  1,  2,  3,  &c., ...n, 
when  the  triangle  (fig.  252)  wiU  become  in  succession  the  tri- 
angle at  the  left  support,  the  second,  the  third,  &c.,  each  and  all 
of  the  triangles  forming  the  left  half  of  the  girder. 
Dealing  only  with  the  left  half  of  the  span,  we  have 

jjOwer  apexes, .      •      .      .      .  AqA^a.a  .  •  •  .^m.o^m  ...  ^ay^. 
Stress  on  upper  boom  opposite,         ^2  ^4  •  •  •   ^2«-2  ^s*  •  •  •  ^2«- 

Upper  apexes, -^i-^s ^'-i A«^i- 

Stress  on  lower  boom  opposite,  r^r^ r^-i ^2»-i- 

The  stresses  on  diagonals  remote  from  the  centre  are 
^8^6  -  *  *  ^s<-i  •  -  •  ^2n-i>  ^^^  0^  ^^^  adjacent  diagonals  they  are 

*fr4r6  •  •  •  ^21  •  •  •  t^^ 

The  bending  moment  at  a  section  through  any  apex  is 
represented  by  9ie  letter  M  with  the  same  subscript  which  the 
A  at  that  apex  bears,  and  the  shearing  force,  constant  for  any 
interval  of  the  span,  is  represented  by  the  letter  F  with  two 
subscripts  separated  by  a  comma,  which  subscripts  are  those 
borne  by  the  A's  at  the  two  apexes  bounding  that  interval. 

If  we  confine  ourselves  to  the  representative  triangle 
(fig.  252),  we  have  generally 


Bending  moment  at  upper  apex, 

Stress  on  a  lower  boom. 

Bending  moment  at  under  apex. 

Stress  on  an  upper  boom, 

Shearing  force  in  the  t**  bay, . 

Stress  on  a  diagonal  remote  from 
centre,    .... 


r^  ^  M^^h, 

■^2*-2»  2*' 

T  ''^2»-2»  2»' 


Stress  on 
centre 


a  diagonal  adjacent  to      /p'  +  fs — ^)  } 
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The  values  are  given  irrespective  of  sign,  the  first  two  are 
obtained  by  dividing  the  bending  moment  at  the  section  through 
the  opposite  apex  hj  the  depth  of  the  girder.  The  upper  booms 
are  always  struts  and  the  lower  ties,  the  girder  being  simply 
supported  at  its  ends  and  not  being  continuous  over  its  supports. 
The  second  pair  of  quantities  are  obtained  by  multiplying  the 
shearing  stress  in  the  bay  by  the  secant  of  the  slope  of  the 
diagonal  brace  to  the  vertical ;  as  already  pointed  out,  the  first 
of  the  pair  of  members  is  usually  a  strut,  and  the  second  a  tie ; 
taking  all  loads  into  accoimt,  the  stresses  on  them  due  to  moving 
loads  may  be  thrust  or  tension. 

Here  it  may  be  remarked  that  the  girder  might  be  turned 
over  when  all  the  pieces  as  struts  and  ties  wotdd  interchange. 
It  is  also  to  be  remarked  here  that  all  loads,  even  the  dead  loads, 
are  to  be  looked  upon  as  something  apart  altogether  from  the 
girder  itself,  and  that  the  loads  are  all  reduced  to  the  joints  of 
&e  lower  boom.  For  this  reason  F  is  taken  as  constant  from 
A^,^  to  A^,  The  weight  of  the  girder  itself  reckoned  uniform 
might  be  more  accurately  apportioned  among  all  the  joints, 
the  top  ones  as  well  as  the  under  ones,  when,  in  consequence, 
•^2»-2»  2»-i  ^^^  -^^a^-p  2<  would  dififer  by  the  amount  concentrated 
at  the  upper  joint  ^2<-i-  ^®  weight  of  the  girder  is  however 
only  a  part  of  the  dead  load  and  the  last  to  be  determined,  and, 
in  order  to  draw  a  comparison  with  other  systems  of  trussing, 
it  is  better  to  confine  the  loads  to  the  lower  joints  only. 

Dead  Load. — Let  the  dead  load  be  w  tons  per  inch  of  span 
uniformly  distributed  on  the  lower  boom,  then  the  total  load  is 
W  «  wL  tons  where  all  lineal  dimensions  as  L  and  h  are  to  be 
taken  in  inches.  This  load  when  reduced  to  the  joints  of  the 
lower  boom  gives  a  share  W  -r  2n,  concentrated  at  each  of  the 
lower  joints  except  the  two  end  ones  which  have  only  a  half 
share  each,  and  ^ose  are  directly  over  the  abutments,  so  that 
the  reaction  of  the  left  abutment  on  the  left  end  of  the  truss  is 

W     wL      1^  ^  _  J^\ 
2  "  4?i  °  T  V       27i/ 

The  shearing  forces  are 

J'vi  -  ^vi       2      2»    ' 

V      -V      -  ^2»-l      W 
*»  -  '8.4  -    2      2»        2«' 
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W2n-1  W 


The  bending  moments  are 
W2n-1 


„       W2n-lfL       \      W 


„       W2n-lf.    L       \      W(.     „     -  L      ,  \ 

The  numerical  coefficient  of  the  second  last  tena  being  the 
sum  of  the  natural  numbers  from  1  to  (t  -  2).  Then  by 
reduction, 

*°  2      2m     2^' 

*     2      271  2«     2»"2«' 

?r2n-i       Z     W,,     o    o^  -^ 


j^      W2n-1    .    L      W{i-l)i  L 
**     2      2«     •*'2«     2«      2        2a 
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The  numerical  coefficient  of  the  last  term  being  the  stun  of 
the  natural  numbers  from  1  to  (i  -  1).    Then  by  reduction, 


{^-1} 


Substituting  these  values  in  the  preceding  expressions  for 
the  stresses  on  the  booms  and  diagonals,  and  arranging  in 
ascending  powers  of  i,  we  have 


W£  I    2«  + 1     »  +  1  . 


'^*-^  °  4mA  V       2n     "^ 


—  i-— ^ 

We  f2n  +  1      i\ 
■^  'Zh  V"~2»        n} 


_   WL(.     j'N 


t^  =  ^ 


^(r^-D^l^'^iTn-')]' 


W/2n  +  l     i\   ,.„      „ 


^rhe  strength  of  the  material  is  /  tons  per  square  inch.  It 
is  this  unit  which  demands  that  the  lineal  dimensions  shall  be 
in  inches.  It  is  reckoned  to  be  of  the  same  value  with  respect 
to  tension  and  thrust.  It  will  be  shown  afterwards  how  a  cor- 
rection can  be  made  if  the  material  be  not  homogeneous  in 
strength. 

Dividing  r^^^  by /we  have,  in  square  inches,  the  theoretical 
area  of  the  cross-section  of  the  i**  lower  boom  A^.^  A^,  reckoning 
from  the  left  abutment,  that  is,  of  the  boom  which  is  the  base  of 
the  t'*  or  specimen  triangle  (fig.  252).  Multiplying  by  Z  -^  2n, 
its  length,  we  have  a  general  expression,  containing  the  integer 
variable  •',  for  the  volume  in  cubic  inches  of  that  boom.  To  t  in 
that  general  expression  is  to  be  assigned  the  values  1,  2, ...  71 
and  the  whole  summed  up,  giving  then  the  volume  of  the  left 
half  of  the  lower  boom.    Doubling  so  as  to  include  the  right 
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half  we  have  the  theoretical  volume  of  the  lower  boom  in  cubic 
inches  to  resist  the  dead  load 


'^  oiider  booms        ^^  o«.       ^     I 

dflftd  \tmd  <ri  t^n     J    J 


"4wyA^iL"     2w     "^     71     *"2nJ 

"^  2nfh  ^1  L   2w     "  nj 

yPZ'    I    2714^1      ?l  +  l  71(71+1)      7l(7l  +  l)(27i+l)| 

"47iyAr     2     ^    71         2      "  1271  } 

WLC  (271  4-1  _  7^(71  +  1)1 

'*'27i^(     2  27t 

{n  -  1X471  +  1)  + 


487iyA^       ^         ^      4/fc' 

In  summing,  terms  not  containing  i  are  simply  to  be  multi- 
plied by  n\  those  containing  %  involve  the  summation  of  the 
natural  numbers  from  1  to  ti,  while  the  term  containing  t* 
involves  the  simmiation  of  the  squares  of  the  natural  numbers 
from  1  to  71. 

The  theoretical  volume  of  the  upper  booms  from  the  left 
end  to  the  centre  of  the  span  is  obtained  in  the  same  way,  only 
in  summing  for  values  of  i  from  1  to  7i  we  include  a  portion  of 
the  upper  central  boom  extending  a  distance  c  past  the  centre 
of  the  girder.  Hence  a  deduction  equal  to  c  multiplied  by  the 
cross-section  of  the  middle  upper  boom  is  to  be  subtracted, 
before  doubling  to  include  the  right  half  of  the  girder. 

^«siSr  ^-iL2^/J     / 

"  ^n^fh  ^1  L     27iJ  ■  2nfh  L  ""  27iJ<^« 

WD  171  (71+1)     7i(7i +1X271  +  1)1      WLc      n 
~4fn}/h\       2       "  1271  i      271/A  '  2 

(71  +  1X471  -  1)  - 


487iyA^       ^         ^      4/A' 
It  is  remarkable  that  the  sum  of  the  volumes  of  all  the 
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booms  both  upper  and  under  is  independent  of  c,  that  is,  of  the 
shape  or  form  of  the  triangle.    It  amounts  to 


6A  V      471'/ 


6/A  V      47iV 

a  quantity  continually  increasing  with  n,  but  sensibly  constant 

for  values  of  n  above  10.     It  has  its  greatest  value  when  n  is 

infinite,  that  is,  for  the  ideal  plate-girder  with  areas  of  flanges 

everywhere  proportional  to  the  bending  moment.     It  is  verified 

by  considering  that  particular  case  in  which  the  load  is  uniformly 

distributed,  the  maximum  bending  moment  one-eighth  of  the 

product  of  the  load  and  the  span,  and  the  average  bending 

moment  two-thirds  of  that  maximum.     Dividing  that  average 

bending  moment  by  h  and  by/,  and  multiplying  by  2Z  the  joint 

JVJ? 
length  of  the  flanges,  we  get    -^-^  • 

For  the  diagonals  remote  from  the  centre  of  the  girder, 

daadlmul  *-'  L  /  J 

And  for  the  adjacent  diagonals  similarly, 
_  Wn 


■^■SaST^     2/A 


i-(^-)i- 


Adding  these  four  quantities,  we  find  the  theoretical  volume 
of  the  truss  in  cubic  inches,  to  resist  the  dead  load  of  W  tons 
uniformly  spread  on  the  lower  boom  to  be,  after  reduction, 

^1  Z»(..lX4.-l)-24nv(^-c)^ 

•Wva-'7(      ^^!^ )'  ^  ^ 

Consider  now  the  efiect  upon  this  volume  of  varying  only 
the  shape  or  form  of  the  triangle.    The  only  variable  is  c,  and 
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it  will  be  Been  that  the  volume  ib  a  minimum  when  the  product 

c(^ —  c)  is  a  maximum  which  occurs  when  the  factors  are 

equal,  that  is,  when  the  perpendicular  from  the  vertex  upon  the 
base  bisects  it.  Hence  the  isosceles,  or,  as  it  is  sometimes  called^ 
the  Warren  truss  (fig.  253),  is  the  most  economical  form  of 


Fig.  263. 

triangular  trussing  to  resist  a  dead  load.  Substitute,  then,  in 
(1),  c  =  half  a  bay  -  L  i-  4ny  and  for  convenience  put  h  -  rL, 
where  r  is  the  fractional  depth  of  the  span,  or  ratio  of  depth  to 
span,  and  we  have,  after  reduction, 


iaoaeelfls 
dead  load 


f 


:nr  + 


8n'  +  371-2   1 
487i»        > 


(2) 


A  form  of  bracing  that  rivals  the  isosceles  is  the  rectangular 
of  which  there  are  two  types ;  in  one  the  diagonals  remote  from 
the  centre  (shortly  the  struts)  are  vertical ;  in  the  other,  those 
adjacent  to  the  centre  (shortly  the  ties)  are  vertical  (figs.  254, 
255).    Their  volumes  are  obtained  from  equation  (1)  by  sub- 


Fig.  264. 


stituting  c  =  0,  and  c  =  Z  -^2n  respectively,  and  what  is  remark- 
able both  have  the  same  value,  so  that  one  expression  serves  for 
the  volume  of  either.    It  is 


rectangular 


dead  load 


sal 
loai 


wz 
f 


nr  + 


(«  +  l)(4w-l)   1 
24»*  *i 


(3> 
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To  resist  a  dead  load  the  Warren  fcruss  is  considerably  more 
economical  than  the  rectangular  truss  when  the  number  of  bays 
is  amalL  Thus  if  both  have  a  depth  one-tenth  of  the  span  and 
a  common  span,  and  if  there  be  only  two  bays  in  the  span,  then 


Fig.  265. 

the  Warren  has  an  economy  of  33  per  cent,  as  may  be  seen  from 
the  tabulated  results  which  follow,  or  directly  by  substituting 
71  =  1  and  r  =  -ji^**  into  equations  (2)  and  (3).  When,  however, 
7i  =  4  or  8,  between  which  it  will  usually  lie  in  bridge  work,  the 
percentage  of  economy  ie  reduced  to  7  and  3.  Now  the  rect- 
angular joints  will  probably  recover  this  economy. 

The  economical  values  of  n,  and  especially  of  r,  the  ratio  of 
depth  to  span,  will  be  discussed  after  the  live  loads  have  been 
dealt  with. 

Live  load, — The  live  load  is  reduced  to  an  equivalent  rolling 
load,  that  is,  a  load  rolling  on  one  wheel  and  slowly  making  a 
transit  of  the  girder  and  producing  a  maximum  bending  moment 
at  the  centre,  and  a  maximum  shearing  force  at  the  end,  of  the 

,^(|— j^    Reacticm  due  to  nnifonn  dead  load  W. 
,W(l-j^   Reaction  due  to  rolling  load  W  at  Azj.       1 1 


n  is  No.  of  parts  in  half-span. 
r  is  ratio  A  to  L,  depth  to  span. 
c  is  segment  of  hase  of  triangle  remote  from 
centre  of  girder. 


T&IANOULAR  TRtTBSINO. — (Fig.   251  IfU,) 


same  magnitudes  as  the  maximum  values  of  those  quantities 
produced  by  the  actual  live  load.  Thus  B  =  ^wL  tons  is  the 
equivalent  rolling  load  to  a  distributed  uniform  load  of  w  tons 
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per  inch,  which  covers  the  girder  during  the  transit,  but  if  the 
transits  be  made  quickly  a  percentage  is  to  be  added  varying 
from  20  to  100,  the  greater  for  the  shorter  span  and  swifter 
load.  In  the  same  way  a  moving  load  distributed  on  wheels  in 
any  proportion  can  be  reduced  to  an  equivalent  rolling  load. 

Let  R  roll  on  the  lower  member  of  the  truss  (fig.  251).  At 
any  instant  it  is  at  the  apex  A^,  and  by  assigning  to  j  the 
integral  vjdues  1  to  2?^  the  transit  is  completed,  jB  passing  in 
jumps  from  apex  to  apex.  It  is  not  necessary  to  consider 
positions  of  R  intermediate  between  two  apexes.  For  if  the 
position  of  R  be  more  commanding  at  one  apex  than  at  the 


This  side  of  the  triangle,  and 
the  segment  c  of  its  base,  are 
sadd  to  be  remote  firom  the  centre 
of  girder. 


^.      ^  This  side  and  segment  are  ad- 
^^   jacent  to  centre  otgirder. 


Form  of  the  tri- 
angle varies  with  c. 


Position  of  tri- 
angle Tarieswidi 


<- C 


■i--(J^-c) ♦ 


At< 


ThB  i<A  T&IANGLB  PBOM  LBPT  END  OP  Gl&DBK. — (Fig.    252  M«.) 

next,  any  intermediate  position  throws  a  fraction  to  each  of  these 
apexes,  so  that  only  a  fraction  of  £  is  in  the  more  command- 
ing position.  By  comTWdTiding  is  meant  effective  in  the  matter 
of  producing  stress  on  any  bar  of  the  girder  under  consideration 
for  the  time  being. 

The  supporting  forces  at  the  left  and  right  abutments 
respectively  are 


-K'-i) 


and    Q 


^h 


The  shearing  force  on  any  bay  is  a  maximum,  first  when  the 
load  rolls  on  from  the  right  end  of  the  girder  and  stops  at  the 
right  end  of  that  bay,  and  again  when  the  load  rolls  on  from  the 
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left  end  of  the  girder  and  stops  at  the  left  end  of  the  bay.  For 
the  if^  bay  reckoned  from  the  left  abutment,  that  is,  for  a  cross- 
section  through  the  if^,  or  representative  triangle  (fig.  252),  the 
two  maxima  values  of  the  shearing  force  are  Pj-i  and  Qj^i.^. 
But  since  we  only  consider  bays  on  the  left  haU  of  the 
girder  the  greatest  value  of  i  is  ti.     So  that 

t  <  71  +  J,    2i  <  271  +  1,    2i  -  1  <  271,    i-  1  <2n  -  i; 

therefore        <  ( 1  -  s~  )>    ^^*^  ^>    Qj^ii-i)  <  ^j'^t- 

Hence         F^-vff-  Pj^i  '  ^  (^  "  ^) 


a  max. 


^^  .a<^2;:>(x4) 


ndlinff  lottd 


(-^') 


r    Mmt,t^m\  AiM...^.*    —     "T     { ^  /t    + 


"T55bJ/2S"*    /*    2     •"    2h   V2» 


■)• 


2iZ(A'  +  (?) 

For  the  other  diagonals  replace  c  by  the  other  segment  of 
the  base,  and 

i?  (371-1,       371-1 /i_ 

The  stress  on  an  upper  boom  A^^i^A^^x  is  calculated  by 
dividing  h  out  of  Jf,**  ^o^  M^  is  evidently  greatest  when  B 
comes  to  the  apex  A^^  at  which  the  bending  moment  is  being 
calculated,  that  is,  when  j  -  i.    Then 

X     1       •  1 

"  2»V%  -^1  L*     2»J      2A 

■gX    f ?t (n  +  1)  _  m(«  +  l)gm  +  l)|  _  RLc 
'  2n*fh\      2  12m,  \      ^ 

■gi?(»^^l)(47^-l)     ^ilc 
24«»/ft  2/A" 

2  6 
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In  summing  from  1  to  rt,  the  left  half  of  the  central  upper 
boom  is  included  as  if  it  were  of  the  common  length  L  -=-  2n, 
but  it  is  c  shorter  than  this :  hence  the  deduction. 

In  dealing  with  the  lower  boom  A^^^A^y  we  take  the  bend- 
ing moment  i/^-i  ^^  ^  section  through  the  apex  A^.^  opposite 
the  boom.  But  since  R  only  comes  to  the  joints  of  the  lower 
booms,  as  already  explained,  the  closest  that  R  can  come  to  the 
section  is  either  A^^  or  A^^  one  or  other.  Each  of  these  is 
the  most  commanding  position  of  R  on  its  own  side  of  the 
section.  Hence  we  have  two  rival  maximum  bending  moments, 
namely, 


L 

^  +  c}  a  max. 


And        [if,<-il/.«-i)  -  ^.(i-i)  X  j(2»  - 1  +  1)  ^  -  cj 


|(2w  -  i  +  1)  ^ —  o|  a  max. 


Putting  shortly  if  and  M'  for  these  two  maxima  we  get,  by 
reduction, 

-— («¥-^> 

So  that  M>  =  <ir, 

,.  271-1  -i-1 

accordmg  as  c  —^  >  =  <  I^-;^, 

according  as  c>  =  <  -; =•  •  (5) 

Hence  the  maximum  stress  on  t^^  lower  boom  ^2»-s>  -^^  ^ 
either 


r^^i  -      ^       ,     or     r^^i  -  ^ 


accordingly. 
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In  the  most  general  case,  the  lower  booms  of  the  left  half 
of  the  girder  arrange  themselves  into  two  categories,  the  first 
reaching  from  the  left  abutment  to  the  lower  apex  A^,  and  the 
second  category  extending  from  A^q  to  A^iny  tihe  central  lower 
apex.  For  any  boom  in  the  first  cat^ory,  the  load  B  must  be 
at  its  end  adjacent  to  the  centre  of  the  girder,  and  for  a  boom 
in  the  second  cat^ory  It  must  be  at  its  end  remote  from  the 
centre.  Or,  in  symbols,  for  integer  values  of  i  from  1  to  q,  let 
rjj_^  be  greater  than  r'^.^y  while  for  the  remaining  integer 
values  of  i  from  q-^l  to  w  let  r^.^  be  not  greater  than  r^.i- 
The  inequality  (5)  separates  into  two  branches  with 

z  ri  - 17=«    ,  ^     «  i  r^  -  i"l*=*  /ftv 


«=» 


2»-l| 


Expressing  /  in  terms  of  r,  and  a  remainder  from  equation  (4). 
Arranging  next  in  powers  of  %  and  then  summing 

_  ^  -•  r2nc-Z     (2n  +  l)£-2ne  .  _  L_  .,"] 

RL  i2ne-L     (2»  +  l)L~2nc  n{n  +  1) 

"iy^l      2       ■*"  4«?  •       2 

Z  n(»  +  l)(2n+l) 

4»»  6 

^i  f  i  (7i-5')(»  +  fl'+l)     i  +  4m.'c-2n<; ,        .| 

+  v^te — ~2 4»^ — ^**-*)i 

■^^*    («  -  1)  (2«  -  1)  +  ^(3»  -  1) 


+ 


12hn*f^         "■  '     4hnf 
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Total  theoretical  volume  of  triangular  trussing  to  resist  & 
rolling  load  iJ  is 

TT      ^j/o      iM    {n'¥\)(4m,-l)r-U[hn^l)U+l2nHZn--iy\ 

Vr  -  ^j(37.-l)A  + jgj^^ j 

2ti/A  ^       *^  V       47i«  n       )      ^  ^ 

To  find  the  economical  form  of  triangle  to  resist  the  rolling 
load,  assume  the  quantities  in  the  expression  (7)  to  be  aU 
constant  except  c,  and  equate  to  zero  its  first  difiPerential  coeffi- 
cient with  respect  to  c,  and  we  have 

-  -  3(5«  -  l)i  +  24ne{Sn  -  1)  -  6  (»  -  j)  ^^^.Z. 

d  d* 

Or    ^r  ^r  ^  0,  j-ji  Vr  "  24»(3»  -  1)  •■  a  positive  quantity^ 

and  Vr  is  therefore  a  minimnm  when 

_  X  (3     q    ^i- IJ  ,„. 

4»(2"ji3»-l)"  ^  '' 


But 


obtained  by  substituting  i=^  q,  the  greatest  integer  value,  which 
satisfies  the  left  hand  of  the  inequaJity  (6).  Combining  equa- 
tion (8)  with  the  inequality  (9)  we  have 

g-  1      Sq  271-1 

71-  J^  2       »37l-T 

7l(37l  -  lX6?i  +  1) 


or  q  < 


2(107i»- 671+1)* 


Now  since  q  is  the  largest  integer^^which  satisfies  the  in- 
equality, it  may  be  wiitten 

r7i(37i-l)(67i  +  l)l  .  ^ 

* "  L2(i(to«-67i+i)J  "'^^  p*^  ^^y-      (i°> 
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From  the  equations  (8)  and  (10)  we  can  now  find  the 
•economical  shape  of  the  triangle  in  triangular  bracing  to  resist 
the  rolling  load  B.  Unlike  the  economical  shape  to  resist  the 
dead  load  which  was  isosceles  in  every  girder,  the  shape  to  resist 
the  rolling  load  varies  according  to  the  number  of  equal  bays  or 
subdivisions  in  the  span.  Assigning  to  n  the  int^er  values 
1,  2,  &c.,  and  solving  the  simultaneous  equations  (10)  and  (8), 
we  get  the  results  in  the  table  on  next  page,  in  which  are  placed 
in  tiie 

First  Column. — The  number  of  equal  parts  into  which  the 
girder  is  divided  by  the  triangular  trussing. 

Second  Colwmn. — ^The  number  of  lower  booms  on  the  semi- 
span. 

Third  Column. — The  number  of  lower  booms  on  semi-span 
consecutively  from  the  end  which  fall  into  the  first  category. 
That  is,  which  individually  require  the  rolling  load  at  the  end 
adjacent  to  the  centre  of  the  girder  for  the  stress  to  be  a 
maximum. 

Fourth  Columm. — The  length  of  one  of  the  two  s^ments 
of  the  lower  boom  made  by  the  perpendicular  dropped  on  it 
from  the  apex  above  it.  In  particular  the  length  of  the  segment 
remote  from  the  centre  of  the  girder,  which,  curiously  enough, 
is  always  the  smaller.  It  is  expressed  as  a  fraction  of  X  -r  2n, 
the  length  of  a  boom. 

Fifth  Colurrm. — The  deviation  of  the  foot  of  that  perpen- 
dicular from  the  middle  point  of  the  boom,  expressed  as  a 
percentage  of  the  length  of  the  boom.  This  percentage  is  a 
measure  of  how  far  the  form  o£  the  triangle  departs  from  the 
isosceles  form. 

For  the  2,  4,  6,  and  8  equal  parts  in  the  span  q  ^n  when 
the  triangle  is  of  the  economical  shape  to  resist  the  rolling  load, 
the  lower  booms  are  all  in  the  first  category  requiring  the  load 
at  their  ends  adjacent  to  the  centre  of  the  girder  for  maxi- 
mum stresses.  The  first  requires  the  triangle  to  be  isosceles, 
for  the  other  three  it  departs  more  and  more  from  the  isosceles 
form.  For  10  parts  in  the  span  the  economical  shape  is  again 
almost  isosceles.  The  greatest  departure  from  the  isosceles  form 
is  in  the  girder  with  8  equal  bays  in  the  span.  If  the  base  of 
one  of  the  triangles  be  divided  into  44  equal  parts,  the  remote  or 
shorter  segment  made  by  a  perpendicular  from  the  vertex 
occupies  19  parts  and  the  other  25,  so  that  the  foot  of  the 
perpendicular  is  distant  from  the  centre  of  the  base  3  of  those 
parts.    It  may  be  called  a  deviation  of  7  per  cent. 
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Even  in  the  most  marked  case,  then,  the  isosceles  triangle  is 
sensibly  the  most  economical  form.  As  there  is  always  a  deiul 
load  as  well  as  a  rolling  load,  we  may  conclude  that  for  the 
joint  load  the  isosceles  bracing  is  still  more  sensibly  the  econo- 
mical shape. 


2fi 

H 

9 

c 

DeYiation  from 
isosceles  form. 

2 

I 

1 

IfL) 

2\2n/ 

0 

4 

2 

2 

9    Z 
20  2fi 

5   percent 

• 

6 

8 

8 

7    L 
16  2n 

6i       ., 

8 

4 

4 

19  L 
44  2» 

7 

10 

6 

4 

69    Z 
140  2m 

i     ., 

20 

10 

9 

66    Z 
146  2n 

*t     » 

30 

15 

13 

613    Z 
1320  2» 

4 

40 

20 

18 

267  Z 
690  2fi 

H     » 

For  isosceles  bracing,  c  =  half  a  bay  =  i  ■=■  47i.  Substituting 
this  into  the  expression  (9)  we  have  q  the  greatest  int^r  which 
shall  satisfy 

<  1,    or    q  =  n. 


n-l 


So  that  all  the  lower  booms  are  in  the  first  cat^ory  no  matter 
what  value  n  may  have,  that  is,  they  require  for  maximum 
stress  that  the  load  shall  be  at  the  end  of  the  boom  adjacent  to 
the  centre  of  the  span.  Substituting  their  values  into  equation 
(7),  and  also  putting,  as  before,  h  =  ri,  we  have 

8n»  +  3»-2  1 


BH 


isosedes 
rolling  load 


jp-l)»-  +  — 24;ii 


(U) 


For  rectangular  bracing,  the  diagonals  adjacent  to  centre  of 
girder  being  vertical,  c  =  a  bay  =  Z  -^  2n,  and   q  ^  n.      For 
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rectangular  bracing,  diagonals  remote  from  centre  being  vertical, 
c  =  0,  and  so  from  (6)  g  is  an  integer  less  than  unity,  that  is, 
q  is  zero,  so  that  all  the  lower  booms  are  in  the  second  category 
requiring  the  live  load  to  be  at  the  end  remote  from  the  centre 
of  the  span.  Substituting  into  equation  (7),  the  expression  in 
each  case  reduce  to  a  common  value,  so  that 

^;ga5°/P"'^^^    24.'    >)'      <i2> 

In  the  expressions  for  the  theoretical  volumes  of  trusses 
given  in  equations  (1),  (2),  (3),  (7),  (11),  and  (12),  if  all  the 
quantities  be  constant  except  n,  the  volume  will  be  seen  to  vary 
directly  with  n.  Practical  considerations  fix  the  values  of  n 
between  very  narrow  limits,  the  chief  being  the  necessity  for 
stifiness  which  is  of  paramount  importance,  especially  with 
moving  loads.  The  stififhess  of  a  girder  is  of  two  4id8- 
stiffiiess  of  the  girder  as  a  whole  and  local  stiffiiess. 

Now  these  two  affect  the  question  of  economy  in  opposite 
ways,  for  increasing  the  depth  of  the  girder  increases  the  stiff- 
ness of  the  girder  as  a  whole,  but  makes  the  struts  so  long  that 
to  be  effective  they  must  be  greatly  stiffened  individually. 
Considering  these  jointly,  a  depth  of  girder  from  one-eighth 
to  one-tenth  of  the  span  is  most  suitable  for  iron  and  steel 
girders.  Where  the  booms  are  timber  which  demands  a  large 
scantling  for  strength,  and  so  affording  at  the  same  time  local 
stiffness,  the  depths  may  be  greater  in  proportion  to  the  span. 
In  the  American  early  practice  with  timber,  depths  of  even  one- 
fourth  the  span  were  used.  In  the  British  early  practice,  in 
passing  from  cast-iron  to  soUd  plate  girders,  depths  as  low  as 
one-fourteenth  the  span  were  used.  The  modem  practice  in 
both  countries  is  now  from  one-eighth  to  one-tenth  of  the  span. 

Economical  Depth. — Having  d&ussed  the  economical  shape 

and  subdivision,  it  now  remains  to  consider  the  variable  r  in 

WL 
the  six  expressions  above.    They  are  all  of  the  form  — r-  x  u 

where  u  -  ar'\^Q-,  (13) 

^  r 

and  what  is  more,  the  theoretical  volume  of  all  trusses  without 
redundant  bars  reduces  to  this  form.  There  is  a  value  of  r 
which  necessarily  makes  u  a  minimum  because  with  very  large 
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values  of  r,  u  is  sensibly  ^^  increcLsing  with  r,  while  with  small 
values  of  r,  w  is  /3  -f-  r  increamvg  as  r  decreases.    Put 

^---fli.     or    r=    £  (14) 


0-^-«-^;i.     or    r  =  ^^ 
making  l^  »  2  Ja  .  /3  a  TninimnTn,  (15) 


Tables  of  Theobbtical  Volumes  of  Trusses. 

The  quantities  u  are  given  in  the  first  table,  both  for 
isoBceles  or  Warren  bracing,  and  for  right-angled  bracing  to 
resist  a  rolling  load  Wy  and  a  uniform  dead  load  W  in  alternate 
columns.  The  five  rows  are  for  2,  4,  8,  16,  and  32  subdivisions 
or  bays  on  the  span,  and  in  each  pane  of  the  table  there  appears 
four  values  of  u  corresponding  to  the  four  depths  expressed  as 
fractions  of  the  span,  viz.,  ^  =  Vf>  tV>  h  ^r  J,  respectively. 
In  each  '  pane '  there  appears  also  a  heavy-faced  number,  being 
the  minimum  value  of  u  by  equation  (15),  while  the  correspond- 
ing value  of  r  by  equation  (14)  appears  with  an  asterisk  (*)  at 
it.  These  heavy-faced  numbers  are  put  in  their  proper  sequence 
among  the  plain-faced  ones,  so  that  one  can  see  at  a  glance 
whether  this  most  economical  depth  is  feasible,  that  is,  whether 
it  falls  within  those  demanded  by  stiffiiess.  This,  of  course, 
decides  whether  the  economy  of  material  can  be  realised  or  not. 
For  instance,  on  the  first  bottom  *  pane/  p.  466,  *r  «  "103,  while 
on  the  second,  *r  =  '085,  so  that  jointly  for  live  and  dead  load 
the  economical  depth  lies  between  r  =  ^  and  r  =  ^,  just  as 
demanded  by  sti&ess.  On  the  other  hand,  consider  the  last 
two  bottom  *  panes '  of  the  second  table  p.  467,  *r  =  '415  and 
V  »  '300,  so  that  the  economical  depth  for  the  Bollmann 
trusses  is  quite  out  of  the  question,  and  for  the  Fink  truss  too 
it  can  hardly  be  realized  if  we  may  use  such  a  word. 

If  the  span  be  divided  into  an  odd  number  of  parts  (2m  +  1), 
we  find  the  theoretical  volumes  to  be  as  under. 

Warren  Truss, — ^Dead  and  rolling  load. 

_  WL  m(m  + 1)  (  8m  +  7     1\  f^. 

^'  -  ■7"-2^rn-  r     6(2m  +  lyrj-  ^^^ 

^''—^mrri^^^'^^^^'^     3(2m  +  l)'     -r}    ^"^ 


nsK  THUsa 
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Vi  =  —7-  —k r^  (  2r  + 

/      2m  +  l    \ 


4m  +  5 


3  (2m  +  1) 


■»>/ 


Vr- 


WL 


f    'i.in. 


»  +  1  \ 


8m'+21m+I0  1 
3(2m  +  l)*     'r 


(3*) 


(12*) 


For  (2*)  and  (3*)  there  is  no  shearing  stress  in  the  oM 
middle  bay.  In  (12*)  it  is  assumed  that  there  is  only  (me 
diagomxd  in  the  middle  bay.  If  there  are  a  pair  acting  only  one 
at  a  time,  say  both  ties,  and  incapable  of  acting  as  struts,  then 
(8wi»  +  21m  +  10)  is  to  be  replaced  by  (8m*  +  21m  +  13). 

We  have  not  tabulated  these  quantities,  as  values  sufficiently 
correct,  can  be  found  by  proportional  parts  from  those  which 
are  tabulated  for  the  even  division  of  the  span. 


Thb  Fink  Truss. 

Here  the  [beam  AA'  (fig.  256)  is  divided  into  a  nimiber  of 
equal  parts  by  a  series  of  repeated  bisections.    There  is  thus 


A     As    As    As    Ai 


a 


L 


n  is  No.  of  bisections. 
H  is  No.  of  varieties  of  Trusses. 
2**  is  No.  of  parts  in  span. 

Fdtk  Truss.— (Fig.  266). 

1  primary  truss,  2  secondary  trusses,  2*  tertiary  trusses,  &c.,  so 
that  the  number  of  trusses  of  the  i**  variety  is  2*"*  where  n  is 
the  number  of  bisections.  Hence  summing  2*^  for  integer 
values  of  %  from  ti  to  1,  we  have 

1  +  2  +  2*  . . .  2-»  =  2~  -  1, 

the  total  number  of  apexes  of  all  orders,  and  therefore  also  2'* 
is  the  number  of  equal  parts  into  which  the  boom  is  divided. 
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The  Dead  Load. — If  W  be  the  dead  load  uniformly  spread 
on  the  boom  AA\  then  the  load  directly  over  each  vertical 
strut  is 

«;«-,    and    a^^ 

is  the  common  length  of  each  s^ment. 

Consider  an  apex  of  the  order  B,^,  the  stress  on  the  vertical 
strut  ia  w  the  load  on  top  of  it,  and  this  is  all  for  i  =  1 ;  but  for 
«  B  2  there  is  besides  the  downward  component  pull  of  a  pair  of 
tie  rods  attached  to  the  top  of  the  strut,  being  between  them 
another  Wy  or  in.  dUl  2w.  Now  a  pair  of  the  steepest  ties 
transmit  loads  with  a  vertical  component  w  per  pair,  the  next 
steepest  a  vertical  load  of  2w  per  pair,  and  the  third  steepest,  a 
vertical  component  load  2^w  per  pair,  &c. 

The  load  on  the  strut  ^»j,  B^  (fig.  257)  then  is  2r^w.  The 
pull  on  each  tie  from  Bn^  is  i  x  ^^w  sec  ©<. 


B»-< 


1 


%*"^w 


or  i  ^ 
Thb  i"  Vakixty  op  Truss.— (Fig.  267). 


The  thrust  on  all  segments  of  the  boom  is  constant.  At  the 
end  A  a  tie  rod  from  one  of  each  variety  of  apex  comes  in.  The 
horizontal  component  load  on  the  tie  from  Bn^i  is  i  2*"H^  tan  d^. 
Substituting  for  tan  0<,  and  summing  for  all  values  of  i  from 
1  to  71  so  as  to  include  one  of  each  variety,  we  have 

thrust  on  boom  =  ^  S"  2'(*-^)  -  ^  (1  +  2»  +  2* . . .  2»(*-0) 

2^     1  2A  ^ 

"2A      3      "*        A       •       6 

WL 1  -  {\)^ 
^    h         6       ' 
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Dividing  this  by  /  gives  the  constant  sectional  area  of  the 
boom,  and  further  multiplying  by  its  length,  we  have 

volume  of  boom  =  —z ^^^  — .  I AJ 

/on 

The  volume  of  the  strut  -4,^^*  -Biu  is  2^'^wh  -h/,  and  multiply- 
ing by  2*-*  gives  us  2*"*  wh  -rf  as  the  volume  of  all  the  struts 
of  the  same  variety.  But  the  expression  being  independent  of  i 
shows  that  (me  strut  of  the  primary  truss  has  the  same  volume 
as  the  two  struts  of  the  secondary  trusses,  as  the/(n^  struts  of 
the  tertiary  trusses,  &c.  We  have  to  simply  multiply  the  last 
expression  by  f»,  the  number  of  varieties,  and 

volume  of  struts  -  -—^  "7*  "  T"  7"'  ^  ' 

Again,  the  volume  of  the  pairs  of  ties  from  all  apexes  Bnj,  is 

^            ,         stress     -     _^-      rt     ^j,    J  2*-*i(7  sec  ft     ,        -j 
2  X  number  x  — - —  x  length  =  2  x  2*'*  x  ^ x  h  sec  ft 

=  2»-*—  sec'ft  =  2«-^— ^^ 

Summing  for  values  of  i  from  1  to  ti, 
volume  of  ties  =  2«'-»?^ +  2^^^'2"2*(*-0 

W_i^      TT a'  2*"  -  1 
■T2"^72A      3 

Stunming  (A),  (B),  and  (C],  and  putting  L  >  rh,  then  the 
Toliune  of  the  Fink  truss  to  resist  a  dead  load  is 

^       WL(        l-(i)'"  1\  «-x 

Fi--^(«r+— i-l_.-j.  (16) 
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Ttie  Soiling  Load. — ^When  W  the  rolling  load  is  at  the 
apex  A^,  the  load  on  the  strut  A^ji  Bn^  is  W^  which  also  is  the 
vertical  component  load  on  the  pair  of  ties  supporting  it  at  B,^^. 
The  stresses  in  all  pieces  from  the  other  apexes  of  the  same 
order,  or  of  higher  orders,  is  zero ;  while  those  on  struts  from 
apexes  of  lower  order  are  fractions  of  W.  Multiplying  W,  the 
greatest  load  on  a  strut,  by  h  its  length,  and  dividing  by  /,  we 
have  its  volume,  and  as  they  are  all  alike,  we  must  multiply 
by  2"  -  1  their  number. 

Volume  of  struts  =  (2"  -  1)  A  ^.  (J>) 

The  greatest  pull  on  a  tie  from  B^^  is  i  TF  sec  0»,  the  area 
of  this  tie  ^  sec  0t  -^  2/,  and  its  length  K  sec  0<,  and  there  are 
twice  as  many  as  there  are  apexes  of  order  j5^,  that  is,  there 
are  2  x  2*^.    The  volume  then  is 

y  2»^  sec»0<  =  Y  ^^-^ ^ , 


or 


^(m.  2-^-0 


which  has  to  be  summed  for  values  of  i  from  1  to  ti,  and 

W7l 
volume  of  ties  -  —(1  +2  +  2» . . .  +  2^'') 

+  -^X2«-^  +  2»...+2*^) 

=  yj(2--l)A  +  (2--l)(ir*V| 

.  y  ((2-  -  1)  A  +  (2«  -  1)  (i)«"  ^      (E) 

The  greatest  thrust  on  the  boom  occurs  when  FT  is  at  ^ 
the  centre  of  the  span.  It  is  iW  x  ^L  -r  h,  dividing  by/  and 
multiplying  by  Z, 

volume  of  boom  =  — r-  t  -r-  (^ 

/  4  A 
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Summing  (D),  (E),  and  (F),  and  putting  L  =  rA,  the  volume 
of  the  Fink  truss  to  resist  a  rolling  load  W  is 

r..^(2(2.-i),.i^.l)  (17) 

If  the  dead  load  be  helow  the  truss,  each  vertical  strut  is 
relieved  of  a  load  w^  but  is  not  altogether  relieved  of  load  as 
L^vj  assumes.  Diminishing  then  the  volume  of  each  strut  by 
wh  -^/,  and  multiplying  by  2"  -  1  the  number  of  struts,  then 
we  have  the  proper  deduction  to  be  made  from  F/)  to  be 

2**-!   Wh 
2-      7"' 

which  leaves  the  volume  of  the  Fink  truss  to  resist  a  dead  load 
hdow  the  truss 

r,.^j(«.i.(»).),.l::|Er.ij.       (is-. 

And  again  for  the  rolling  load  below  the  Fink  truss,  we  must 
not  leave  out  the  whole  volume  of  the  vertical  struts  as  L^vy 
inadvertently  does.  For  the  rolling  load  JF  below  the  truss,  the 
greatest  stress  on  a  strut  occurs  when  TF*  is  at  the  foot  of  the 
next  adjoining  strut.    The  amount  is  then 

Hence  the  volume  of  all  such  struts  is 
SnTntning  for  all  the  tt  varieties 


volume  of  struts  =  -^2"  JS'QY  -  22"(|TI 


WK 
f 


^j^±ii)!:.lj.  (D-) 
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Summing  (D*),  (E),  and  (F),  and  putting  L  =  rA,  we  find 
volume  of  the  Fink  truss  to  resist  a  load  W  rolling  below  it 


the  volume 
to  be 


F,=  ^-j(?::i^-2V. 


3  -  (i)-'  li 


(IV) 


We  have  not  thought  it  necessary  to  tabulate  the  values  for 
(16*)  and  (17*),  as  the  Fink  and  Bollman  trusses  are  only  given 
here  for  comparison,  and  for  an  exercise  in  analysis.  The  trusses 
themselves  are  out  of  date  and  far  from  economical  for  the 


m  E=  2««  is  No.  of  parts  in  span. 
BOLLMAM  T&UB8.— (Fig.  268.) 

rolling  load.  The  economy  for  dead  load,  too,  is  only  apparent, 
as  it  could  only  be  realised  with  a  depth  of  truss  which  is  im- 
practicable, as  it  would  involve  a  stififening  of  long  strute  that 
would  eat  up  the  economy. 


The  BoLLBfAN  Truss. 
In  this  system  of  trussing  (fig.  258)  the  upper  boom  AA  is 


Thb  t^  Tbuss  fbok  Lbft  Abutkbmt.— (Fig.  269.) 

divided  into  m  equal  parts ;  at  each  joint  is  a  vertical  strut 
whose  foot  is  tied  back  to  the  two  abutments. 
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Dead  load, — Consider  the  if^  truss  from  the  left  abutment 
(fig.  259). 

length 


volume  of  struts  e  number  x  common  stress  x 


/ 


m  /         m        / 
sin  ABiA'  =  sin  (0  +  0)  »=  sin  0  cos  ^  +  cos  0  sin  0, 

and  using  the  surds  in  fig.  259,  which  are  derived  by  the  forty- 
seventh  proposition  of  Euclid  I.,  we  have 

'    /a     j.\  ^  ^^ 

«  ■ 

for  equilibrium  at  Bi  we  have 

W 

<i :  ^2  :  —  : :  sin  A^BiA' :  em  AiBiA  :  sin  AB^A' 

: :  cos  0  :  cos  ^  :  sin  (0  +  ^). 
Using  the  surds  in  the  fig.  259,  we  have 

and  multiplying  by  the  length  ABi  and  dividing  by  /  we  have 
the  volume  of 

ABi  -  -^Arn  -  i)  (*•  +  t*a»), 
and  also  the  volume  of 

Their  sum  is  the  volume  of  the  pair  of  ties  from  the  apex 
Bi  and  is 

W 

—tTj,  (A*  +  i  (m  -  i)a*). 

To  sum  the  first  term,  which  is  independent  of  i,  it  must  be 
multiplied  by  {;m,  -  1)  the  number  of  apexes ;   the  other  two 
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terms  are  to  be  summed  for  values  of  i  from  1  to  (m  -  1). 
Putting  L  for  am  finally 

IF"  /  **"*  **"*    \ 

voLof  ties  « —^-j,((m- 1U»  + ma* 2      i-a'X      **) 

m/i/\  I  I        J 

^  (t       1X1.1         ,(m-l)m      ,(m-l)m(2m-l)\ 

Part  of  the  thrust  on  AA'  is  the  horizontal  component  of  Uy 
which  is 

W    m-i     .         JT  .,        -a* 

971         771/1  TTiyt  2/ 

Sununing  for  values  of  i  from  1  to  (m  -  1)  includes  the  hori- 
zontal puU  of  one  rod  from  each  apex,  and 

thrust  on  boom  =  —  ^  (m^      ^  -  2      *^) 

W^  a?  (m\m  - 1)      (m  - 1)  m  (2m  -  1) 
mA 


^  /m'(m - 1)  _  (m-l)m(2m-l)\ 
Z  V       2  6  j 


JTZ  m*  -  1 
6A       m* 

Multiplying  by  i  ^/,  we  get 

JT  m»  -  1  i*  ^v 

volume  of  boom  =  -j-     ,    , — r-  •  (1) 

/      om*     ii 

Summing  (G),  (H),  and  (I),  and  putting  m  =  2w  so  that  n  maj 
be  the  number  of  parts  in  half  span  as  in  the  other  trusses,  also 
putting  L  =  rh,  we  have  volume  of  Bollman  truss  to  resist  a 
dead  load  W  over  the  truss  to  be 

Live  load. — ^Let  the  live  load  W  come  to  the  point  Ai,  and 
it  will  be  seen  that  the  load  is  now  m  times  what  it  was  for  the 
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dead  load.  Now  as  W  comes  to  every  point  in  succession,  the 
volume  of  the  struts  and  of  the  ties  will  be  obtained  by  multi- 
plying the  expressions  (G)  and  (H)  by  m,  when  we  have 

W 
volume  of  strut  =  (m  -  1)  —  A ;  (J) 

volume  of  ties    =  (m  -  1)  -j  f  A  +  -w r  )  •  (^) 

/  \         bm     h  J 

With  the  boom  it  is  otherwise.  When  JF  is  at  Bi,  we  get 
the  thrust  on  the  boom  by  multiplying  the  former  value  of  the 
horizontal  component  of  t^  by  m  which  gives 

but  this  is  thrust  on  the  boom  only  as  long  as  W  remains  at 
Ai,  but  i{m  T  'i)  is  greatest  when  the  factors  are  equal,  so  that 
the  Tnq.YiTniiTn  thrust  ou  the  boom  occurs  when  i  =  m  -  i  or 
i  =»  im,  that  is,  when  JF  is  at  the  middle  point  of  the  boom. 
Substituting  this  we  have 

max.  thrust  on  boom  =  -^ — r  ^. 

h    4  L 

Dividing  this  by/ to  get  the  sectional  area,  and  multiplying 
by  Z,  we  get 

Wrn^a'      W  I?  .^x 

volume  of  boom  =  -^  — -r—  =  -^  -r.  (^) 

/^    4        /%  4 

Summing  (J),  (K),  and  (L),  and  putting  m  =  27i,  and  A  =  ri, 
we  have  the  volume  of  the  Bollman  truss  to  resist  a  load 
rolling  over  it  to  be 

r^=— (2(27.-1)  r  + J2^r-'r}  ^^^^ 

If  the  load  be  below  the  truss  instead  of  above  it,  the  volume 
of  the  struts  (G)  and  (J)  can  be  left  out,  as  there  is  no  load  on 
them  theoretically,  so  that  Va  and  Vr  are  obtained  from  (18)  and 
(19)  by  halving  the  first  term. 

The  Tables  described  on  page  456  now  follow. 
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EXAKPLBS. 

279.  A  Warren  girder  lias  a  span  of  160  feet  and  a  depth  of  16  feet,  and  is 
subdivided  into  16  equal  parts  of  10  feet  each.  Find  the  theoretical  volume  of 
wrought  iron  for  which  /=  4  tons  per  square  inch,  that  the  girder  may  resist  a 
rolling  load  of  80  tons.     Here 

n  =  8,    r  B  },    S  =  SO  tons,    /  -  4  tons  per  sq.  in.    and    X  =  1920  inches. 

From  Levy's  table,  second  column,  foortb  line,  we  get  5*656,  and 

Vi  "=  5-656  —  a  217190  cubic  inches. 

P 1^  280.  Determine  a  girder  of  similar  type  to  bear  the  dead  weight  of  the  last, 
there  being  8000  cubic  inches  of  iron  to  liie  ton,  that  is 

Wi  »  217190  -f  8000  s  27-2  tons, 

and  also  TT'  s  160  x  }  »  60  tons, 

a  share  of  the  deck  or  platform  which  is  three-eighths  of  a  ton  per  foot. 

TF\Ij 
r%  B  2-391  -J-  «  28167  cubic  inches,     ^a  «  3-62  tons, 

Vi  -  2-391  —T-  =■  68866  cubic  inches,     Wz  =  8*61  tons. 

281.  Find  now  the  theoretical  weight  of  the  girder  to  resist  the  rolling  load  iS, 
its  own  weight,  and  a  share  of  the  deck  or  platform 

IT  s=  Wi'\-Wf\-Wi^  39'33  tons  nearly. 

But  no  provision  has  been  made  to  resist     ^s  s  3-52  tons.    For  this 

V  =.  2-391  X  W^L  -r  /  =  4040  cubic  inches, 

or  its  weight  is  half  a  ton,  so  that  W=40  tons.  Adding  20  per  cent,  to  stififon 
the  long  struts  and  allow  for  rivet  heads,  &c.,  the  probable  weight  is  48  tons. 

282.  Find  the  weight  of  the  girder  if  it  were  braced  on  the  Fink  system.     The 
tabular  numbers  are  now  9 '500  for  the  rolling  load,  and  3*156  for  the  doad  load. 

jri  =  45-6,     »^2b8-6,     »^3  =  11*4,    and    w  =  0*67, 

W^Wi-\-  »^2+F"3  +  tt?  =  66-3  tons. 

Adding  20  per  cent,  we  have  80  tons. 

283.  Find  the  theoretical  volume  of  the  isosceles  trass  shown  on  fig.  260. 
Here    n  =  ^  =  3    and   r^\.     As  n  =:  3  is  not  given  in  the  table,  these  values 

of  n  and  r  are  to  be  substituted  into  the  general  formula  at  the  top  of  columns  one 
and  two,  giving  1-709  for  the  dead  load,  and  3*708  for  the  rolling  load,  as  printed 
on  fig.  260,  wmoh  see. 
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284.  A  girder  is  braced  aa  shown  in  fig.  251.  Span  L  =  168  feet,  A  =  12  feet, 
and  »  s  6.  The  stmts  are  shorter  than  the  ties  somewhat  in  the  manner  of  the 
Post  truss.  The  shape  of  each  triangle  is  such  that  a  perpendicular  from  the  vertex 
divides  the  base  into  a  short  segment  «  =  5  feet  remote  from  the  centre,  and  a 

ISOSCSLES  AMD  BbCTANOULAR  BbACINO. 


i» 


»  =  3.       q=l. 


r=A^L=^ 


V  =  1.709  -  y  cub.  in. 

V  as  3.703   -y  n 


WL 


Y  as  X.854  -^    cub.  in. 


WL 
V  =  4.189  -y-         „ 


«  =  3.      q  =  o.     r  =  ^. 
Fig.   260. 


longer  one  of  9  feet  adjacent  to  it.  It  will  be  seen  that  the  struts  are  13  feet  long, 
while  the  ties  are  15  feet  long.  Find  the  theoretical  volume  of  the  trus^  to  resist 
a  rolling  load  J2  =  48  tons. 
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From  the  pair  of  inequaUtieB  (6) 

^     168  J  -  1        ...      .  _  168  ^  +  1  -  1 

or  4-21  >  q,    while    3*93  ^  g. 

Hence  ^  is  the  integer  leas  than  4*21  but  not  lees  than  3*93,  that  is,  q  is  4. 
Subetituting  into  the  general  equation  (7)  the  theoretical  volume  to  resiBt  the 
roUing  load  is 

Vr  -  148620  +  448  B  148968  cubic  inches. 

285.  Solre  the  same  question  directly  bj  calculating  the  Tolume  of  each  piece. 
Note  that  the  length  of  each  piece  is  a  whole  number. 

For  the  diagonals  first.  The  shearing  forces  in  each  of  the  first  six  triangles 
(fig.  261),  when  the  48  tons  is  placed  at  the  end  of  its  base  nearest  the  centre,  are 

44,    40,    36,    32,    28,    24  tons, 

their  sum  is  204,  the  secant  of  the  slope  of  a  strut  Ib  13  -^  12,  so  that  204  x  13  4- 12 
is  the  sum  of  the  thrusts  on  all  the  struts  which  may  be  reckoned  as  all  in  one 
bundle ;  this  must  further  be  multiplied  by  13  feet,  their  conunon  length,  and  divided 
by/s4.    The  secant  of  slope  of  ties  is  16 -i- 12, 

I  volume  of  all  diagonals  = -^ —  «  1674-5  cub.  units. 

The  bending  moments  on  the  first  six  upper  booma  with  the  48  tons  at  the  joint 
below  it  in  each  case  axe 

44  X  14,     40  X  28,     36  x  42,     32  x  56,     28  x  70,     24  x  84. 

The  sum  9016  when  divided  by  12  feet  the  depth  of  girder,  gives  the  united 
thrust  on  those  six  booms  which  may  be  reckonMl  in  a  bundle,  multiplying  by 
14  feet,  the  length,  and  dividing  out  /  =  4  tons  per  square  inch,  we  have 

volume  of  6  upper  booms  =  -— - .  —-  ™  2629f  cubic  units. 

But  the  central  boom  is  0  »  5  feet  shorter  than  the  others  in  the  bundle,  ao  we 
have  to  deduct  its  excess  volume  (24  x  84)  -^  12,  multiplied  by  5  -f  4,  in  all 
210  cubic  units.  Compare  the  two  terms  26291  —  210  with  those  in  the  general 
expression,  p.  449,  from  which  the^  could  be  derived  at  once  by  substitution,  and  to 
illustrate  which  is  the  object  of  tlus  exercise.    So  far  we  have 

}  volume  upper  boom  b  24191  cubic  units,  1  foot  x  1  square  inch. 

For  the  first  six  lower  booms  the  bending  moment  on  each  is  calculated  twice. 
The  upper  row  of  values  are  for  the  48  tons  placed  at  that  end  of  each  boom  in 
succession  which  is  nearer  the  left  abutment.  The.  second  row  is  for  the  same 
load  placed  at  the  other  end. 

0  X  163,      4  X  149,       8  x  136,     12  x  121,     16  x  107,     20  x  93. 

44  X      6,    40  X    19,     36  x    33,     32  x    47,    28  x    61,    24  x  76. 
or 

0,       716,       1080,       1462,       1712,       1860. 
220,      760,      1188,       1604,       1708,       1800. 
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Now  q^4  means  that  for  the  first  four  the  lover  line  gives  a  greater  maximum 
than  the  upper.  For  convenience,  however,  the  lower  line  is  taken  all  along  in  the 
first  instance.  Sum  of  lower  line  7180  foot-tons  ;  dividing  hj  h  =  l2  feet  gives 
the  pull  on  the  whole  six  reckoned  as  one  hundle,  further  dividing  hj  f-  i  tons 
per  square  inch  pYW  sectional  area  of  hundle  in  square  inches,  and  then  multiply- 
ing hy  14  feet  gives  its  volume  in  cuhic  units  1  foot  hy  1  square  inch,  so  that 

}  volume  low  hooma  =  ■— -  .  —  =  2094}  cuhic  units. 

Summing  and  douhling  we  have  12376}  cubic  units ;  multiplying  by  12  gives 
148520  cubic  inches.  But  for  the  two  lower  booms  next  the  centre  the  upper 
beading  moments  are  4  and  60  greater  Uian  the  lower ;  their  sum  64  -^  12  gives  the 
extra  pull  on  these  two ;  multiplying  by  14  feet  and  dividing  by  /  =  4  tons  per 
square  inch,  the  extra  volume  required  is  18}  cubic  units,  or  224  cubic  inches. 
Doubling  it  is  448  cubic  indies.     Compare  with  the  answer  to  last  exercise. 

Vr  =  148620  +  448  -  148968  cubic  inches. 

286.  Find  the  volume  of  the  same  girder  to  resist  a  uniform  load  of  four- 
sevenths  of  a  ton  per  foot.  That  is,  ^  =  96  tons  or  8  tons  concentrated  at  each 
lower  joint  of  fi^.  261.  The  student  should  work  this  example  by  taking  out  the 
volumes  in  detail  as  on  last  example,  and  check  his  result  with  that  obUined  by 
substituting 

^==96,    /•4,    Xs  12x168,    r^^,    ««  12  x  6  in  equation  (1). 

Ant.  148480  cubic  inches. 


CHAPTER    XXIL 


THE  SCIENTIFIC  DESIGN  OF  MASONBT  ARCHES. 

In  this  ohapter  we  have  chiefly  in  view  the  design  of  important 
Masonry  Biailway  Bridges  and  Viaducts,  having  arches  of  long 
span,  with  as  small  a  rise  as  is  consistent  with  moderately  heavy 
abutments,  and  in  which  the  surcharge,  over  the  top  of  the  key- 
stone, is  no  more  than  sufficient  for  the  proper  formation  of  the 
bed  of  the  railway,  which  may  be  tidken  at  about  eighteen 
inches.  In  metaphor,  they  may  be  called  greyhound  arches, 
taking  a  lonff  bound  with  but  little  rise,  and  having  not  an 
ounce  of  needless  fat,  that  is  dead  load,  but  subject  to  heavy 
live  loads  consisting  of  a  train  of  locomotives.  This  train,  not 
yet  on  a  particular  arch  but  only  approaching  it,  is  upon  the 
instant  on  one-half  only  of  that  arch,  and  the  next  it  is  all  over 
it,  and  the  next  again  it  is  on  the  second  half  only,  then  away 
altogether  on  to  the  adjacent  arches.  To  successfully  resist 
such  incessant,  swift  heavy  traffic,  the  arch- ring,  or  at  least 
some  central  portion  of  it,  has  need  of  the  suppleness  of  the 
back  of  the  greyhound. 

An  arch-ring  well  built  of  wedges  of  stone,  or  taussoirs  as 
they  are  called,  and  more  especially  one  built  of  brick  masonry 
in  concentric  rings,  as  is  the  most  modem  practice,  has  ample 
elasticity  to  accommodate  itself  to  all  the  vagaries  of  the 
live  load,  provided  it  be  not  overmuch  constrained  by  a  too 
rigid  superstructure.  The  two  joints  at  equal  distances  from 
the  key-stone,  which  map  out  this  central  elastic  part  of  the 
arch-ring,  are  practically  the  joints  of  rupture ;  and  a  horizon- 
tal line,  through  the  upper  edges  of  these  joints,  is  the  level  of 
heavy  backing.  The  backing  above  this  level  should  consist  of 
light  spandnl  walls  bonded  into  the  arch-ring  by  through 
headers,  or  simply  riding  on  the  arch-ring.  Tneir  principal 
function  is  to  give  a  horizontal  passive  reaction  on  the  arch- 
ring  when  it  bulges  out  due  to  the  live  load  on  the  other  half. 
They  stand  upon  heavy  spandril  walls  below  them,  and  stretch 
horizontally  such  a  distance,  that  the  friction  on  their  base  shall 
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at  least  be  equal  to  the  excess  of  the  horizontal  thrust  of  the 
loaded  half  arch  over  that  of  the  unloaded  half.  Thus  it  will 
be  seen  that  the  passive  horizontal  reaction  of  the  light  spandrils 
is  called  out  alternately  on  each  side  of  the  arch  durinfi^  a 
transit  of  the  live  load,  and  is  zero  while  the  live  load  is  either 
entirely  absent  or  completely  covers  the  arch. 

The  light  spandrils  are  best  built  of  rubble  masonry,  or  of 
brickwork  with  plenty  of  mortar  in  the  vertical  joints,  to  allow 
the  arch-ring  sufficient  play  while  the  passive  horizontal  re- 
action is  being  called  out.  The  spandrils  serve  also  to  lighten 
the  superstructure  and  reduce  its  average  weight  per  cubic  foot, 
as  the  spaces  can  be  left  void  and  the  walls  covered  across. 

The  heavy  backing  consists  of  thicker  walls  with  vertical- 
dressed  joints,  and  having  the  stones  or  bricks  packed  close 
horizontally,  so  as  to  yield  but  little  when  the  centre  is  struck. 
The  voussoirBy  below  the  point  of  rupture,  have  their  backs 


Fig.  261. 

dressed  in  a  flight  of  steps,  so  as  to  take  the  horizontal  thrust 
truly.  The  heavy  spandrils  must  stretch  horizontally  a  suffi- 
cient distance  to  give  friction  on  their  base  equal  to  from  two-* 
thirds  to  one-half  of  the  horizontal  thrust  of  the  arch  at  the 
crown.  The  earth  filled  in  behind  the  spandrils  can  be  relied 
upon  to  give  promptly  the  remaining  third  or  half,  according 
as  it  is  filled  loose,  as  in  an  embankment,  or  is  rammed  in  layers 
between  the  masonry  and  the  face  of  the  excavation,  as  in  some 
cuttings  in  old  consolidated  earth  or  rock. 

Observe,  before  the  earth  is  filled,  that  the  heavy  backing 
can  only  take  a  large  fraction  of  the  horizontal  load.  But  the 
centre  of  an  arch  is  always  struck  when  the  superstructure  is 
only  partly  built,  else  the  superstructure  would  crack,  due  to 
the  after-subsidence,  so  that  only  a  part  of  the  horizontal  load 
is  required.  Of  course  the  earth  must  be  filled  behind  the 
spandirils  before  the  remainder  of  the  superstructure  is  built. 
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Two  rival  designs  present  themselves  for  long-span  light- 
surcharged  masonry  arches — ^the  Segmental  Arch  and  the  Semi- 
eUiptioArch. 

In  the  one,  the  soffit  is  a  segment  of  a  circle,  with  a  rise 
about  a  quarter  of  the  span.  The  joints  of  rupture  should  be 
at  the  springings,  which  demands  that  the  total  headroom,  from 
springing  level  to  level  of  rails,  should  bear  to  the  span  the 
ratio,  almost  constant,  of  one  to  three.  In  this  design,  too,  it 
will  be  found  that  the  arch-ring  must  thicken  outwards  from 
the  crown  to  the  springing,  so  that  a  skewback  shall  be  from 
once  and  a  half  to  twice  as  thick  as  the  keystone.  This  may 
be  disguised  on  the  front  of  the  bridge  by  a  uniform  moulding, 
of  the  thickness  of  the  keystone,  cut  upon  the  face  of  the  pend- 
ring  of  stones. 

in  the  other  design,  the  soffit  is  a  false  semi-ellipse  struck 
from  five  centres.  At  the  ends  of  a  quadrant  the  radii  are 
those  of  the   ellipse,  being  the  square  of  one  semi-diameter 
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Fig.  262. 


divided  by  the  first  power  of  the  other.  Between  them  a 
oentre  is  interpolated,  as  on  fig.  262  (see  Bank.,  C.E.^  p.  420),  at 
the  intersection  of  two  arcs,  one  from  each  of  the  main  centres, 
with  a  radius  equal  to  the  difference  of  that  main  radius  and  the 
rise.  It  will  require  three  templates  to  work  in  these  three 
varieties  of  groups  of  voussoirs.  In  this  design  the  rise  of  the 
arch  may  be  about  a  fifth  of  the  span,  and  the  ring  in  this  case 
is  of  uniform  thickness.  As  the  thrust  at  crown  will  not  exceed 
twice  that  at  springing,  the  ring  can  accommodate  the  line  of 
stress  in  its  middle  third. 

It  is  well  to  observe  that  this  soffiiy  although  called  elliptic 
by  courtesy,  approximates  in  an  equal  degree  to  one  of  the 
elastic  curves,  called  by  Bankine  the  Hydrostatic  Arch,  or  to 
that  elastic  curve  modified  and  then  called  by  him  the  Gheo- 
static  Arch.     (Rank.,  O.E.,  pp.  208,  419;  212,  420). 
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We  have  already  given  a  piaotioal  definition  of  the  Joint  of 
rupture^  and,  as  Bankine  says  {ibid.^  p.  428),  the  more  rigid  part 
of  the  ring,  below  it,  is  really  part  of  the  pier  or  abutment.  It 
will  appear  as  we  proceed  that  this  practical  definition  corre- 
sponds to  Bankine's  point  of  rupture  for  a  linear  rib  loaded  in  any 
way.  By  locating  these  joints  as  far  out  from  the  crown  as  is 
oonsiBtent  with  equilibrium  two  advantages  are  gained :  one, 
economy  of  heavy  backing ;  the  other,  a  long  elastic  field. 

Line  of  Stress. 

In  calculations  connected  with  the  arch,  it  is  convenient  to 
consider  one  foot  of  the  ring  in  the  direction  of  its  axis,  just  as 
if  the  bridge  were  only  a  n)ot  broad,  and  the  same  symbol  t 
gives  the  thickness  of  the  riug  in  feet  and  the  area  in  scmare 
feet  of  the  Joint  on  which  two  adjacent  voussoirs  abut.  It  is 
assumed  that  their  mutual  pressure  on  each  other  is  either  uni- 
formly distributed  over  that  joint,  or  varies  uniformly  from  a 
maximum  value  at  the  one  edge  to  a  minimum  at  the  other. 
Such  a  stress  is  indicated  on  a  drawing  by  a  sheaf  of  arrows 
varying  in  length,  and  with  their  feathers  ranged  in  a  straight 
slope,  or  more  simply  by  a  trapezium  mapping  them  out. 


Fig.  263. 

Three  varieties  of  this  distribution  of  the  stress  on  the  left 
cheek  of  the  keystone  are  shown  upon  fig.  263.  Each  has  the 
same  maximum  value  /  at  the  lower  edge  of  the  joint,  and  the 
minimum  values  ore  ei  =  0,  e%^\fy  and  «>  =  \f  at  the  upper 
edges,  respectively,  while  the  average  values  at  the  middle  point 
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of  the  joints  are,  respectively,  pi^  p^y  and  p^^  equal  to  4,  5,  and  6 
eighths  of  the  maximum.  The  i¥hole  stress  may  be  supposed 
concentrated  at  a  point  called  the  centre  of  stress.  To  find  the 
centre  of  stress  it  is  only  necessary  to  construct  the  centre  of 
gravity  of  the  wedge  whose  face  is  the  trapezium  of  which  e 
and  /  are  the  paraJlel  sides.  A  construction  shown  on  figs. 
191, 263  is — Produce  e  to  the  left  a  distance  equal  to/,  and /to 
the  right  a  distance  equal  to  e^  and  the  line  joining  the  extre- 
mities cuts  the  line  joining  the  middle  points  of  e  and/  in  the 
point  g.  If  now  S  stands  for  the  deviation  of  the  centre  of  stress 
from  the  middle  of  the  joint,  we  have,  by  similar  triangles, 
it  +  S  :  it-S  ::  Je+/  :  e-\- if  :  :  p  +  ^f  :  2j>  -  i/.  Since 
the  average  value  jo  =  i/+  i  ^.     Then  the  ratio — 

Maximum  stress  _/     ^      6S 
Average  stress      p  t\ 

■  (1) 


or 


=(^-)r 


So  then,  on  fig.  263,  we  have  Si  =  ^,  82  =  ttt,  and  81  =  r^, 

D  lU  10 

and  ei  =  0,  €2  =  if  and  e^  =  J/. 

Let  the  ring  on  fig.  263  be  that  of  a  small  model,  the  blocks 
resting  on  a  centre  and  separate  from  each  other,  with  square 
pins  to  preserve  the  spacing.  The  ring  being  loaded  in  a  suit- 
able manner,  the  pins  are  to  be  moved  up  and  down  in  the 
joints  till  it  is  found  that  the  centre  can  be  lowered,  leaving 
the  ring  in  equilibrium.  Then  the  curve  joining  the  pins  is 
the  line  of  stress  for  that  manner  of  loading.  The  equililbrium 
is  unstable :  any  slight  disturbance  would  make  each  pair  of 
blocks  to  rotate  about  the  pin  between  them  till  either  their 
upper  or  lower  edges  came  in  contact*  Note,  too,  that  the 
thrust  between  some  of  the  blocks  being  oblique  to  the  joints 
there  is  a  tendency  for  the  pin  between  them  to  roll  over,  if  it 
were  too  small,  or  had  its  comers  rounded.  In  the  one  case, 
the  equilibrium  is  said  to  be  destroyed  by  bending^  which  is 
only  stopped  by  the  edges  coming  in  contact,  while  in  the  other, 
the  equilibrium  is  destroyed  by  sliding,  which  is  only  stayed  by 
the  roughness  and  squareness  of  the  pins. 

Equilibrium  and  Stability. 

For  every  alteration  or  re-arrangement  of  the  load,  the  pins 
or  fulcrums  would  require  to  be  shifted  into  new  positions  to 
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maintain  equilibrium,  so  that  the  line  of  stress  changes  its  form 
to  suit  the  load.  A  small  extra  load  laid  on  the  centre  of  the 
part  of  the  arch  shown  on  fig.  263  would  slightlj  flatten  the  arch, 
and  tend  to  make  the  central  joints  shut  at  their  upper  edges, 
80  that  the  pins  there  would  have  to  be  moved  up,  and  the  new 
line  of  stress  would  then  be  a  sharper  curve. 

The  same  thing  happens  in  the  masonry  arch  where  the 
mortar  fills  the  spaces  between  the  joints.  Every  slight  altera^ 
tion  of  the  load  alters  the  distribution  of  the  stress  over  the 
joints  in  the  elastic  untrammelled  part  of  the  arch.  The 
centres  of  stress  move  up  and  down  m  the  joints,  just  as  we 
moved  the  pins  in  the  model,  and  the  line  of  stress  freely 
changes  its  shape  and  accommodates  itself  to  the  change  of  load. 
And  wherever  the  ring  is  ii^l  flattened  and  depressed^  there  the 
line  of  stress  becomes  sharper  in  curvature,  and  rises  into  a 
higher  position  in  the  ring.  Also,  the  friction  prevents  the  stones 
sliding  where  the  obliquity  of  the  stress  is  only  slight,  say 
less  than  17^ 

To  render  the  equilibrium  secure  it  is  only  necessary  to 
have  deep  joints,  and  to  limit  the  displacement  of  the  centre  of 
stress  to  some  central  field  of  the  joints.  This  displacement 
should  not  be  greater  than  a  sixth  of  the  thickness  of  the  joint, 
for  then  the  minimum  stress  at  one  edge  is  zero  (see  fig.  263) ; 
to  force  the  stress  further  would  mean  opening  the  joints,  so 
that  as  the  live  load  crossed  and  re-crossed,  the  joints  would 
*  work/  the  mortar  crumble  and  drop  out,  and  the  whole  be 
destroyed. 

The  conditions  of  statical  and  dynamical  equilibrium  of  an 
arch-ring  practically  reduce  to  this— That  the  line  of  stress 
shall  always  be  in  the  middle  third  of  the  arch-ring,  and  the 
joints  be  normal  to  the  soffit ;  it  being  then  practicaJly  impos- 
sible to  draw  a  curve,  in  the  middle  third  or  *  kernel*  of  the 
ring,  which  shall  cross  any  of  those  joints  at  an  angle  greater 
than  17°. 

Stbength. 

We  will  take  the  ultimate  resistance  of  sandstone  to  crush- 
ing at  / »  576,000  lbs.  per  square  foot,  and  its  weight  at 
140  lbs.  per  cubic  foot.  And  the  least  factor  of  safety  shall 
be  ten.  The /shown  in  fig.  263,  indicating  the  working  inten- 
sity of  the  thrust  at  the  keystone,  is  not  to  exceed  57,600  lbs. 
per  square  foot,  if  the  ring  be  sandstone.  For  strong  brick  we 
take/«  154,000  lbs.  per  square  foot,  and  iv^  112  lbs.  per  cubic 
foot.      Now  as  the  loads  ore  to  be  reckoned  in  cubic  feet  or 
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oolumns  of  the  actual  substanoe  of  the  bridges,  then,  speaking 
directly  as  the  strength,  but  inversely  as  the  mass,  strong  brick 
is  one-third  as  efficient  as  sandstone,  while  granite  is  twice  as 
efficient.     For  granite,  /»  1,350,000  and  w  «  164. 

For  large  bridges  the  question  of  strength  is  entirely  domi- 
nated by  that  of  stability ;  but  for  small  arches  where  the  9tfr- 
charge  is  relatively  larger^  the  question  of  strength,  on  the  other 
hand,  dominates  that  of  stability,  and  it  becomes  convenient  to 
confine  the  line  of  stress  to  closer  limits,  and  we  then  take  as 
a  '  kernel/  a  middle  fifth  of  the  ring,  and  as  a  *  kernel,'  a  middle 
ninth  (see  fig.  263).  Li  this  last,  the  Hue  of  stress  may  be  looked 
upon  as  practically  up  the  centre  ot  the  ring,  furnishing  no 
reliable  clue  to  the  proper  thickness  of  the  ring.  But  even  in 
this  case,  the  maximum  and  average  stress  on  the  keystone 
difier  by  25  per  cent.  In  designing  arches  (usually  short  in 
span)  with  heavy  surcharges,  one  is  really  designing  a  bent 
strut,  a  very  difficult  matter  in  itself.  The  line  of  stress  is 
practically  up  the  centre,  but  with  a  probable  variation  of 
25  per  cent.  The  difficulty  in  the  one  case  is,  that  the  factor 
of  safety  to  be  used  is  left  entirely  to  the  judgment,  whereas, 
in  the  long  span  lightly  surcharged  arches,  the  stability 
demands  so  deep  an  arch-ring,  that  the  factor  of  safety 
against  direct  crushiug  is  beyond  what  prudence  would 
otherwise  dictate. 

Balanced  Lineab  Eib  ob  Chain. 

The  Linear  Bib  and  Chain  are  ideal  structures,  usually 
curved  or  polygonal.  They  are  designed  to  suit  or  resist  a 
given  eztemsJ  set  of  loads,  with  the  intention  of  afterwards 
clothing  the  sides  or  arcs  in  timber,  metal,  or  masonry.  They 
are  then  designs  for  actual  engineering  structures.  The  pins 
in  the  model  (fig.  263)  map  out  such  a  linear  rib,  and  its  clothing 
is  masonry.  Bib  and  chain  are  to  distinguish  whether  the 
members  of  the  structure  are  in  compression  or  tension.  The 
rib  IB  of  far  greater  practical  importance,  but  its  equilibrium  is 
unstable,  until  a  measure  of  security  is  given  to  it  by  the  mate- 
rial clothing.  It  is  hard  for  the  mind  to  conceive  of  the  linear 
rib  without  its  clothing ;  and  still  harder  to  write  about  its 
equilibrium,  clearly  and  accurately,  in  words.  On  the  other 
hand,  the  linear  chain  may  be  regarded  as  having  a  slight 
amount  of  material,  of  too  little  depth  to  interfere  with  its 
flexibility,  and  of  little  weight  compared  to  the  external  loads. 
It  may  also  be  supposed  to  be  furnished  with  hinges  at  short 
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intervals,  and  so  be  perfectly  free  to  assume  the  proper  shape 
for  equilibrium,  whatever  may  be  the  external  loads,  and  to 
return  again  to  that  shape  if  disturbed.  Consider  the  equili- 
brium of  the  pin  of  one  hinge.  The  two  links  whioh  it  joins 
must  be  pulling  the  pin  in  opposite  directions  with  equal  force. 
This  can  only  be  the  case  if  the  mutual  interaction  of  the  two 
links,  through  the  medium  of  the  pin,  be  along  the  tangent  to 
the  chain  at  that  point.  We  must  assume  a  hinge  at  every 
point,  and  so — The  general  condition  of  equilibrium  is,  that  the 
puU  or  thrust  along  a  linear  chain  or  rib,  at  each  point,  is  along  the 
tangent.  Having  designed  a  linear  chain,  for  given  loads,  it  is 
only  necessary  to  invert  it,  or  suppose  the  loads  reversed,  and 
we  have  the  corresponding  linear  rib.  The  funicular  polygon  of 
older  writers,  and  the  link  polygon  (see  pp.  100, 103, 144,  147) 
of  graphic  statics,  are  examples  of  linear  structures.  All  the 
ribs,  we  are  about  to  treat  of,  shall  be  horizontal  at  the  central 
highest  point  or  croum,  and  shall  spring  &om  two  points  on  the 
same  level. 

The  suspension  bridge  is  the  only  practical  example  of  a 
linear  chain.  In  its  primitive  form,  with  vertical  rods,  and  free 
from  diagonal  bracing  or  stiffening  girders,  part  of  the  load 
was  nearly  uniform  along  the  chain,  and  another  part  uniform 
along  the  span  or  platform.  It  formed  a  good  example  of  a 
balanced  chain  under  vertical  loads  alone.  The  two  theorems, 
that  the  linear  chain  is  in  form  a  catenary  when  loaded  uniformly 
along  the  chain,  and  a  parabola  when  loaded  uniformly  along 
the  span,  seemed  to  have  an  important  application  to  the  sus- 
pension bridge,  and  much  has  been  written  about  them  under 
that  misapprehension.  It  is  impossible  to  have  either  of  these 
loads  alone,  in  a  useful  structure.  Still,  the  two  theorems 
inform  us  that  the  chain  of  the  bridge  is,  in  form,  something 
between  the  catenary  and  the  parabola.  As  both  of  these  curves 
are  sharpest  at  the  vertex,  they  show  that  this  also  is  the  char- 
acter of  the  bridge-chain.  But  the  sharpness  at  the  centre  of 
the  bridge-chain  is  not  very  marked,  because  the  dip  is  always 
a  mere  fraction  of  the  span,  so  that  the  corresponding  arcs  near 
the  vertex  of  both  catenary  and  parabola  are  sensibly  circular. 
In  the  modem  suspension  bridge,  what  with  oblique  rods, 
stifiFening  girders  and  bracing,  the  load  is  no  longer  wholly 
vertical,  and  the  chain  may  have  a  variety  of  forms. 

These  two  theorems,  although  of  little  practical  use,  are  ex- 
ceedingly convenient  as  a  start-off  in  the  study  of  the  balanced 
semicircular  rib  or  chain.  An  elegant  proof  that  the  linear 
chain  hangs  in  the  catenary  when  loaded  uniformly  along  the 
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ohaioy  and  that  that  curve  is  eharpest  at  its  lowest  pointy  may 
be  found  in  Williamson's  Integral  Calculus. 

The  parabolic  chain,  balanced  under  a  load  uniform  along 
the  span,  is  figured  in  Bankine's  Civil  Engineering  at  page  188. 
The  proof  is  simple  and  instructive,  and  may  be  given  here  by 
supposing  fig.  264  modified  for  that  purpose.  Let  the  quadrant 
ABS  be  the  edge  of  a  thin  steel  rib  or  curved  ribbon,  one 
foot  broad  normal  to  the  paper,  and  supported  by  a  horizontal 
thrust  Tq  at  the  crown  hinge  A^  and  a  tangential  thrust  2\ 
at  the  springing  hinge  8.  The  only  load  on  it  is  to  be  the 
load  of  p  lbs.  per  foot,  spread  uniformly  on  the  horizontal 
platform  ab.    This  load  is  to  be  transmitted  down  to  the 


Fig.  264. 

rib  by  vertical  struts  without  weight  themselves.  The  plat- 
form ah  is  also  one  foot  broad  normal  to  the  paper,  and  is 
to  be  quite  flexible,  so  as  to  allow  the  load  to  be  transmitted 
to  the  rib  without  constraint.  The  parallelogram  standing 
on  the  platform  a&,  and  having  the  height  /?,  is  called  the 
vertical'load'area.  Consider  the  equilibrium  of  a  portion  of  the 
rib  from  the  crown  hinge  Ay  out  to  any  other  hinge  £,  and 
suppose  it  to  be  rigid,  having  all  hinges  between  A  and  JB 
clamped.  The  corresponding  part  of  the  vertical-load*area, 
which  is  shaded  on  fig.  264,  may  now  be  supposed  to  be  con- 
centrated into  one  f orce  P,  acting  down  through  the  centre  of 
gravity  of  that  shaded  area.  AB  is  balanced  by  the  three 
forces  To,  T,  and  P.    They  must  therefore  meet  at  one  point. 
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The  general  oondition  of  equilibrium  requires  T  to  act  along 
the  tangent  at  B,  If  we  lower  the  shaded  area  till  a  coincides 
with  the  crown  A,  it  becomes  apparent  that  the  tangent  at  B 
bisects  its  base  ae.  The  rib  is  parabolic,  for  that  is  the  only 
curve  "whose  tangent  at  any  point  behaves  in  this  manner. 
Now,  as  £  is  any  point  on  the  rib,  it  can  be  in  succession  each 
joint  from  the  crown  outwards,  so  every  joint  can  be  un- 
damped, still  preserving  equilibrium. 

Hence,  the  particular  condition  of  equilibrium  of  a  linear 
rib  under  a  vertical-load-area  alone  is — That  t/ie  tangent  at  any 
point  shall  meet  the  crown  tangent  on  the  vertical  through  the  centre 
of  gravity  of  the  portion  of  the  load-area  from  the  crown  out  to  that 
point, 

Conjugate-Load- Areas. 

We  have  already  discussed  a  linear  rib  to  resist  a  vertical- 
load-area  alone.  The  vertical  load  was  spread  on  a  horizontal 
platform,  equal  in  length  to  the  span  of  the  rib,  and  one  foot 
broad  normal  to  the  paper.  The  shape  of  the  area  was  a 
parallelogram  of  height^.  The  rib  itself  was  parabolic,  and  so 
peaked  at  the  crown ^.  On  fig.  265  this  rib  is  shown:  AB8  is 
a  quadrant  of  it.  It  is  no  longer  pcurabolic,  but  has  beeu  de- 
liberately pulled  out  horizontally  at  each  pair  of  points,  except 
the  springing  hinges,  until  it  is  a  semicircle.  It  will  no  longer 
be  in  equilibrium,  the  vertical  load  will  tend  to  flatten  it  at  the 
crown,  and  spread  it  out  further  at  each  pair  of  points.  To 
prevent  it  spreading  horizontally,  we  may  suppose  a  pair  of 
vertical  platforms,  of  which  cd  is  one,  each  in  length  equal  to  a 
radius,  and  a  foot  broad  normal  to  the  paper,  and  furnished 
with  loads  gravitating  horizontally  inwards.  One  of  these 
loads  is  indicated  on  fig.  265  by  a  parallelogram  of  height  q^Py 
standing  on  the  platform  cd  as  its  base.  It  is  called  the  conju- 
gate horizontal-load-area.  If  we  consider  the  whole  circular 
rib,  it  is  almost  axiomatic,  that  the  two  conjugate-load-areas 
should  be  alike,  from  symmetry.  The  proof  is  as  follows : — 
LfCt  the  quadrant  AB8  be  rigid,  with  hinges  only  at  its  ends 
A  and  8y  then  for  horizontal  component  equilibrium,  we  have 
the  thrust  at  the  crown  Tq  equal  to  the  whole  of  the  horizontal- 
load-area  on  cd.  Again,  let  AB  be  rigid,  with  hinges  at  its 
^nds,  and  resolve  T,  the  thrust  along  the  tangent  at  B^  into 
itd  vertical  and  horizontal  components  V  and  H,  Then,  for 
horizontal  component  equilibrium  we  have  To  equal  to  H^  to- 
gether with  the  unshaded  part  of  the  horizontal-load-area.     It 
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follows  then  that  H  must  be  equal  to  Q,  the  shaded  part  of  that 
area.  Also,  V  is  equal  to  Py  the  shaded  parts  of  the  vertical- 
load-area.  If  0  be  the  slope  of  the  rib  at  B  to  the  horizontal^ 
then  V  must  bear  to  H  the  ratio  of  sin  0  to  cos  0,  that  T  may 
be  along  the  tangent  at  B^  as  required  by  the  general  condition 
of  equilibrium.  But  it  is  evident  that  P  and  Q  are  also  in  this 
ratio,  as  the  bases  ae  and  cf  are  sin  0  and  cos  0,  respectively,, 
when  the  radius  is  taken  as  unity.  Hence,  with  q  constant  and 
equal  to  p^  we  have  the  condition  of  equilibrium  satisfied  at  each 
point  B  of  the  quadrant. 

For  a  right  circular  or  other  quadrantal  linear  rib,  that  is,  a 
quadrant  horizontal  at  the  crown  and  vertical  at  the  springing, 
which  has  to  resist  a  pair  of  conjugate  loads,  one  vertical  and 


Fig.  265. 

the  other  horizontal,  the  particular  condition  of  equilibrium  is — 
That  the  part  of  the  verticaNoad-area  from  the  croicn  out  to  ani/ 
pointy  and  the  part  of  the  horizontal-load'area  from  the  springing 
up  to  that  pointy  shall  bear  the  same  ratio  to  each  other  as  that  of 
the  sine  and  cosine  of  the  slope  of  the  riby  at  that  pointy  to  the 
honzon. 

On  fig.  265  is  shown  a  manner  of  loading  the  linear  quadrant 
AB8  of  a  circle  with  another  pair  of  conjugate  loads  which 
balance  it.  The  horizontal  conjugate  load,  being  the  simpler, 
may  be  described  first.  It  is  what  is  called  a  uniformly  varying 
load.  The  horizontal-load-area  Oj  stands  on  the  base  Hj  and 
is  mapped  out  by  the  45°,  or  1  to  1  sloping  line  drawn  from  i. 
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where  the  bases  of  the  two  areas  meet.  The  yertical  load  con- 
sists of  two  parts.  The  first  part  is  the  substance  between  the 
horizontal  base  DCL  and  ABS  the  rib  itself.  The  second  part 
is  a  load  distributed  uniformly  along  the  rib.  The  rate  of  load- 
ing along  the  rib  is  such  that  the  amount  on  an  arc  AB  would 
fill  up  the  area  OAB  with  the  same  substance  as  the  first  part 
is  made  of.  On  the  arc  AB  the  first  part  of  the  vertical  load 
is  a  slab  ABCDy  one  foot  wide  normal  to  the  paper.  The 
second  part  might  be  a  uniform  ring  of  vomsoira^  pinned  to  the 
arc  AB  at  close  intervals  by  their  middle  points,  as  on  fig.  263. 
If  the  ring  of  voussoirs  be  a  foot  wide  normal  to  the  paper,  and 
be  made  of  the  same  substance  as  the  slab  ABCD  (fig.  265},  it 
is  clear  that  the  thickness  of  the  voussoira  (^,  on  fig.  263)  must 
be  half  the  radiusy  that  their  volume  might  complete  the  slab 
OBCD.  It  will  now  be  seen  that  P,  equal  to  the  shaded  area 
OBCDy  is  the  vertical  load  from  the  crown  out  to  By  while  the 
shaded  area  EFOR  equals  Q,  the  horizontal  load  from  the 
springing  up  to  B.  The  two  shaded  areas  have  their  parallel 
sides  equals  each  to  each,  BC  =  EFy  and  OD  =  HO.  Their 
areas  are  proportional  to  the  distances  between  the  parallel 
sides,  respectively.  Hence  P  :  Q  : :  CD  :  HE  : :  sin  0  :  cos  0, 
and  the  rib  is  balanced. 

It  is  to  be  observed  that  only  the  upper  part  ABCD  of  the 
vertical-load-area  truly  represents  the  distribution  of  the  first 
part  of  the  vertical  load.  The  area  OAB  merely  gives  the 
amount  of  the  second  part  of  the  vertical  load  on  ABy  but  in  no 
way  represents  its  distribution ;  the  arrow  P  should  be  further 
to  the  left  on  fig.  267,  instead  of  going  through  the  centre  of 
buoyancy.  Just  as  in  Graphic  Statics  a  line  is  used  in  the 
force-polygon  to  represent  a  force  in  the  limited  degree  of 
magnitude  only,  so  also  is  the  area  OBCD  used  here. 

Superposition  of  Loads. 

It  is  evident  that  if  a  rib  be  balanced  under  two  systems  of 
loading  separately,  it  will  balance  under  the  systems  conjointly. 
The  whole  load  will  then  be  represented  by  a  pair  of  conjugate- 
load-areas  described  by  geometrically  adding  or  subtracting  the 
two  given  pairs  of  areas.  The  proof  of  the  balancing  of  the 
circular  quadrant  ABS  for  the  manner  of  loading  shown  on 
fig.  265  is  quite  independent  of  the  height  of  the  horizontal 
platform  DCL  above  Ay  the  crown  of  the  rib.  Suppose  it  to  be 
lowered  till  D  coincides  with  Ay  then  AJy  the  horizontal  platform 
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in  its  new  position,  cuts  off  a  parallelogram  JD  from  the  vertical- 
load-area.  At  the  same  time  the  new  45°  sloping  boundary /n 
outs  off  a  parallelogram  jO^  of  exactly  the  same  area,  from  the 
horizontal  conjugate-load-area.  This  is  just  the  same  thing  as 
if  we  liadremoved  the  load  shownonfig.  264.  So  that  equilibrium 
of  a  circular  quadrant  ^^/S  for  the  load  on  fig.  264  follows  as  a 
corollary  once  the  equilibrium  for  the  load  fig.  265  has  been 
established.  In  the  same  way  the  load  on  fig.  264  may  be  added 
to  that  on  fig.  265.  The  rectangle  P  will  sit  on  the  top  of  CD, 
while  the  rectangle  Q  may  either  be  placed  against  SE  on  its 
right  side,  or  Q  may  be  distorted  till  its  sides  slope  at  45°  and 
placed  against  OF.     See  Distorting-table  (fig.  151). 

The  practical  importance  of  the  load  shown  on  fig.  264  is  now 
evident,  and  the  assumption  of  weightless  struts  transmitting 
the  load  to  the  rib  is  got  rid  of.  The  vertical  load  P  is  the 
share  of  the  live  load,  which  falls  to  a  slice  of  a  bridge  one  foot 
broad,  due  to  two  rows  of  locomotives  covering  a  thirty-foot 
broad  platform.  The  height  of  P  is  j^  =  1*5  feet  when  reduced 
to  a  column  of  the  same  material  as  the  superstructure  of  the 
bridge.  If  ti?  be  weight  per  cubic  foot  of  the  superstructure, 
thenp  =  1*5  IT.  A  good  average  value  of  w  is  about  one  owt. 
The  other  rectangle  Q  is  the  pas&iYe  additional  honzontal  reaction 
with  which  the  backing  must  promptly  oppose  the  extra  effort 
of  the  arch  to  spread  when  the  live  load  comes  upon  it. 

On  the  other  hand,  fig.  265  is  a  picture  of  the  dead  load  on  the 
bridge.  The  level  of  rails  is  DCL,  while  A£S  is  the  line  of 
stress  up  the  middle  of  the  voussoirs.  These  two  lines  form  the 
upper  and  lower  boundaries  of  the  great  bulk  of  the  dead  load. 
It  is  convenient  to  have  names  for  such  boundaries.  They  are 
called  the  extrados  and  the  intrados  of  the  load.  The  other 
portion  of  the  vertical  load,  spread  uniformly  along  the  line  of 
stress,  is  the  weight  of  the  half  of  the  arch  ring  itself  lying 
below  ABSy  and  the  excess  weight  of  the  half  lying  above  ABSy 
the  material  of  the  ring  being  always  heavier  than  that  of  the 
superstructure  by  about  50  per  cent.  The  conjugate-area  j'SO 
maps  out  from  the  vert/  crotmi  down  to  the  springing,  the  passive 
horizontal  resistance  with  which  the  backing  must  oppose  the 
tendency  of  the  linear  rib  to  spread  due  to  the  dead  weight. 
As  far  as  the  masonry  arch  is  concerned,  fig.  265  is,  as  yet,  a  very 
imperfect  picture  of  the  dead  load,  the  load  spread  along  the 
rib  being  out  of  due  proportion.  We  saw  that  it  would  require 
the  thickness  of  the  arch-ring  to  be  half  a  radius,  whereas  the 
actual  thickness  of  the  key-stone  is  only  about  one-fifteenth  of 
the  radius.     It  is  only  for  the  convenience  of  being  able  to  draw 
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the  horizontal-load- area  with  the  45°  set-square,  that  we  assumed 
this  enormous  load  along  the  ring,  the  intention  being  to  after- 
wards remove  the  greater  part  of  it,  making  at  the  same  time 
the  corresponding  correction  upon  the  horizontal-load-area.  It 
is  better  to  remove  the  whole  of  the  load  aasHmeddXong  the  ring, 
as  a  small  proportion  can  readily  be  restored  again  to  suit  the 
practical  requirement. 

The  next  step  will  be  to  find  the  shape  of  the  horizontal- 
load-area  for  the  circular  quadrant  AB8  bearing  a  uniform 
load  along  the  rib  of  an  intensity  half  its  radius.  We  will 
calculate  its  breadths  at  ten  equidistant,  points  of  the  platf  ormyJT, 
map  out  its  shape  with  three  straight  lines  or  batters  sufficiently 
correct  for  practical  purposes.  The  area  is  then  to  be  drawn 
standing  on  the  left  side  of  jHy  so  as  to  subtract  it  from  the 
area  already  drawn.  The  treble-batter  then  furnishes,  once  and 
for  atty  one  boundary  of  the  conjugate  horizontal-load-area  for 
the  linear  quadrant  AB8  bearing  the  vertical  load  between  itself 
and  the  straight  line  DCL.  The  other  boundary  of  the  hori- 
zontal-load-area is  the  1  to  1  batter  LFGy  drawn  with  the  46° 
set-square  ;  this  boundary,  and  this  one  only,  changes  its  position, 
as  you  vary  the  position  of  the  rails  DOL  to  different  heights 
above  the  crown,  or  as  you  add  or  take  off  the  live  load. 

Fluid  Load  Uniform  or  Varying  Potential. 

The  pair  of  conjugate  loads  shown  on  fig.  264  can  be  pro- 
duced simidtaneously  by  placing  the  circular  ring  horizontally 
in  water,  the  water  being  excluded  from  its  inside.  The  platforms 
now  form  two  pairs  of  barricades  running  north  to  south  and 
east  to  west,  it  is  evident  the  water  will  attack  the  barricades 
in  the  manner  shown  on  the  figure.  The  stresses  p  and  q  are 
now  both  passive.  The  active  stress  is  the  column  of  water 
from  the  surface  down  to  level  at  which  the  ring  of  the  cylinder 
lies.  The  height  of  this  active  column  is  called  the  potential, 
and  the  load  shown  on  fig.  264  is  shortly  called  a  fluid  load  of 
um/orm  potential. 

The  stress  as  depicted  on  fig.  264  is  called  uniplanar  stress^ 
because  the  equilibrium  of  bodies  subjected  to  it  is  in  no  way 
affected  by  the  potential  stress  which  is  normal  to  the  paper. 
The  whole  stress  at  this  depth  in  the  fiuid  is  represented  by  a 
sphere. 

From  this  it  will  be  seen  that  the  resultant  stress  on  the 
back  of  the  rib  due  to  the  two  conjugate  equal  loads  i?  and  g, 


486  MASONRY  ABGHES. 

fig.  264,  is  a  normal  stress  r  «  p  »  9  as  indicated  on  the  S.  W. 
quadrant.  For  if  we  remove  the  four  banioades,  we  know  that 
is  how  the  water  will  attack  the  baok  of  the  rib. 

The  formal  proof  is  given  in  Chapter  III.,  page  41. 

In  the  same  way  the  load  on  fig.  265  is  described  as  a  fluid 
load  of  varying  potential  together  with  a  uniform  load  along  the 
rib  of  an  intensity,  such  that  the  load  on  any  arc  equals  the 
weight  of  the  fiuid  which  would  fill  up  the  hollow  subtended 
by  the  arc  at  the  centre. 

Thrust  at  thb  Crown  of  a  Rib. 

To  get  the  thrust  along  the  rib  at  any  point  B  of  the  circular 
rib,  loaded  with  the  normal  load  of  constant  intensity  r,  as  shown 
on  fig.  264,  we  have  T"  «  V^  ^  H^  =i>* .  ac*  +  ^  .  cf^  =  r^B?  for 
P  -  Q  -^\  and  the  radius  22  is  the  hypotenuse  of  the  right-angled 
triangle  with  sides  equal  to  ae  and  cf.  The  thrust  at  any  point  is 
the  product  of  the  radius  and  the  intensity  of  the  external  normal 
stress  on  the  back  of  the  rib  at  the  point.  At  the  crown  A  the 
constant  value  of  the  thrust  is  readily  found  by  inspection  of 
the  figure,  for  T^^q  .  cd^  rR.  Now  this  would  be  the  thrust 
at  the  crown,  although  the  rib  only  extended  for  a  little  arc  of 
the  circle  on  each  side  of  it,  and  would  still  be  the  thrust  at 
the  crown,  if  the  rib,  after  that  arc,  continued  on,  of  any  form 
or  shape  whatever.  At  any  point  of  a  rib,  if  we  are  sure  the 
external  load  is  normal^  and  if  we  know  the  radius  of  a  circle 
which  ^^«  the  rib  for  a  little  arc  there,  we  can,  by  taking  their 
product,  get  the  thrust  along  the  rib.  Now  the  ribs  we  are 
considering  are  all  horizontal  at  their  crown,  and  suffer  only  a 
vertical  load  there,  so  we  have  this  rule  : — The  thrust  Tq  at  the 
crown  of  the  rib  is  the  product  p^^  of  the  depth  of  the  load  at  tlie 
crown  and  the  radius  of  curvature  there. 

If  we  apply  the  rule  for  the  load  shown  on  fig.  265,  and 
remember  that  the  part  of  the  vertical-load-area  inside  the 
rib  is  due  to  voussoirs  of  thickness  Jr,  we  get  jffi  =  {DA  +  ^r)ry 
where  the  weight  of  a  cubic  foot  of  the  material  is  taken  as 
unity.  This  is  exactly  the  value  of  the  horizontal  conjugate- 
load-area  yiTt?,  which  has  to  be  balanced  by  ^o»  and  so  tiie  rule 
is  verified. 

Buried  Arches,  Shafts  and  Sewers. 

An  application  to  the  design  of  the  above,  chiefly  a  question 
of  strength,  is  given  in  the  examples. 


SHAFTS  AND  SEWERS.  4B7 


EzAlfPLES, 

287.  A  brick  shaft  or  well,  inside  diameter  6  feet,  is  sunk  yertically  in  water 
which  is  kept  on  the  outside.  In  a  one-foot  length,  see  the  east  half  of  fig.  264,  at  a 
^epth  of  32  feet,  /  s  18"  being  made  up  of  four  rings  of  common  bricks.  Find 
the  factor  of  safety  against  crushing. 

B  »  3*75  ft.  and  g  =  32tr,  where  to  is  62  lbs.,  the  weight  of  a  cubic  foot  of 
water.  To=:g  .  de=  32t^  .  JR  a  7440  lbs.,  and  as  this  is  uni&rmly  distributed  oyer 
1*5  sq.  feet  of  brick,  we  have  then  for  the  intensity  of  the  crusmng  load  4960  lbs. 
persq.  foot.  The  crushing  strength  of  common  brick  is  only  half  of  what  we  gave 
for  strong  brick,  that  is  77,000  lbs.  per  sq.  foot.  The  factor  of  safety  against  direct 
crushing  is  77,000  -r  4960  =  15,  which  is  a  prudent  value  on  the  face  of  so  treacherous 
a  load  as  an  actual  fluid  load. 

288.  If  the  same  shaft  he  loaded  with  earth  spread  all  round  it  in  horizontal 
layers,  the  earth  being  filled  quite  loosely,  fijid  the  factor  of  safety  against  crushing 
^  the  same  ring. 

The  potential  is  doubled  as  earth  is  twice  as  heavy  as  water.  But  the  passive 
horizontal  stresses  p  =  g  are  no  longer  equal  to  the  potential,  but  are  now  only  one- 
third  of  it.  Hence  jf  »  f  is  now  two-tiiirds  of  what  it  was  before.  Hence  the 
factor  of  safety,  50  per  cent,  greater,  is  23. 

289.  If  the  earth  be  rammed  in  9'^  layers  as  it  is  filled  outside  the  shaft,  or  punned 
as  it  is  called,  find  the  factor  of  safety  now. 

The  punning  can  only  make  the  passive  horizontal  conjugate  stresses  p  ^  g, 
fig.  264,  equal  to  the  potential,  so  the  earth  may  now  be  assumed  to  be  prcBsing 
Hks  ajtuid,  but  like  an  imaginary  fiuid  twice  as  heavy  as  water.  Hence  the  factor 
of  safety  is  now  of  half  the  value  in  £z.  287,  namely  8. 

Notwithstanding  the  fact  that  the  factor  of  safety  in  this  example  is  onl^r  8,  while 
in  Ex.  288  it  is  23,  yet  the  absolute  element  of  safety  is  just  as  satisfactory, 
for  the  punned  earth  is  a  tUatfy  load.  A  part  of  the  brick  lining  might  even  be  removed, 
and  the  consolidated  earth  would  hold  itself  up  for  a  short  time,  with  the  assistance, 
it  might  need  be,  of  some  shoring.  On  the  other  hand,  if  a  piece  of  the  brick  lining 
were  removed,  the  loose  earth  load  would  cave  in,  the  water  load  or  a  quicksand 
load  rush  in.  Again  the  loose  earth  load  may,  by  its  own  weight,  gradually  be 
consolidated  at  the  north  and  south  ends  more  than  at  the  east  and  west  ends,  and 
compel  the  line  of  stress  to  become  elliptical  to  such  an  extent  that  the  stress  at  A 
will  be  varyingly  distributed  as  on  the  highest  keystone  shown  on  fig.  263,  when  the 
maximum  stress  on  the  brick  will  be  double  the  average.  If  this  should  happen, 
the  factor  of  safety  23,  calculated  in  Ex.  288,  is  only  an  apparent  factor  of 
safety,  the  real  factor  of  safety  being  one-half  or  11.  Again,  with  the  loose  earth 
load  and  water  load,  the  circular  line  of  stress  is  likely  to  be  not  quite  up  the  centre 
of  the  brick  ring,  when  the  stress  at  A  will  be  distributed  as  on  the  middle  or  lower 
keystones  shown  on  fig.  263.  In  which  cases  the  real  factors  of  safety  would  be  only 
five-eighths  and  six-eighths  of  23.  The  water  load,  too,  would  gain  an  advantage 
to  cause  the  shaft  to  collapse,  if  it  were  not  quite  truly  circular,  and  may  sap  the 
joints  if  the  joints  yield  at  all  from  bad  workmanship.  For  such  reasons,  with  a 
steady  load,  the  factor  of  safety  need  only  be  about  half  at  much  as  for  an  uncertain 
load. 

Practically,  then,  the  answers  to  £xs.  287,  288,  and  289  are  16,  11,  and  8. 

290.  If  the  shaft  be  bored  and  lined,  discuss  the  factor  of  safety. 

If  the  shaft  be  bored  in  old  consolidated  earth,  and  then  be  lined  with  brick,  the 
three  rings  would  suffice  at  the  depth  of  32  feet. 

At  first,  the  load  on  the  lining  is  nominal,  but  increases  gradually  as  cracks  run 
out  into  the  earth,  and  suddenly  when  slips  occur.  In  this  way,  the  potential  comes 
into  play,  and  crowds  the  earth  in  behind  the  shell.  At  depths  beyond  32  feet, 
the  cracks  due  to  this  small  bore  hole  would  not  run  out  sufficiently  far  to  bring 
the  whole  potential  into  play,  so  that  the  three  rings  of  brick  might  practically 
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suffice  down  to  64  feet,  double  the  depth.  The  mere  arithmetical  calculation  would' 
infer  that  the  factor  of  safety  was  4,  the  half  of  8,  though,  in  all  probability,  it  is 
still  8.  Thus  it  is  that  with  buried-  arches ^  the  factor  of  safety  may  seem  to  be  as 
low  as  4  :  see  Rankine's  Civil  Engineering y  p.  437. 

291.  The  upper  right  quadrant  of  fig.  267  shows,  to  a  scale  of  10  feet  to  one 
inch,  half  of  a  semicircular  arch  ring,  14  feet  in  span.  The  ring  is  2  feet  thick,  and 
made  of  votMtoirs  which  are  2}  times  as  heavy  as  water.  Show  that  the  line  of 
stress  AM  up  the  centre  of  the  vomsoira  is  balanced  under  a  water  load  up  to  any 
level  DKf  together  with  the  weight  of  the  vouswira  themselves. 

If  we  suppose  the  water  to  reach  from  DK  down  to  AMy  the  excess  weight  of 
the  upper  half  of  the  ring  is  1}  times  that  of  water.  That  is,  a  share  of  the  weight 
of  that  upx>er  half  of  the  ring  is  already  reckoned ;  it  is,  as  it  were,  buoved  up.  The 
lower  half  of  the  ring  is,  in  weight,  2}  times  that  of  water.  That  is  the  excess 
weight  of  the  2  foot  thick  ring,  as  a  whole,  is  twice  that  of  water.  That  is  the  same 
as  if  the  vousaoirs  were  4  feet  thick,  and  of  the  same  weight  as  water.  But  4  feet 
IB  half  the  radiua  of  AM,  and  this  is  exactly  the  required  load  along  the  circular  rib 
which  is  required  in  conjunction  with  the  fluid  load  of  varying  potential  to  give 
absolute  equilibrium.  Such  an  arch-ring  requires  slight  spandnls  to  balance  it 
where  the  centre  is  struck  and  before  the  water  load  is  filled  in. 

292.  It  is  well  to  observe  that  the  inverted  circular  quadrant  abS  (fig.  265)  ia 
likewise  balanced  by  the  fluid  load  and  load  along  the  rib.  Let  b  be  directly  below 
£,  On  the  arc  ab  the  vertical  load  is  the  buoyancy  of  the  area  CDOabBC  acting 
upwards,  from  which  there  falls,  to  be  deducted,  the  area  Oab  for  the  weight  along 
the  arc.  This  leaves  the  buoyancy  of  the  trapezium  Db  to  be  balanced  by  the 
downward  vertical  component  thrust  at  b.  If  we  consider  the  quadrant  aS,  we 
have  ^1  balancing  the  whole  trapezium  QN\  but  if  we  consider  only  the  arc  ab^ 
we  have  ^i  balancing  the  lower  part  fN,  together  with  the  horizontal  component 
thrust  at  b.  This  last  must  be  equal  to  the  upper  part  Ge,  We  have  the  two 
components  of  the  thrust  at  b  given  by  the  trapeziums,  Db  and  Oe,  with  parallel 
sides  equal  each  to  each  and  areas  proportional  to  CD  and  Me,  or  to  sine  and  cosine 
of  B,  Hence  the  thrust  at  b  is  idong  the  tangent  there,  so  that  there  may  be  a 
hinge  at  b,  and  b  is  any  point  on  the  quadrant,  so  the  rib  is  balanced. 

293.  A  culvert  siphon  or  sewer,  of  7  feet  inside  diameter,  with  two  circled 
rings  of  brick,  is  laid  horizontally  along  the  bottom  of  a  sheet  of  water.  Show  that 
the  equilibrium  is  perfect  when  the  inside  is  empty,  if  the  bricks  be  2}  times  as 
dense  as  water. 

The  section  is  shown  on  fig.  265,  to  a  scale  of  five  feet  to  an  inch,  r  =  4  and  t=ly 
both  in  feet.  The  problem  is  that  alreadv  discussed  in  £x.  291,  only  with 
the  dimensions  halved  and  the  circle  completed.  The  equilibrium,  as  a  whole, 
roust  be  considered.  If  the  cylinder  be  one  foot  long,  and  if  <r  be  the  weight  of  a 
cubic  foot  of  water,  the  weight  of  the  empty  ring  is  2irrt  x  2-5m',  and  its  buoyancy 
is  ir(r  +  ^lyw,  which  are  in  the  ratio  20  to  20^,  so  that  the  empty  cylinder  would 
float  upwards.  Increasing  the  thickness  of  the  ring  by  a  couple  of  inches  the  pro- 
portion would  now  be  23  to  21,  and  the  cylinder  would  sit  on  its  bed,  or  if  the 
brickwork  were  a  trifle  more  than  twice  and  a  half  the  density  of  water,  the  same 
end  would  be  accomplished. 

294.  If  the  axis  of  the  cylinder  be  at  a  depth  of  20  feet,  find  the  thrust  at  the 
highest  and  lowest  points  A  and  a,  fig.  265,  for  a  ring  of  the  cylinder  one  foot 
long. 

Mo  ^jG  =  JX Jr«  -  iZp  =  1  (20*  -  162)  u;  =  72tt7  =  72  x  62  lbs.  =  4464  lbs., 
Ml  =  (?JV=  JXi\r»  -  Jiir»  =  J(242  -  202)  w  =  88i(7  =  88  X  62 lbs.  =  5466  lbs., 

and  this  is  spread  on  one  square  foot,  so  that,  for  ordinary  brick  of  crushing  strength. 
77,000  lbs.  per  sq.  foot,  the  factor  of  safety  is  14. 
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295.  An  empty  circular  cylinder,  7  feet  inside  diameter,  with  a  shell  12  to  13  inches 
thick  of  brickwork  2}  times  as  dense  as  water,  will,  if  completely  submerged, 
remain  at  rest  in  neutral  buoyancy  at  any  depth  and  in  any  position.  If  the  axis 
be  vertical,  the  surface  of  stress  is  the  circular  cylinder  up  the  middle  of  the  brick- 
work (fig.  264).  But  what  is  most  remarkable  is  that  this  is  still  the  surface  of  stress 
if  the  axis  be  horizontal  (fig.  266).  It  follows,  by  induction,  that  it  is  the  surface  of 
stress  for  all  positions,  so  that  there  is  no  tendency  for  the  tube  to  collapse  under  th» 
external  water  pressure,  though  it  float  in  any  position  whatever,  completely  sub- 
merged. 

296.  If  the  cylinder  be  made  of  a  metal  very  much  denser  than  water,  it  would 
be  a  thin  shelly  and  there  would  be  no  necessity  to  distinguish  between  the  inside 
and  outside  diameters.  Thus  a  platinum  circular  shell  need  only  have  a  thickness 
one-twentysecond  part  of  half  its  radius,  so  as  to  displace,  when  empty,  its  own 
weight  of  water.  Such  a  shell  might  be  8*8  inches  in  diameter,  and  0*1  inches 
thick.  Let  it  be  submerged  with  its  axis  horizontal,  the  water  being  kept  out  by 
face  plates  at  the  ends  of  the  same  density  themselves  as  water.  There  is  no 
tendency  for  the  cylinder  to  collapse  even  if  it  were  made  in  staves  like  a  barrel. 
The  staves  might  be  hinged  together,  and  die  whole  covered  with  a  thin  coat  of 
water-tight  material,  the  hinges  to  have  a  little  stiJffness  to  give  slight  stability  to 
the  equiHbrium. 

297.  If  this  hinged  cylinder  were  split  into  two  semicircular  troughs,  one  of 
them  would  float  with  the  water  up  to  its  lip,  and  remain  semicircular  in  form  in 
perfect  equilibrium  if  only  the  hinges  have  a  little  stiflhess  to  give  stability.  In 
the  same  way  two  vertical  plates,  submerged  in  and  excluding  water  from  between 
them,  might  be  arched  over  and  inverted  under  with  the  two  semicircular  troughs.* 

The  practical  importance  of  Exs.  293,  294,  and  295, 
where  the  shell  by  its  very  thickness  in  proportion  to  its 
radins,  and  by  the  very  density  of  the  brickwork,  corrects  the 
tendency  of  the  extern  fluid-load  to  distort  its  circular  form,  will 
appear  when  the  conditions,  in  which  culverts,  sewers,  and  inverts 
are  usually  built,  are  considered.  The  circular  form  recommends 
itself  in  situations  where  great  strength  is  required,  the  simplicity 
of  this  form,  too,  lends  itself  to  good  workmanship.  The 
surrounding  load  is  due  to  earth,  loose  or  more  or  less  consoli- 
dated and  in  a  transitional  unsettled  state.  With  the  gathering 
of  water  sapping  the  earth  close  to  the  brickwork,  the  external 
load  becomes  more  and  more  like  a  fluid  had;  and  it  is  well  that 
the  very  increased  thickness  of  shell  required  in  such  exposed 
situations,  to  give  extra  strengthy  should  at  the  same  time  render 
the  equilibrium  more  secure. 

*  This  theorem  of  the  equilibrium  of  the  thin  horizontal  empty  circular  cylinder, 
displacing  its  own  weight  of  fluid,  was  given  by  the  authors  in  a  letter  to  Nature, 
of  IStli  February,  1897.  From  some  private  correspondence  with  scientific  men 
interested  in  it,  it  appears  as  if  the  theorem  were  new  to  hydrostatics.  ^  From 
criticism  of  the  method  of  conjugate-load-areas  employed,  it  seems  as  if  this 
elegant  method,  especially  lending  itself  to  graphical  construction,  were  little 
known  or  understoiod.  The  theorem  can  be  proved  by  the  strict  but  laborious 
methods  of  the  integral  calculus.  See  letter  on  Polygonal  Shells,  Nature^ 
Ist  May,  1902. 
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SlERSOSTATIC  BiB. 

This  is  the  name  by  whioh  Bankine  calls  the  most  general 
oase  of  a  rib  balanced  by  two  conjugate  loads :  see  his  Applied 
Mechanics,  p.  198.  Three  quantities  are  involved,  the  shape  of 
the  rib  and  the  shapes  of  the  two  component  conjugate-load - 
areas  equivalent  to  the  actual  distribution  of  the  uniplanar  load, 
these  two  may  be  either  oblique  or  rectangular.  The  theorem 
is  that  it  is  sufficient  and  necessary  to  give,  either  implicitly  or 
explicitly,  two  of  these  shapes  to  find  the  third.  In  most  cases 
the  solution  ends  in  integrals  which  can  only  be  approximated 
to  very  roughly  and  with  great  labour. 

We  are  confining  ourselves  to  the  particular  case  where  the 
ribs  are  complete,  that  is  they  are  horizontal  at  the  crown,  and 
vertical  at  the  springings.  The  conjugate  loads  are  vertical  and 
horizontal,  and  the  two  quadrants  are  symmetrical.  For  one 
quadrant  the  load-areas  stand  on  finite  bases,  the  base  or  platform 
of  the  vertical-load-area  being  the  half-span  of  the  rib  and  the 
nse  of  the  rib  being  the  base  or  platform  of  the  conjugate 
liorizontal-load-area.  We  have  already  solved  two  important 
examples  (figs.  264  and  265)  by  the  geometry  of  the  areas.  One 
was  the  direct  problem :  given  the  shapes  of  the  rib  and  the 
vertical-load-area  to  find  tne  shape  of  the  horizontal-load-area. 
In  the  other,  the  shape  of  the  rib  is  given  and  the  shape  of 
the  horizontal-load-area  assumed,  and  a  suitable  vertical  load 
built  up  in  two  portions :  this  is  the  inverse  problem.  We 
established  a  rule  for  building  up  these  areas,  namely,  that  the 
shaded  portions  of  the  areas  should  be  in  the  same  propor- 
tion as  the  sine  and  cosine  of  the  slope  of  the  rib. 

The  platform  for  the  vertical  load  is  always  finite,  even  in  the 
most  general  case,  being  the  half-span  of  the  rib ;  the  whole 
area  to  be  built  on  it,  too,  is  also  finite,  but  for  some  distributions 
of  the  load,  the  height  of  the  area  will,  at  some  points,  be 
indefinitely  great.  For  instance,  the  portion  of  the  vertical 
load  on  fig.  265  shaded  inside  the  rib  would,  if  distributed  in  an 
equivalent  way  on  the  horizontal  platform,  reach  up  to  infinite 
heights  over  the  springing  points.  The  whole  horizontal-load- 
area  is  finite  in  the  general  case  ;  for  it  equals  the  thrust  at  the 
crown  of  the  rib,  whioh  again  depends  on  the  product  of  the  radius 
at  crown,  and  intensity  of  vertical  load  there,  both  of  whioh  are 
always  finite.  But  it  is  evident  that  the  base,  or  vertical  plat- 
form on  which  the  horizontal-load -area  stands,  will  reach  down 
indefinitely  if  the  rib  only  approximate  to  the  vertical,  without 
ever  being  absolutely  so,  as  you  travel  out  from  the  crown. 
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Notwithstanding  these  diffioulties  in  the  way  of  actually  drawing 
the  two  areas  in  some  oases,  the  mind  can  oonoeive  of  them  as 
drawn.  Let,  in  the  most  general  oase,  the  two  finite  areas  be 
drawn,  and  part  of  each  shaded  as  shown  on  fig.  264,  where  the 
rib  is  any  shape  symmetrical  about  the  vertiofll  through  A,  and 
P  and  Q  have  any  shapes  for  which  the  rib  balances.  If  B 
shift  a  little  further  out  from  the  crown,  0  increases  by  dO,  P 
increases  by  dP^  a  little  parallelogram  of  height  p  standing  on  a 
base  dxy  while  Q  grows  smaller  by  dQ^  a  little  parallelogram  of 
breadth  q  standing  out  horizontally  from  the  base  dy.  The 
inter-relation  of  these  increments  is  the  quite  general  solution 
of  the  Stereostatic  Arch. 

Gtiven  the  rectangular  equation  to  the  curve,  with  the  axis  of 
X  horizontal,  and  that  of  T  vertical.  Given  also  the  vertical- 
load-area  so  that  P  is  known,  and  how  it  changes  as  we  shift 
from  point  to  point.  Let  q  be  the  unknown  breadth  of  the 
horizontal-load-area  at  the  level  of  B.  Let  B  shift  out  a  little 
and  the  decrement  of  Q  is  the  small  parallelogram  dQ  =  q,  dy. 
Also  Q :  P  : :  cos  e  :  sin  e  or  Q  =  P  cot  e.     So  that 

horizoktal-load-area  for  semicircular  bib,  loaded 

Uniformly  along  the  Eib. 

A  quadrant  ACB  is  shown  on  fig.  266.  It  is  convenient  to 
take  the  intensity  of  the  uniform  load  along  the  rib  as  half 
a  radius.  We  may  suppose  it  to  consist  of  a  ring  of  material 
ol  unit  density,  with  a  uniform  thickness  ^r,  so  that  the  area  of 
the  part  of  the  ring  loading  any  arc  AC  i%  equal  to  the  area 
OA  C,  subtended  by  the  arc  of  the  rib  at  its  centre.  By  the  rule 
for  the  thrust  at  crown,  we  have  H^^ «  ^r  .  r  =  \i^.  This  must 
be  the  area  of  the  total  horizontal-load-area  ahkd,  standing  on 
the  platform  ad  =  r.  On  fig.  264,  if  the  intensity  of  the  load 
spread  on  the  horizontal  platform  werep  =  iiJ,  theng  =  ifl,  and 
the  total  horizontal-load-area  would  be  ^R^^  the  same  in  each 
oase.  In  this  new  case,  however,  the  boundary  bhk  no  longer 
maps  out  a  parallelogram. 

Suppose,  at  first,  the  rib  is  balanced  under  the  uniform  load 
along  the  rib  alone.  Its  shape,  the  catenary,  would  be  peaked 
«t  the  crown  A.  If  it  were  deliberately  pulled  into  a  semicircle, 
-each  pair  of  points  on  one  level,  except  the  springing  pair,  have 
been  pulled  further  apart,  giving  the  load  an  advantage  to 
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spread  the  rib.  The  horizontal  load  must,  at  each  level,  pre8& 
inwardSy  to  prevent  the  spreading,  most  violently  at  the  springing 
level,  and  decreasing  gradually  till  it  is  least  at  the  crown  level. 
To  find  fvy  the  breadth  of  the  horizontal-load- area  at  the  level 
of  any  point  C  on  the  rib,  we  have  for  the  vertioal-load-area 
from  the  orown  A  outwards  to  C,  a  ring  of  breadth  ^r,  and 
whose  length  is  «  =  -40  the  arc.  With  i  for  the  slope  of  the- 
ourve  at  C. 

P  cot  i  =  -  i  cot  i ;  —  (P  cot  i)  =  77(cot  i  -  i  coseo*  t). 
Z  at  4 

. ,  ,      dt/  .     .  di         -I 

y  =fd  =  1*  cos  i;   -jr  =  -  r  sm  i ;      and     -r-  = 


di  dy     r  sm  % 

So  that  irrespective  of  sign  the  value  of /&  is 

,  =  |(PcotO=,^.(PcoH)| 
=  ^  (cot  %  -  *  cosec'  i) 


2  r  sin  t 

sin  i  COS  i  -  i 


r 


2  sin'  i 

This  can  be  modified  into  a  form  more  convenient  for  calcula-- 
tion,  as  it  is  engraved  on  fig.  266, 

.        2i  -  sin  2t  ,^. 

o  sm  t  —  sm  6% 

To  find  q^^  ba  =  -^r,  the  breadth  of  the  area  at  the  level  of 
the  crown  -4,  we  must  substitute  i  «  0,  when  the  coeflBcientof  r 
takes  the  indeterminate  form  of  the  ratio  of  zero  to  zero.  The 
numerator  and  denominator  are  to  be  differentiated  separately 
and  t  =  0  substituted,  which  has  to  be  repeated  three  times  when 
the  ratio  becomes  determinate.     For  i  =  0,  we  have 

^.     2t  -  sin  2t         _.,      2-2  cos  2»  ^,  4  sin  2t 


3 sin  i  -  sin  3t  3  cos*  -  3  cos  3*  -  3  sin  i  +  9  sin  3f 

^  j.^  8  cos  2i  ^  1 

-3cosi  +  27cos~3i "  3' 

or  this  may  be  found  by  substituting  the  series  for  the  sines. 
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The  value  otoi-  kd^^  -r  r,  the  breadth  of  the  area  at  the 

4 

BpriDging  level  B  is  found  by  substituting  i  =  - .     Since  kd  acts 

normal  at  J?,  and  is  the  total  external  load  on  the  back  of  the 
rib  there,  by  the  rule,  the  vertical  thrust  along  the  rib  at  B 
must  equal  the  product  of  kd  and  the  radius.  But  the  thrust 
at  J8  is  the  area  of  the  quadrant  of  the  ring-area  whose  thick- 
er 
ness  is  ^r,  that  is,  an  area  ^r  ^  jz  r^  and  from  this  the  value  of 

kd  is  found  by  dividing  out  the  radius. 

The  breadths  of  the  horizontal-load-area  at  ten  equidistant 
points  of  ad  are  found  by  substituting  in  the  expression  for  fv^ 
ten  values  of  the  angle  t,  whose  cosines  are  0, 1,  2, 3,  4, 5,  6,  7,  8, 
and  9  ninihs  of  r  the  radius,  respectively.  They  are  marked  on 
fig.  266.     They  are— 

•333r,  •357r,    •386r,     •416r,     -452^     -495^     •547r, 

•333r,  -361^     •388r,     •416r,     •444r,     -SOOr,     -SShr^ 

•609r,     •688r,  and     '785r. 

•6lir,     •666r,  and    -777^ 

The  first  row  gives  points  on  the  boundary,  which  is  a  gentle 
curve,  the  second  row  are  the  breadths  to  a  boundary  mappings 
out  the  area  with  three  straight  lines  bg,  gly  and  Ik.  The  first 
extends  downwards  for  4  ninths  of  the  radius,  giving  a  breadth 
of  3  and  4  ninths  of  the  radius  at  b  and  g^  the  second  extends 
downwards  for  4  ninths  of  the  radius,  giving  a  breadth  of 
6  ninths  at  /,  and  the  last  extends  downwards  the  remaining 
ninth  of  the  radius,  and  gives  the  final  breadth  of  7  ninths  at 
k.  This  approximate  boundary  begins  with  the  proper  breadth 
one-third  of  the  radius  at  the  top,  and  encloses  the  exact  area 
ir',  which  may  be  found  by  counting  the  number  of  squares  on 
the  paper,  square-ruled  with  the  sides  a  ninth  of  the  radim.  Thus 
by  encloses  14,  gl  encloses  20,  and  Uc  encloses  6^  squares,  in 
all,  40^  squares ;  but  each  square  is  r'  v  81,  so  the  whole  area 
included  is  ^r*.  It  is  called  shortly  the  treble-batter-boundary 
bglk,  and  may  be  seen  clearly  near  the  centre  of  fig.  266,  drawn 
in  dotted  lines  with  the  batters  written  upon  them.  Beginning 
at  b  on  the  crown  level,  bg  is  drawn  with  a  baiter  ofl  in  U  for 
the  first  4  ninths,  then  gl  with  a  baiter  of  1  in  2  for  the  next 
4  ninths,  and  lastly,  Ik  is  drawn  with  a  batter  ofl  in  1  for  the 
remaining  ninth  of  tlie  radius. 
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THE  Area  between  Itself  and  a  Horizontal  Straight 
Line  over  rr. 

Let  ACB  be  the  circular  quadrant,  and  DE  the  horizontal 
extrados  (fig.  266).  Suppose,  for  a  little,  that  besides  the  shaded 
Yertical-load-area  bounded  thus,  there  were  also,  as  on  fig.  265, 
a  uniform  load  along  the  rib  of  intensity  tialfa  radius.  Then 
the  46°  slope,  or  1  to  1  batter  wo,  gives  the  horizontal-load-area 
for  the  joint  loads.  Now  remove,  on  fig.  266,  the  load  along  the 
rib,  and  at  the  same  time  remove  the  corresponding  horizontal- 
load-area  abglkdy  it  is  to  be  drawn  on  the  same  base  ady  and  to 
be  supposed  to  gravitate  horizontally  outwarda  from  the  rib, 
while  the  area  already  drawn  gravitates  horizontally  intcards 
towards  the  rib.  Hence,  for  the  given  vertical-load-area  between 
the  rib  and  the  straight  extrados,  the  horizontal-load-area  lies 
between  the  1  to  1  batter  uo^  and  the  curve  approximated  to  by 
the  treble-batter  bgik.  In  form  it  is  like  a  figure  eight,  as  these 
two  boundaries  generally  cross  each  other  at  a  point  p.  The 
part  below  j9  gravitates  horizontally  inwards^  and  is  to  be  reckoned 
as  positive ;  the  part  above  p  gravitates  horizontally  outwards^ 
and  is  negative.  They  are  to  have  the  same  density  as  the 
given  vertical-load-area. 

Allowance  for  the  Excess-weight  of  a  Masonry-ring  of  Uniform 
thickness. — It  is  Bankine's  practice  in  the  masonry  arch  to 
assume,  as  a  first  approximation,  that  the  line  of  stress  is  along 
the  soffit.  In  the  meantime  we  follow  this  practice  in  fig.  266, 
so  that  the  quadrant  of  the  circle  is  at  once  the  soffit  of  the 
masonry-ring,  the  intrados  of  the  vertical-load-area,  and  the 
linear- rib  or  line  of  stress.  It  will  be  seen  that  the  weight  of 
the  masonry-ring  has  been  included  in  the  vertical-load-area, 
just  as  if  it  were  of  the  same  density  w  as  the  superstructure. 
It  is  usually  fifty  per  cent,  denser,  and  its  uniform  thickness, 
see  tg  =  -|^r,  on  the  figure,  may  be  taken  as  a  fifteenth  of  the 
radius  of  the  soffit,  and  although  its  area  lies  wholly  above  the 
soffit  it  may  be  assumed  to  act  along  it  in  the  meantime.  We 
have  then  to  consider  an  additional  vertical  load  uniformly 
spread  along  the  rib,  and  mapped  out  by  two  concentric  circles 
at  a  distance  apart  ,-^/',  and  of  density  iw.  But  this  is  the 
same  as  if  the  two  concentric  circles  were  at  a  distance  apart 
one-fifteenth  of  a  ha{f-radiusy  and  the  area  of  the  full  density  w. 
This  is  exactly  one-fifteenth  of  the  load  which  for  convenience 
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we  assumed  along  the  rib,  and  the  removal  of  which  introduoed 
tlie  treble-batter  hglk.  It  is  only  necessary,  then,  to  restore  a 
fifteenth  part  of  the  area  ahglkd  by  pricking  back  bb'  «=  -^ba  and 
]ck'  =  -^kd^  and  similarly  at  g  and  /,  and  drawing  the  dotted 
treble-batter  instead.  Or  shortly,  with  the  line  of  stress  assumed 
to  be  along  the  soffit,  an  allowance  is  to  be  made  for  a  masonry- 
ring  of  an  excess  density  of  50  per  cent.,  and  of  a  uniform 
thickness  a  fifteenth  of  the  radius  by  receding  the  treble-batter 
boundary  one-fifteenth. 

Allowance  for  the  Excess-weight  of  a  Masonry-ring y  Thickening 
outwards  from  Keystone  to  Skewbacks. — In  the  best  French  and 
English  practice,  the  skewbacks  of  the  segmental  circular  arch 
are  from  once  and  a  half  to  twice  as  thick  as  the  keystone.  It 
depends  in  part  on  the  size  of  the  segment,  and  it  will  answer 
all  purposes  to  suppose  the  masonry-ring  included  between  two 
slightly  excentric  circles,  with  their  centres  on  one  vertical  line, 
with  their  crowns  at  a  distance  apart  ^o  cu^d  the  pair  of  points 
^0°  out  from  the  crown  2t^  apart  nearly.  They  are  shown  on 
fig.  266,  by  the  soffit  and  the  upper  dotted  circle.  The  lower 
dotted  circle  is  concentric  with  tne  soffit,  and  we  have  already 
considered  the  excess-weight  of  that  part.  Consider  now  the 
two  dotted  circles,  their  crowns  touch,  and  if  completed,  their 
greatest  distance  apart  is  at  their  lowest  points,  and  equals  the 
difference  of  their  diameters.  At  the  points  left  of  the  centre, 
their  distance  apart  is  half  as  much,  being  nearly  the  difference 
of  the  radii,  slightly  more  or  less,  according  as  we  measure 
along  a  horizontal  line  through  the  one  or  other  centre.  It  will 
be  seen  then,  that  the  distance  apart  of  the  two  dotted  circles 
on  fig.  266,  measured  along  the  radius  through  0,  at  any  angle 
%  out  from  the  crown  is  given  closely  by  2  =  2^o  (1  -  cos  t),  as 
at  the  three  cardinal  points  for  %  =  0,  90°,  and  180°  we  have 
s  =  0,  2^0,  and  4^o,  the  proportions  indicated,  while  with  i  =  60° 
we  have  z  =  ^0  as  required. 

An  element  of  the  area  between  these  dotted  circles  i&z  .  ds 
or  zrdiy  and  the  vertical-load-area  from  the  crown  out  to  t  is  the 
definite  integral  of  this  between  the  limits  0  and  t.     Hence 

P  =  r  Izdi'^^  2rto  J  (1  -  cos  t)di 
=  2rtu  [i  -  sin  i]  =  2^o  [f'i  -  r  sin  t] 
=  2^o[«-^].  (4) 

Interpreting  the  two  terms  separately  : — The  first  is  a  uni- 
form load  along  the  arc  equivalent  to  the  area  between  two 
concentric  circles  2to  apart ; — The  second  term  is  a  negative 
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load  uniform  along  the  span.  That  is  a  parallelogram  of  height 
2^0  to  be  taken  o/f  the  span.  But  since  the  excess- weight  is  only 
\iCy  each  of  the  uniform  loads  is  to  be  an  area  of  uniform 
breadth  t^^  and  of  the  normal  density  to^  the  one  added  along 
the  rib  and  the  other  taken  off  the  span.  The  corresponding 
conjugate-loads  we  already  know. 

On  fig.  266,  suppose  the  load  only  to  reach  up  to  the  hori- 
zontal through  the  crown  A^  that  is,  the  pair  of  parallelograms 
AE  and  ao  simultaneously  removed.  The  conjugate  horizontal- 
load-area  is  drawn  inside  the  arch  in  dotted  lines.  One 
boundary  is  the  dotted  45°  line  AgB^  and  the  other  the  dotted 
tieble-batter  boundary  bglk.  This  last  is  to  recede  -j^ths  of  the 
area  JO,  by  pricking  back  hV  =  -^bA  and  kk'  =  -^kOy  and 
similarly  at  g  and  /.  One-fifteenth  part  is  due  to  the  uniform 
part  of  the  ring,  and  the  other  two-fifteenths  to  the  first  term 
of  the  spread-out  part.  At  the  same  time  the  boundary  AB  is 
to  recede  -|Vth  of  a  radius  into  the  position  aV,  due  to  the 
second  term.  Lastly,  aV  is  to  be  added  on  when  we  restore 
ALE.  The  conjugate  horizontal-load-area  as  modified  for  the 
thickening -out  ring  is  shown  shaded,  Q^  is  the  portion  of 
it  pushing  in  below  ^",  while  Qg  ^  ^^^  P^  pulling  out 
above  p'\ 

Note  that  at  the  point  g,  where  the  two  dotted  boundaries 
cross,  the  effect  of  the  weight  of  the  thickening-out  part  of  the 
arch-ring  makes  both  boundaries  move  to  the  right  the  same 
distance.  For  the  one  moves  a  -j^th  part  of  r,  and  the  other 
-]^ths  of  the  breadth  of  the  figure  bOy  which  at  ^  is  almost  half 
of  r.  Hence  J?'  and^"  are  practically  at  one  level  whether  the 
ring  be  uniform  or  thicken  outwards. 

Note,  however,  that  the  assumption  that  the  area  between 
the  dotted  circles  acts  along  the  soffit  makes  the  approximation 
much  coarser  than  in  the  case  of  the  uniform  ring. 


Eankine's  Point  and  Joint  of  Rupture. 

We  are  now  in  a  position  to  define  Bankine's  point  of 
rupture,  and  to  exhibit  it  to  the  eye  by  our  graphical  construc- 
tion on  fig.  266.  The  point  p'  or  p"  projected  horizontally 
on  to  the  circle  gives  P  the  point  of  rupture,  that  is,  the  point 
on  the  rib  where  the  conjugate  horizontal-load  changes  sign. 
Below  P  there  is  required  a  thrust  Q^  on  the  back  of  the  arch, 
but  above  P  an  outward  pull  Qj.  The  angle  of  rupture  is  the 
slope  which  the  tangent  to  the  rib  at  P  makes  with  the  horizon^ 
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SiaflciRCULAR  Masonry  Arch. 

In  the  application  to  the  semioircular  aroh,  the  left  quadrant 
of  which  is  shown  on  fig.  267,  the  assumed  line  of  stress  is  the 
quadrant  an  with  the  centre  at  d,  and  having  a  radius  of  48  feet. 
It  is  taken  up  the  middle  of  the  masonry  ring,  which  has  a 
thickness  AD  =  t^^S  feet  at  the  keystone,  and  a  thickness 
twice  as  great,  ^2  =  6  feet  at  the  joint  near  C  which  is  60^  out 
from  the  crown  a.  So  far  the  ring  is  mapped  out  by  two 
eccentric  circles  as  already  explained,  one  is  the  soffit  AECB 
drawn  from  the  centre  S  with  radius  8A  »  43*5  feet,  and  the 
other  from  the  centre  e  with  radius  eD  »  52*5  feet.  Beyond  the 
joint  C  the  back  of  the  ring  is  stepped  to  receive  tlie  heavy 
backing,  and  the  ring  ceases  to  widen  out  any  further. 

From  a  the  middle  of  the  keystone  ab  is  laid  off  horizontally 
and  equal  to  one-third  of  48  the  mean  radius ;  then  bg  is  drawn 
at  the  batter  I  in  4  till  ^  is  at  a  level  ^-ths  of  48  lower  than  b ; 
next  gl  is  drawn  at  the  batter  I  in  2  till  /  is  |^ths  of  48  lower  in 
level  than  ^,  when  Ik  is  drawn  at  the  batter  1  in  1.  Also  agn 
is  drawn  though  a  the  crown  of  the  assumed  line  of  stress  at 
the  batter  1  in  1.  These  dotted  lines  are  readily  drawn  on 
squared-paper,  making  da  nine  sides,  they  include  the  conjugate 
horizontal-load-area,  neglecting  altogether  the  weight  of  the 
half  of  the  ring  below  the  assumed  line  of  stress,  and  the  excess 
weight  of  the  other  half  over  the  average  weight  of  the  super- 
structure which  is  w  lbs.  per  cubic  foot.  The  load  between  a 
horizontal  through  the  crown  a  and  the  formation  is  in  the 
meantime  also  neglected.  Now  the  arch-ring  is  to  be  built  of 
masonry  half  again  as  heavy  as  the  superstructure  so  that  the 
excess  density  of  the  lower  half  is  ^Wy  and  of  the  upper  half  it 
is  ^fT,  or  conjointly  the  excess  weight  of  the  arch-ring  is  w^  and 
as  this  is  twice  as  great  as  it  was  in  fig.  266,  the  boundaries  must 
now  recede  twice  as  much.  So  that,  on  fig.  267,  the  treble- 
batter-boundary  bglk  recedes  T^ths  of  the  area  into  the  position 
6T,  while  the  45°  boxmdary  an  recedes  -^ths  of  48  when  there 
is  added  to  it  a  parallelogram,  by  drawing  uo^  equal  to  the 
parallelogram  between  the  horizontal  through  the  crown  a 
and  the  formation  through  0,  which  is  at  a  height  aO  =  3  feet 
above  it. 

The  area  of  ph^Oy  the  positive  part,  is  readily  found  by 
measurement  or  by  counting  the  squares,  or  it  may  be  calcu- 
lated from  the  manner  in   which  it  was  constructed.     It  is 
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almost  exactly  400  square  feet,  so  that  Qi  =  iOOw  is  the  inward 
thrust  with  which  the  solid  baokiufi^  must  resist  the  tendency  of 
the  arch  to  spread  at  the  haunches.  For  this  purpose  the 
square-dressed  heavy  backing  must  stretch  out  at  the  springing 

{'oint  By  a  distance  s  =  12  feet.  For  the  weight  pressing  tlie 
racking  down  on  its  base  is  then  12  x  48fr;  and  taking  the 
coefficient  of  friction  of  masonry  on  masonry  at  '7,  the  frictional 
stability  of  the  backing  at  the  joint  J?  is  -F=  ^  x  12  x  48/r 
=  400«^  nearly.  The  level  of  this  heavy  backing  might  be  up 
to  the  point J5.  Above  this  level  the  conjugate  horizontal-load 
required  is  Qa  =  112w  outward,  and  if  it  were  practicable  to 
apply  this  in  any  way,  for  instance,  by  the  centring  which 
might  still  be  inside  the  arch,  then  the  line  of  stress  would  be 
the  circle  of  radius  48  feet  as  assumed,  and  the  thrust  at  the 
crown  Bo  =  Qj  -  Qjj  =  288tc.  This  is  exactly  the  value  of  JETo, 
got  by  the  rule  for  the  thrust  at  the  crown  of  the  circular 
linear  rib  of  48  feet  radius  with  the  normal  load  at  a  of  AO 
made  up  of  the  two  parts  DO  =  l'5w  and  AD  =  8  x  ^w^  in  all 
equivalent  to  6w?,  so  that  JT^  =  48  x  6«r  =  288tt7. 

In  practice  the  negative  part  Qa  of  the  horizontal-load-area 
has  to  be  left  out,  and  for  a  masonry  ring  of  uniform  thickness 
the  heavy  backing  may  come  up  to  the  level  of  p^  as  recom- 
mended by  Hankine.  He  gives  the  joint  at  45°,  as  being 
always  on  the  safe  side.  With  the  arch-ring  as  in  fig.  267,  we 
need  only  bring  the  backing  up  to  the  level  of  g,  as  the  very 
thickening  of  the  ring  outwards  is  sufficient  backing  down  to 
that  point.  It  will  be  seen  that  we  are  leaving  out  a  part  of 
the  positive  area  from  p  down  to  ^,  as  well  as  the  negative 
part  Qj.  This  positive  part,  shown  shaded  across  from  p  down 
to  g,  is  not  completely  left  out ;  it  is  only  applied  lower  down,  so 
that  the  whole  inward  thrust  Qi  =  400w7  of  the  square-dressed 
heavy  backing  is  applied  to  the  back  of  the  arch  between  the 
joints  B  and  C.  A  portion  of  the  negative  area  from  p  upwards, 
20w  is  also  shaded  across ;  equal  in  area  to  the  shaded  part 
below  ^.  In  this  way  we  determine  two  joints  of  rupture  E  and 
Cj  one  on  each  side  of  Rankine's  joint.  And  just  as  the  average 
position  of  his  joint  is  45°,  so  the  average  positions  of  our  pair 
are  30°  and  60   out  from  the  crown. 

The  leaving  out  of  the  horizontal  load  above  C  requires  the 
line  of  stress  from  that  joint  to  the  same  j^oint  on  the  other  side 
of  the  crown  to  be  modified.  For  want  of  the  outward  pull  Qa, 
the  arch  tends  to  shrink  horizontally  and  the  crown  to  go  up. 
This  brings  the  centre  of  stress  at  the  crown  joint  down  from 
the  bisecting  point  to  the  lower  trisecting  point.     As  the  thrust 
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JSTo  at  the  crown  is  now  greatly  inoreased,  we  must  divide  400w; 
by  AD  +  BO  or  Qwy  when  we  have  the  radius  of  curvature  of 
the  modified  line  of  stress  at  its  crown,  p^  =  67  feet.  A  circle 
swept  out  with  this  radius,  having  its  centre  on  the  vertical 
tlirough  the  crown,  and  beginning  at  the  lower  trisecting  point 
of  the  crown  joint  Ay  crosses  the  assumed  line  of  stress,  and 
approaches  the  upper  boundary  of  the  middle  third  of  the  arch- 
ring.  Consider  now  the  thrust  at  E^  the  upper  end  of  the 
portion  of  the  arch- ring  CE.  At  -B,  its  upper  end,  a  thrust  a 
little  greater  than  400tr  has  shifted  from  the  bisecting  point  to 
nearly  the  upper  trisecting  point  of  the  joint,  a  distance  nearly 
half  a  foot.  This  is  the  same  as  applying  at  Ey  the  upper 
end  of  the  block  CEy  a  left-handed  couple  400w?  +  i  =  200tr, 
and  takes  the  place  of  the  couple  20ir  x  9  feet,  constituted 
by  the  shaded-across  parts  of  the  horizontal -load- area,  above 
and  below  j9,  which  ought  to  act  on  the  back  of  the  block 
CEy  but  which  have  been  left  out  as  far  as  that  block  is 
concerned. 

Three  points  on  the  left  half  of  the  modified  line  ofatresSy 
fig.  267,  are  the  lower  trisecting  point  of  the  crown  Joint  Ay  the 
upper  trisecting  point  of  \hQ  first  joint  of  rupture  Ey  and  a  point 
slightly  above  the  middle  of  the  second  joint  of  rupture  C.  This 
is  to  be  verified  as  follows.  Consider  the  structure  rigid  from 
AtoCy  and  examine  whether  the  three  forces  acting  on  it  meet 
at  a  point.  Namely,  the  weiglit  of  the  structure  from  C  to  0 
680?c,  acting  vertically  downwards  through  the  centre  of  gravity, 
the  horizontal  force  H^  =  4:00w  acting  liorizontally  through  the 
centre  of  the  stress  at  the  crown  joint  assumed  to  be  its  lower  tri- 
secting point  and  the  oblique  thrust  at  the  centre  of  stress  of  the 
joint  (7  assumed  to  be  sensibly  at  its  middle  point.  Taking 
moments  about  this  last  point,  we  have  680w  x  13  feet  and 
400w  X  22  feet  sensibly  equal.  It  is  only  necessary  then  to  show 
that  the  whole  weight  from  A  down  to  (7  is  680w7,  and  the  centre 
of  gravity  15*4  feet  measured  horizontally  from  the  right  vertical 
boundary.  The  weights  and  leverages  of  four  parts  into  which 
the  area  OAC  can  be  divided  are  printed  on  the  right  half  of  the 
fig.  269.  A  simpler  way  is  to  take  half  the  depth  of  the  area  at 
each  end  and  five  intermediate  equidistant  depths  amplifying  by 
adding,  with  the  dividers,  to  the  depth  at  any  point  one-half  of 
that  part  which  crosses  the  ring,  its  density  being  50  per  cent, 
in  excess.  These  are  given  in  the  first  column  below.  The 
breadth  of  the  area  is  43  feet,  so  that  the  common  interval 
between  the  depths  is  7^  feet.  In  the  second  column  the  levers 
0, 1,  2,  3,  4,  5,  6  are  in  terms  of  the  common  interval.    The 


504  MASONRY  ARCHiSS. 

tliird  column  gives  the  products  of  each  depth  by  its  lever 
measured  from  the  right-hand  vertical  boundary: — 

12  0  00 

29  1  29 

20  2  40 

15  3  46 

9  4  36 

7  5  35 

3  6  18 

95  95^203 

7i  2-137 

7* 


680 


15'4  nearly. 
Deduct  2*4,  and  13  feet  is  the  horizontal  distance  from  C  to  the 
centre  of  gravity. 

The  sum  of  the  first  column  when  multiplied  by  7^  feet,  the 
common  horizontal  interval,  gives  the  area ;  and  the  quotient 
obtained  by  dividing  the  sum  of  the  third  column  by  the  sum 
of  the  first  column,  when  multiplied  by  7^,  gives  the  position  of 
the  centre  of  gravity. 

Again,*  consider  the  structure  rigid  from  ^  to  j^  when  the 
three  forces  must  again  meet  at  a  point:  namely,  287fr  vertical 
through  the  centre  of  gravity,  400m>  horizontal  through  the 
lower  trisecting  point  of  the  joint  -4,  and  an  oblique  force 
parallel  to  the  tangent  of  the  line  of  stress  acting  through  the 
upper  trisecting  point  of  E.  Taking  moments  about  this  last 
point,  we  have  4SiOw  x  7*5  ft.  and  287?i7  x  10*5  ft.  sensibly  equal. 

The  areas  and  levers  of  the  various  regular  figures  into 
which  the  area  under  consideration  can  be  divided  are  printed 
on  the  lower  part  of  the  right  half  of  fig.  267.  Or  taking  the 
amplified  depths  as  above  : — 
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In  this  way  we  have  indireotlj  designed  a  Segmental  Arch, 
the  half  span  of  soffit  being  37*5  feet,  the  rise  of  the  soffit  21*5 
feety  the  formation  level  being  4*5  feet  above  the  crown  of 
soffit,  or  otherwise  the  total  rise  of  the  formation  above  the 
springing  level  is  26  feet.  (See  the  right  half  of  fig.  267.)  We 
know  five  points  on  the  line  of  stress :  the  lower  triseoting  point 
of  the  crown  joint  Ay  the  upper  trisecting  points  of  the  first 
pair  of  joints  of  rupture  E  and  E  at  about  30°  out  from  the 
crown  one  on  each  side,  and  a  pair  of  points  slightly  above  the 
central  points  of  the  two  springing  joints  C  and  C.  These  five 
points  being  just  comfortably  located  in  the  **  Kernel/'  con- 
sisting of  the  middle  third  of  the  arch-ring,  we  will  prove 
that  the  line  of  stress  lies  wholly  inside  that  '*  Kernel/' 

It  is  not  sufficient^  as  Bankine  does  in  his  (7.  E.^  p.  421,  to 
insure  the  centres  of  stress  to  be  in  the  middle  third  of  crown- 
joint  and  his  (45°)  joint  of  rupture,  as  there  is  a  point  of 
maximum  curvature  on  line  of  stress  near  30°,  of  which  he 
was  unaware. 

light  elastic  rubble  spandrils  are  shown  riding  out  to  a 
stretch  of  s  -  7  feet  on  the  heavy  backing  or  abutments,  but 
they  only  exert  a  horizontal  reaction  when  the  live  load  comes 
on  the  opposite  half  of  the  arch.  They  can  offer  a  horizontal 
resistance  7  x  23fr  x  -7  =  113t/7.  Now  the  height  of  super- 
structure representing  the  live  load  \%l'bw\  this  when  multiplied 
by  po  or  67  feet,  gives  lOOtr,  the  excess  of  the  horizontal  thrust 
of  the  loaded  half  over  the  unloaded  half. 


Equilibrium  Eib  or  Transformed  Catenary. 

It  will  be  seen  on  fig.  267  that  the  modified  line  of  stress, 
in  the  segmental  arch-ring  C(7,  bears  only  a  vertical  load,  the 
bulk  of  which  is  given  by  the  area  included  between  itself  and 
the  formation  level.  The  remainder  of  the  load  is  spread  in  a 
very  similar  manner  because  of  the  thickening  of  the  arch-ring 
from  the  crown  outwards. 

The  curve  which  is  a  balanced  rib  for  the  vertical-load-area 
alone  included  between  itself  and  a  horizontal  straight  extrados 
is  known  as  the  Equilibrium  Curve.  Let  AB^  fig.  268,  be  a 
finite  arc  of  the  curve  balanced  under  the  vertical-load-area 
NOAB,  so  that  H  and  T  meet  at  the  same  point  g  on  JF, 
drawn  vertically  through  the  centre  of  gravity  of  that  area. 

IT  =  T  cos  e,  IT  =  T  sin  0,  W--H  tan  0.  Expressing  the 
area  by  an  integral,  and  the  tangent  of  the  slope  at  J?  by  a 
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differential  ooefiBoient 

wjydx~H-£, 

and  differentiating  each  side 

„<Py  ScPy 

«y-H^    or    y=-^, 

or  with  m'  as  a  short  name  for  — ,  the  differential  equation  to 

w 

the  equilibrium  ourve  is 

There  are  only  two  functions  of  x  which  differ  from  their 
original  values  by  a  constant  w',  when  differentiated  twice 
successively,  so  that  their  sum  is  the  general  solution  of  this 
equation.     It  is 

*  • 

y  =  -4€"»  +  Bz^.  (9) 

When        a;  =  0,  y  =  yo  «  0-4,        giving        y^^  A^-  B. 
By  differentiating  (9),  we  have 

tan  d  =  $^  =  i  lA^  -  A'«).  (10) 

ax     m  ^ 

Now  when    a?  =  0,     tan  d  =  0,     giving     0  =  ^-5,      so  that 
A  =  B  ^  iyoj  and 

or  ^  I  (11) 

t/  =  r  -^(tm-\-  e'm  ), 

where  y^  =  OA  is  put  equal  to  rm. 

If  r  =  1,  the  curve  is  the  common  catenary.  It  is  shown 
inverted  by  a  thick  line  on  fig.  268.  Any  other  of  the  curves 
can  be  described  by  dividing  the  ordinates  of  the  catenary  in  a 
constant  ratio  r.  The  catenary  might  be  drawn  on  a  sheet  of 
indiarubber  fixed  along  its  edge  OX,  and  previously  stretched 
in  the  direction  OF  only.     If  the  sheet  were  now  to  contract 
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in  that  direction  only,  the  catenary  would  become  in  succession 
the  Transformed  Catenaries  AB,  ac,  bdy  &o.  In  this  way  a  whole 
family  of  transformed  catenaries  is  derived  from  the  common 
catenary  by  assigning  a  succession  of  graduated  values  to  r,  the 
ratio  of  transformation.  There  is  only  one  such  family ^  for  the 
catenary  itself  like  the  circle  admits  of  no  variety,  you  may 
make  m  larger  or  smaller,  but  you  only  draw  the  catenary  to  a 
coarser  or  finer  scale.     It  is  therefore  convenient  in  tabulating 


'  e 


Fig.  268. 

numerical  values  of  the  different  dimensions  of  the  family  of 
transformed  catenaries  to  assign  to  m  the  value  Unity,  and  to  r 
a  series  of  fractional  values  graduated  at  close  intervals. 

If  the  curve  AB  with  its  tangents  Ag  and  Bg  be  trans- 
formed towards  ON  by  the  shrinking  of  the  stretched  sheet  of 
indiarubber,  it  is  evident  that  g  travels  on  a  vertical  locus.  It 
follows  that  the  centres  of  gravity  of  the  areas  from  ON  down 
to  hdy  to  acy  to  AB^  &c.,  all  lie  on  one  vertical,  and  the  same  is 
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true  of  the  areas  included  between  any  pair  of  the  curves. 
Hence  any  one  of  the  curves  is  a  balanced  rib  for  the  vertical- 
load-area  alone  between  any  other  pair. 

As  a  matter  of  fact,  bd  is  the  modified  line  of  stress,  in  the 
segmental  arch,  fig.  267.  Its  soffit  is  a  circle  coincident  nearly 
with  ac,  while  ONX  is  the  formation  level.  The  portion  of 
extra  density  lies  between  another  pair  of  which  ac  is  one ;  the 
other  being  a  curve  a  little  higher  than  bdy  but  not  shown  on 
fig.  268.  Of  course  for' this  comparison  between  the  figs.  267 
and  268,  the  scale  of  fig.  268  must  be  such  that  Oa  shall 
measure  absolutely  4*5  feet.  We  then  have  Ob  =  3*5  feet  =  yo, 
while  Pq  is  67  feet,  so  that  for  the  curve  bd  we  have  the  ratio 
t/o :  po=  '05  nearly. 

Now,  we  only  used  w'  as  a  convenient  abbreviation  of  JJi  -^  «^, 
that  is  the  thrust  at  the  crown  of  the  equilibrium  curve  expressed 
in  square  units  of  the  vertical-load-area  so  that  So  =  wm^y  but 
from  the  general  rule  for  the  thrust  at  the  crown  of  a  rib  we 
have  Ho  -  t^yopo,  bo  that  po^rn^  -^  t/o  =  m-r  r^  but  y©  ■=  rnif  bo 
that 

^  =  *-*  =  s.  (12) 

po 

That  is — The  important  ratio  «,  namely,  that  of  the  depth  of 
the  load  at  the  crown  to  the  radius  of  curvature  there,  is,  in  the 
transformed  catenary,  exactly  the  square  of  the  ratio  of  trans- 
formation. On  fig.  268,  AB  is  the  transformed  catenary  for 
which  «  =  ^.  All  the  members  of  the  family  of  curves  below 
this  are  like  the  catenary  or  parabola  in  this,  that  their  curva- 
ture is  sharpest  at  the  vertex.  They  are  of  little  importance  in 
their  application  to  arches. 

On  the  other  hand,  all  the  curves  for  which  8  is  less  than 
one-third  such  as  aCy  bdy  differ  in  form  completely  from  that  of 
the  catenary  or  parabola.  They  have  a  flat  curvature  at  the 
vertex  a  or  b.  The  curvature  becomes  sharper  and  sharper  as 
you  travel  out  from  the  crown  on  both  sides,  till  it  is  sharpest 
of  all  at  a  pair  of  points  on  each  curve,  one  on  each  side  of  the 
vertex,  one  of  the  pair  being  shown  with  a  little  ring  on  fig.  268. 
From  this,  as  you  go  outward,  the  curvature  begins  to  flatten 
till  s,t  d  OT  c  it  is  again  exactly  the  same  as  it  was  at  the 
crown.  This  finite  part  of  the  curve,  having  the  same  curvature 
at  its  middle  point  and  at  its  two  ends,  must  now  engage  our 
attention.  Beyond  d  ot  c  the  curves  flatten  indefinitely  out- 
wards. 
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Observe  that  the  value  a  =  ^»  which  divides  the  transformed 
catenaries  into  the  two  sets,  those  sharpest  at  the  crown  and 
those  flattest  at  the  crown,  corresponds  exactly  to  the  same 
value  of  s  in  fig.  266.  On  that  figure  s^^  makes  the  conjugate 
horizontal-load-area  wholly  positive.  So  that  in  an  example 
like  fig.  267,  but  with  the  formation  level  above  the  crown  of 
the  assumed  line  of  stress  by  a  third  or  more  of  its  radius,  the 
horizontal-load-area  would  be  wholly  positive  or  inwards.  If 
then  an  upper  part  were  left  out,  that  would  decrease  the  thrust 
at  the  crown,  so  that  the  modified  line  of  stress  would  sharpen 
at  the  crown  instead  of  fiattening.  In  bridge  practice  the  for- 
mation would  never  be  at  such  great  heights. 


The  Two-Nosed  Catenaries. 

We  have  ventured  to  use  this  name  for  the  important  part 
of  the  family  of  transformed  catenaries  having  their  ratio  of 
transformation  less  than  the  square  root  of  one-third.     We 


Directrix 


Fig.  269. 


shall  only  give  the  part  of  the  treatment  necessary  for  the 
construction  of  the  tables.  That  their  importance  is  appreciated 
is  shown  by  their  adoption  by  Professor  Howe  in  the  chapters 
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of  his  elegant  treatise  which  deal  with  the  masonry  arch.*  We 
are  indebted  to  the  courtesy  of  the  Boyal  Irish  Academy  for 
the  use  of  their  blocks,  and  especially  for  a  photo-block  from 
the  design  of  an  arch  by  this  method  engraved  on  a  grand  scale 
by  the  splendid  liberality  of  the  Academy,  t 
For  simplicity,  put  m  equal  to  unity,  and 

l  +  C-^H^ i 


im 


or 


sec»  e     (y'  +  1  -  f"")^ 
^  y  y 

3 

^  \y_2JLL    if    «»-l-r«  =  l-«. 

y 
dy  y* 

dy^  y^  "     ^  "^         '  dy  f 

Now  (2^  -  fl*)  =  0  makes  ;^  =  0,  and  as  a  first  step  makes 

if 

dy"  y 

a  positive  quantity  upon  a  further  substitution  from  2y'  -  tf '  =  0> 

Hence  2y*  -  a*  =  0  gives  the  values  of  y,  which  make  p  a 

minimum,  namely,  a  pair  of  points  symmetrical  about  the  crown 

•  **A  Treatise  on  Arches,"  by  MalTerd  A.  Howe,  C.E.,  Professor  of  Civil 
Engineering,  Rose  Polytechnic  Institute,  Terre  Haute,  Indiana.  New  York  : 
John  Wiley  &  Son.     I/ondon :  Chapman  &  Hall,  Ltd.,  1897. 

t  *'  On  Two- Nosed  Catenaries  and  their  Application  to  tlie  Design  of  Segmental 
Arclies,'*  by  T.  Alexander,  M.A.I.,  Professor  of  Engineering,  Trinity  CoUege^ 
Dublin,  and  A.  W.  Thomson,  B.Sc,  Lecturer  in  the  Glasgow  and  West  of  Scotland 
Technical  College,  Transactions  of  the  Royal  Irish  Academy,  Yol.  xxiz.,  Part  iii.^ 
1888. 
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or  vertex.  They  are  the  noBes,  and  are  shown  at  ^i  and  Iffx  on 
fig.  269.  The  abscissa,  ordinate,  slope,  and  radius  of  curvature 
of  the  '^  nose  "  B\  are  designated  by  a?i,  y^y  0i,  and  /oi.  If  pi  be 
produced  to  meet  the  vertical  through  0  at  Qi,  and  if  now  a 
circle  be  drawn  from  Qi  with  a  radius  Q,iBi  =  i^i,  it  will  touch 
the  curve  externally  at  its  two  "  noses."  This  is  the  described 
circle^  and  is  outside  of  the  finite  arc  B^AB^^  with  which  we  are 
concerned. 


Directrix 


Fig.  270. 

On  the  other  hand,  fig.  270  shows  a  circle  drawn  from  the- 
centre  Q^  with  a  radius  Q2B2  =  Rz  passing  through  the  three 
points  J?a»  Ay  and  B'2  of  common  curvature.  It  is  the  three- 
point  circle.  It  touches  the  curve  internally  at  -4,  and  sensibly 
touches  it  at  B^%  and  Btj  as  the  slope  of  the  curve  02  and  that 
of  the  circle  /3  at  B2  never  difEer  by  more  than  two  and  a  half 
degrees.  For  all  practical  purposes  this  circle  is  inscribed  in 
the  curve.  There  is  evidently  a  mathematically  inscribed  circle, 
but  its  equations  are  very  troublesome. 

For  the  described-circle,  we  have 


yi  = 


a 


y}    2 


Pi 
tan  01 


v^2      V    2 


Vi 


2 


-«), 


-y(y.'-«)=J^ 


l-3« 


(13) 

(14) 
(15) 
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So  that  when  «  =  ^  then  0i  -  0,  and  the  orown  is  the  sharpest 
point. 

Again,  by  adding  the  expressions  for  y  and  for  its  first  dif- 
ferential ooefficient,  we  get 

rt'  =  y  +  tan  8, 
a,  =  iog^-l_5^,         X,  =  log^/(l-«)  +  v/(l  -3*), 

T 

Ri  =  Xi  coseo  6i,  Fo  =  yi  +  Ei  cos  di  -  iJi. 

For  the  three-point  circle,  we  have, 
sec»e  =  py  =  pv/(r»  +  tan'O). 
sec*  0  = /aM'**  +  tan»  0), 

but    />»  =  Po  -  -  =  -7;     aiid    y,  =  r  =  -/« ; 

.:     t*  seo*  d»  =  r"  +  tan'  &„ 

1      6eo*g.-l 
^'  r*  "  seo'  tf,  -  1' 

or  -  =  8ec««l,  +  8eo'e, +  1  =^-  (16) 

8  f/o 


Solving  this  like  a  quadratic  equation 


(17) 


So  that  when  s  =  i^  then  6%  =  0,  and  B2  comes  to  the  crown  just 
as  Bi  did.    Also 

y«  =  \/«  sec'Oj, 

-      /y'     tan  flA  Z'     .  n      tan  0,' 

X,  =  log(^-  +  — — j  =  log  (^sec»  ft  +  — 

As  ft  «  /3  nearly 

1  jBt 

-7  =  sec'  ft  +  sec'  ft  +  sec  ft  =  —  (18) 
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By  Euc.  iu.  36      ar%  -  (y,  -  y,)  \2R^  -  (y,  -  ^o) }, 


Rt 


^. 


f-s/^ 


2(y.  -  v/«)  2     ^ 

So  =■  y©  ~  ^o> 

where  A  =  JK,  -  i2i  +  8o.       (See  fig.  271.) 

Table  A,  for  each  assigned  value  of  s^  the  following  ten 
qnantities  are  oaloulated  by  the  above  equations  in  the  order  y^y 
p„  8„  Ru  Fo,  pt,  or  po>  ^»>  -R»>  So,  8t.  The  values  assigned  to  « 
are  at  equi-distanoes  apart. 

Table  A. 


> 

11 

II 

Bi 

02 

-Ri 

w 

«B 

1^2 


Pl 


il 


n 


8o 


S2 


v* 


333 
260 
180 
170 
160 
160 
140 
130 
120 
111 
100 
090 
080 


070 

32 

063 

32 

060 

33 

040 

33 

000 

86 

o 

0 


19 
26 
26 
27 
27 
28 
28 
29 
30 
30 
31 
31 


o 
0 


28 


39 
41 


42 


44 


46 


46 


48 
49 
61 
62 
64 
66 
67 
69 


61 


90 


1-73 
1-97 


2-24 


2-29 


2-34 


2-39 


2-44 
2-60 
2-67 


2-63 


2-72 
2-80 


2-89 


3-00 
3-09 


3-28 


3-46 


00 


1-73 


1-98 


2-26 


2-30 


2-36 


2-40 


2-46 


2-61 


2-58 


2-63 


2-72 
2-80 


2-88 


2-99 


3-07 
3-24 


3-40 


00 


2  L 


1-73 
1-94 
2-13 
216 
2-18 
2-20 
2-23 
2-26 
2*28 
2-30 
2-33 
2-36 
2-39 
2-41 
2-43 
2-46 
2-49 


1-73 
2-00 
2-36 
2-42 
2-60 
2-68 
2-67 
2-77 
2-88 
3-00 
3-16 
3-33 
3-63 
3-77 
4-00 
4-47 
6-00 


2*60   00 


577 
600 


424 


412 
400 
387 
374 
360 
346 


333 


316 


300 
282 


264 


260 
223 


200 


000 


677 
499 
419 
406 


392 


378 


363 


347 
330 
313 


292 


270 
247 


220 


199 


166 


116 


000 


000 


004 
006 
007 


009 


on 


013 


016 


019 


024 
029 
036 


043 


061 


066 


084 


000 


000 


002 
003 
004 
006 
006 
008 
010 
012 


016 


019 
026 


032 


039 


064 


073 
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Fig.  271  shows  the  finite  arc  B%BxAB^iB^t  sandwiched 
between  the  arcs  of  these  two  circles,  and  So  =  ^o  -  I^  is  their 
disttmoe  apart  at  the  crown,  while  Sa  is  their  distance  apart  at 


gg^-V^ 


For  Yaiues  of  8 
from  '3  to  '02  the 
CIrcuiar  Area  ConvergB 

4  K^h^^h 


Q,   Pole 
Fig.  271. 

^ach  end.  These  distances  are  so  small,  that  as  far  as  being  the 
boundary  of  a  load-area  the  arc  of  the  three-point-circle  is  prac- 
tically the  same  as  the  finite  arc  of  the  two-nosed  catenary 
Itself.     The  dotted  curve  should  pass  through  A. 

Tables  for  the  Immediate  Design  of  Segmental  Arches. 

Table  B  (p.  518,  ^^  aeq.)  is  derived  from  Table  A  (p.  613) 
line  by  line  by  dividing  the  linear  quantities  in  Table  A  by 
the  value  of  ^i.  Batios  r,  «,  0i,  and  0%  are  unaltered.  The 
description  of  the  table  is  fully  given  on  the  face  of  it. 

In  the  Supplementary  Table  Bi,  the  thickness  of  the  key- 
stone U  is  made  equal  to  3So-  (See  DA  on  fig.  272.)  This 
confines  the  line  of  stress  to  a  "  kernel,"  which  is  the  middle 
third  of  the  arch-ring.  The  upper  limit  of  this  "kernel"  is  the 
described-circle  of  the  line  of  stress.  It  is  still  the  described- 
circle  of  the  new  line  of  stress  due  to  a  uniform  live  load  all 
over  the  span,  which  is  equivalent  to  raising  the  directrix. 
The  depth  of  the  crown  of  the  soffit  from  the  formation-level  or 
directrix  is  rf  =  ^o  +  ^o*  (See  OA  on  figs.  267  and  272,  and 
oa  on  fig.  268.)  The  soffit  is  the  three-point-circle  of  a  lower- 
down  member  of  the  same  family  as  the  line  of  stress  itself. 
This  is  accomplished  as  follows.     In  any  line  of  Table  Bi,  take 
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the  value  of  dj  which  divide  by  the  value  of  m  iu  that  line 
produced  into  Table  B.  Look  for  the  quotient  in  Table  A, 
under  the  heading  t/f^ ;  take  the  corresponding  value  of  E2  and 
place  it  in  Table  Bi,  under  the  heading  i2,  but,  of  course,  first 
multiplying  by  m.  The  .rise  and  span  of  the  soffit  are  ^  =  jR 
vers  0s,  and  2c  =  2i?  sin  02- 

The  quantities  engraved  on  fig.  272  correspond  to  those  set 
down  on  the  fourth  line  from  the  bottom  of  Tables  Bi  and  B, 
only  multiplied  each  by  50-07.  This  line  will  serve  to  explain 
the  construction  of  the  Table  Bi,  while  inspection  of  fig.  272 
may  help  to  make  it  clear.  The  position  of  the  line  fourth 
from  the  bottom  is  designated  as  the  line  on  Table  Bi  with 
8  =  "05.  In  the  third  column,  104  is  the  maximum  multiplier 
which  may  be  used  on  the  linear  quantities  in  this  line  that  there 
may  be  a  factor  of  safety  10  against  crushing  a  sandstone-key. 
First,  the  thrust  at  the  crown  w^rf  x  p^  =  140  x  -089  x  1-3634  = 
16-987,  and  dividing  this  by  t^  =  '061,  the  number  of  square 
feet  exposed  to  it,  we  get  the  average  thrust  on  the  crown-joint 
to  be  278  lbs.  per  square  foot.  Multiplying  by  2,  as  the  maxi- 
mum is  double  the  average  (see  fig.  263),  the  maximum  stress  on 
the  cheek  of  the  sandstone-key  is  556  lbs.  per  square  foot.  Now 
this  increases  directly  with  the  multiplier  used  ;  hence  dividing 
556  into  57,600  lbs.  per  square  foot,  the  resistance  to  crushing 
of  sandstone  allowing  a  factor  of  safety  of  10,  we  get  104. 
Any  smaller  multiplier  gives  a  factor  of  safety  proportionately 
greater.  Thus  on  fig.  272,  the  multiplier  being  50*07,  gives  the 
factor  of  safety  20.  In  the  fourth  column  156  feet  is  the  maxi- 
mum span  between  the  points  of  rupture  for  a  sandstone  bridge 
with  its  proportions  as  on  that  line ;  it  is  2c  =  1*498  multiplied 
by  104.  The  first  two  columns  are  the  same  numbers  divided 
by  three  for  strong  brick,  while  the  fifth  and  sixth  columns  are 
the  same  numbers  doubled  for  granite.  Befer  to  p.  477  under 
"  strength."  In  column  seven  {d  -  t^  =  -028  is  the  surcharge ; 
it  is  DO  on  fig.  272,  and  should  be  only  sufficient  to  make  a  soft 
bed  for  the  railway  that  the  sleepers  may  not  hammer  the  top 
of  the  keystone. 

It  only  remains  to  explain  how  ^2  =  '123,  the  thickness  of 
the  voussoir  at  the  joint  of  rupture  sloping  at  0s,  that  is  at  the 
skewback  or  springer  of  the  segmental  arch,  is  obtained.  The 
radius  of  the  deBcribed-circle  (fig.  272),  as  given  on  the  fourth 
lowest  line  of  Table  B  is  1.  Also  QA  ^  li»  '869  is  the  radius 
of  the  soffit.  If  now  a  circle  were  drawn  from  the  centre  Q, 
concentric  with  the  soffit  and  touching  the  described  circle  at  the 
crown,  its  radius  would  be  [R  +  28o)  =  '869  +  2  x  -0204  =  -9098. 

2  L2 
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Here,  then,  we  have  two  oiroles  touching  at  the  crown,  the 
described-cirole  itself  of  radius  1,  and  the  circle  concentric  with 
the  soffit  of  radius  *9098,  just  like  the  two  dotted  circles  on 
fig.  266.  By  the  approximation,  page  496,  the  distance  apart 
of  these  two  eccentric  circles  at  the  springing  (fig.  272)  is 
the  difFerence  of  their  radii  multiplied  by  (I  -  cos  02)  where 
Ot  =  59°  31'.     Putting  Z  for  this,  we  have 

Z=  (1  -  -9098)  (1  -  -5073)  =  -044. 

Add  to  this  the  distance  between  the  soffit  and  the  circle  we 
drew  concentric  to  it,  namely  28o  =  2  x  -0204,  we  have  '084  the 
distance  between  the  soffit  and  the  described-circle  at  the  springing 
joint  on  fig.  274.  Increasing  this  by  50  per  cent.,  we  get  ^2=*126 ; 
and  by  a  closer  approximation  we  make  U  =  '123. 

The  thickening  of  the  arch-ring  from  to  at  the  crown  out- 
wards to  ti  at  the  springing  (lower  joint  of  rupture)  by  this 
tabular  method  insures  that  the  line  of  stress,  beginning  at  the 
fotrer  trisecting-point  of  the  crown-joint  A  (fig.  272),  just 
reaches  the  upper  trisecting-point  of  the  joint  M  (higher  joint 
of  rupture  at  33^6')  ;  then  it  comes  back  into  the  white-kernel. 

This  thickening  makes  the  extra  load  due  to  the  excess 
density  of  the  ring  suited  to  the  line  of  stress,  since  the  two 
circles  embracing  the  voussoirs  are,  approximately,  for  boundary 
purposes,  two  members  of  the  same  family  of  transformed 
catenaries  as  the  line  of  stress  itself.     (See  top  of  page  508.) 

The  Tables  Bs  and  Bs  are  only  wanted  for  small  arches  in 
which  the  surcharge  is  relatively  larger  and  the  economy  of 
material  in  the  arch-ring  has  to  give  place  to  the  consideration 
of  strength. 

Apparent  Factor  of  Safety. — In  looking  at  fig.  267,  it  will 
appear  that  the  design  there  made  by  assuming  sizes  and  draw- 
ing the  conjugate  load-area  is  the  same  as  that  made  immediately 
from  Table  Bi  on  fig.  272. 

In  fig.  267,  the  apparent  thrust  at  the  crown  increased  from 
288fr  to  the  actual  thrust  400«r  from  the  leaving  out  of  the 
negative  part  of  the  conjugate  load,  and  the  radius  at  crown  of 
line  of  stress  changed  from  48  to  p^  »  67  feet.  Dividing  equa- 
tion (16)  by  (18),  we  have 

Po  =  -B3(sec  d%-l  +  cos  62),  (19) 

which  may  serve  instead  of  drawing  the  conjugate  load-area  or 
using  the  tables.  Thus  taking  JS^  =  43*5,  the  radius  of  soffit 
roughly,  and  O2  =  60°  ;  then  p  =  l-5i?a  =  65  feet.  As  6^  is  never 
greater  than  60°,  it  follows  that  the  real  factor  of  safety  against 
crushing  the  keystone  will  not  be  less  than  ttvo-thirds  the 
apparent  factor. 
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5o 
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O* 
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o 


9 
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^. 
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°^ 
a? 

9 
o  «• 

So 


Is 

-2 
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2c. 
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^  * 

•2  5 
c/3 


«. 
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Inteosity  of  thrust   on   Sandstone 

676000      1; 
10x140 '2 
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its  arerage  being  |  its  maximum. 


Feet. 


19 

29 

21 

32 

23 

35 

25 

39 

28 

43 

31 

47 

35 

52 

38 

67 

42 

62 

46 

67 

38 

42 
46 
51 

67 
63 
69 

77 
85 

94 
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66 
63 
70 

78 

86 

95 
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128 

141 
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50 
65 
61 

68 
76 
84 
92 
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JTeet. 

72 
81 
90 
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112 
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140 
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210 
232 
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«  Kernel"  Middle  Thied  of  Arch-ring. 

The  Soffit  is  the  Three-point  Circle  of  a  lower 
curve  transformed  from  same  Catenary  as  Line  of 
Stress,  the  directrix  being  surface  of  Kails. 
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085 
079 

073 
066 
059 
051 
043 

036 
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372 
380 

388 
395 
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Subject  to  a  mult.,  less  than  eiven  max.,  to  five 
factor  of  safety  greater  than  10  in  inverse  ratio. 


TABLE    B. 

A  SerU$  of  "Two-voesD  Catenabibs"  inscribed  in  the  Circle  of  Radius 
(-ffi)  Unity ^  and  having  Parallel  Directrices  at  Oraduated  Distances 
(J2i  +  To)  from  its  Centre  from  (1  +  -187)  ^  (1  +  -026). 

This  Table  forms  a  continuation  of  the  Supplementary  Tables  Bi,  Bz,  and  B3,  and 
bas  then  for  its  purpose  the  designing  of  arch-rings,  so  as  to  secure  the  condition  of 
the  line  of  stress  lying  within  a  kernel  forming  the  middle  third,  fiftii,  or  ninth  of 
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TABLE   B. 

A  Smes  of  "Two-nosed  Catenabies"  inscriUd  in  the  Circle  of  Radius 
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0793 
0736 
0673 
0611 

0544 
0478 
0406 
0334 
0260 


0021 
0023 
0026 
0028 
0031 

0034 
0038 
0042 
0046 
0049 

0054 
0059 
0064 
0070 
0076 

0082 
0089 
0097 
0106 
0114 

0124 
0134 
0146 
0158 
0172 

0188 
0204 
0223 
0243 
0263 


S 

9 


a 
o 

a 
0-5- 


0010 
0011 
0013 
0015 
0017 

0019 
0021 
0023 
0026 
0029 

0032 
0035 
0039 
0043 
0048 

0063 
0058 
0064 
0071 
0079 

0087 
0097 
0108 
0121 
0134 

0160 
0167 
0190 
0213 
0236 


Independent  of  ^x* 


Directly  proportioned  to  R^,  and  subject  to  any  multiplier. 
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Examples. 

298.  Design  of  a  sandstone  segmental  arch  with  vertical  load,  directly  from  the 
tahles,  span,  75  feet,  and  depth  of  surcharge  at  crown  ahout  1'  4" :  the  springing 
to  be  the  joint  of  rupture.     (See  fig.  272,  left  half.) 

Here  2e  =  75,  and  d-to^l'h  ;  their  ratio  is  66-26.  We  find,  by  trials  on 
Table  Bi,  that  2e-^  {d-  to)  =  bZ  occurs  on  the  Une  where  «s  -05,  and  the  multiplier 
required  on  that  line  to  make  2e  into  75,  is  50-07,  about  half  of  the  max.  mult, 
given  under  *'  sandstone  "  ;  so  we  shaU  have  a  factor  of  safety  of  about  twice  ten. 
and  need  not  consult  the  other  supplementary  Tables,  Bs,  Bs. 

That  line  gives  the  following  relative  and  absolute  values : — 


Mult. 

d'to 

d 

^0 

t% 

It 

k 

2e 

50-07 

(    ^028 
1-41 

•089 
4-46 

•061 
305 

•123 
615 

•869 
43-5 

•427 
21-4 

1^498 
75  ft 

-Bi 

Ptt 

To 

80 

83 

1 

1-3634 

•0478 

-0204 

-0167 

50-07 

68-265 

2-393 

1-02 

•836  ft. 

•050 

The  radius  and  rise  of  soffit  are  43-5  and  21-4  feet ;  the  thickness  of  arch-ring 
at  crown  and  springing  3'  0"  and  6'  2";  the  surcharge  being  1*41  feet,  or  about 
1'  4",  as  required. 

On  the  same  line,  continued  on  Table  B,  we  have — 

8  03  Muk. 

•050    59*^31'    50-07     | 

At  the  crown  the  thrust  on  the  arch-ring  per  foot  of  the  breadth  is 
J=  wp^  =  140  X  68-265  x  4*46  =  42624  lbs. ;  the  average  intensity  of  the  stress 
is  42624  -^  3-05  »  13975 ;  and  double  of  this  27950  lbs.  per  sq.  ft.,  is  the  maximum 
intensity,  giving  a  factor  of  safety  of  576000  4-  27960  =  20.  Otherwise,  the 
multiplier  being  half  the  maximum  in  the  Table,  the  factor  of  safety  is  double  ten. 

At  the  springing,  T  =  S  bgo  $2  ^  84023;  the  average  stress  84023  -^  6*15 
=  13662  ;  and  since  the  deviation  of  the  centre  of  stress  is  ^t2  -  8s  "=  1*025  ~  *836 
s=  -189  above  the  centre  of  the  joint ;  we  can  substitute  this  for  8,  the  deviation  of 
the  centre  of  stress  from  the  middle  of  the  joint,  equation  (1),  at  page  476, 

Max.  stress         ,       68     ,  .«, 

=   1  +  —  -  M84. 

Aver,  stress  /< 

Hence  the  maximum  intensity  of  the  stress  on  the  springing  joint  is  16180  lbs.  per 
sq.  ft.  Dividing  this  out  of  576000,  the  crushing  strength  of  sandstone,  we  get 
the  factor  of  safety  35. 

A  simpler  way  to  proceed  to  get  the  factor  of  safety  against  crushing,  sufficiently 
close  for  all  purposes,  is  to  divide  the  crushing  strength  576000  by  13662,  the 
average,  and  the  quotient  42  is  the  apparent  factor  of  safety  against  crushing  the 
sandstone-skew -back.  For  the  three  deviations  of  the  centres  of  stress  shown  on 
fig.  263,  expressed  as  fractions  of  t  the  thickness  of  the  joint,  the  average  bears 
to  the  maximum  the  ratios  below. 

Deviations  of  c.  of  stress,  i^ifth,  t^th,  ^th. 
Eatios  of  aver,  to  max.,    f ,  f ,  (. 

Now  the  deviation  of  the  centre  of  stress  on  the  skewback  (fig.  272)  is  -189  in 
6-15 ;  as  this  is  less  than  ^,  then  the  factor  of  safety  is  at  least  Jths  of  42,  that 
is,  there  is  a  real  factor  of  safety  greater  than  31. 
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299.  If  a  live  load  of  220  lbs.  per  sq.  ft.  of  the  platfonn  be  all  over  the  span 
of  the  bridge  (Ex.  298),  find  the  new  line  of  stress  in  the  arch-ring  and  the 
intensities  of  the  stresses  at  crown  and  springing.     (Fig.  272,  right  half.) 

The  height  of  superstructure  equivalent  to  this  live  load  is 

A  =  220-f  140  =  1-671  ft. 

of  sandstone.  Here  we  have  to  find  a  new  two-nosed  catenary  still  inscribed 
in  the  same  circle,  i2i  =  50*07,  forming  the  upper  boundary  of  ** kernel" 
(middle  third)  of  the  arch -ring,  as  already  designed  (Ex.  298),  but  to  a  directrix, 
A  higher  than  before.  Adding  h  to  the  old  value  of  Fq,  we  get  2*393+1*571  or 
3*964,  which,  divided  by  the  multiplier  60*07,  gives  us  *0793  as  a  new  relative 
value  of  7b,  which  is  found  in  the  Table  B,  at  the  line — 

«  $2        Mult,        El  pQ  Fo  So         Ss 

.n7fi     fi^oy     fin.n?/       ^         1*2384      -0793      -0134     0097 
U7D     00  6      oyu/^    gQ.Q^      ^2007      3*970      -671      •486ft. 

This  is  a  new  two-nosed  catenary,  of  a  different  modulus  and  of  a  different 
family,  so  that  the  soffit  already  designed  will  not  be  mathematically  the  three - 
point  circle  of  another  member  of  the  family  of  this  line  of  stress,  but  it  will 
sensibly  be  so.  The  joints  of  rupture  have  gone  up  to  55°  3',  but  this  is 
immaterial,  as  the  line  of  stress  is  now  ehter  to  the  upper  '*  kernel,"  and  will 
therefore  be  wholly  in  the  '*  kernel,"  down  to  69*'  31',  the  springing  joint.  In 
liesigning  the  abutment,  the  tangent  at  the  joint  63°  3'  should  lie  in  its  middle 
third. 

At  the  crown,  now  we  have  the  thrust,  H*  =  ujp^  {d-\-  h)-  140  x  62*007 
(4-46  +  1*57) »  52346  lbs. ;  average  intensity  62346  -f  3*05  =  17162  ;  the  devia- 
tion of  centre  of  stress  is  ^t^  —  So  =  *509  -  '671  &=*  162  ft.  behw  centre  of  the 
joint.  The  apparent  factor  of  safety  is  576000  -f  17162  =  33.  The  fractional 
deviation  of  the  centre  of  stress  from  the  middle  of  joint  being  '162  in  3*05  or 
1  in  18  nearly,  the  factor  of  safety  is  of  jths  its  apparent  value,  that  is,  27  is  the 
factor  of  safety  at  crown  when  the  live  load  is  on  toe  bridge. 

At  the  springing  joint,  T  =  S'  sec  dO""  31'  =  103188  lbs.,  nearly  ;  the 
average  intensity  is  103188  ^  6*16  »=  16778 ;  the  deviation  of  centre  of  stress 
is  i^  —  Sa  s  1'025  —  *486  =  '639  ft.  above  the  centre  of  joint.  The  fractional 
deviation  of  centre  of  stress  is  *539  in  6*16  or  less  than  1  in  10.  The  apparent 
factor  of  safety  is  576000  -i-  16778  «  34,  and  the  factor  of  safety  not  less  than 
tths  of  this  or  21. 

300.  Let  the  live  load  (Ex.  299)  cover  only  one-half  of  the  span :  find  the 
horizontal  thrust  to  be  balanced  by  the  backing  of  the  voussoirs. 

The  horizontal  thrust  due  to  dead  load  is  (Ex.  298)  42624  lbs. ;  and  due  to  dead 
and  live  loads,  combined,  it  is  (Ex.  299)  52346  lbs. ;  the  difference  is  9722  lbs. 
per  ft.  of  breadth. 

301.  Suppose  the  arch-ring,  spandrils,  &c.,  of  Ex.  298,  have,  by  means  of 
voids  in  the  superstructure,  an  average  density  of  100  lbs.  per  cub.  ft.  Find 
results  corresponding  to  those  of  Ex.  298. 

For  stability,  and  to  give  the  required  surcharge,  the  dimensions  in  Ex.  298 
are  required,  just  as  before,  but  the  stresses  will  be  altered  in  the  ratio  140 :  100. 
JB[=  30500  lbs.,  nearly ;  T  »  60320  lbs.,  giving  factors  of  safety,  28  at  crown  and 
49  at  springing.    These  values  are  engraved  on  fig.  272. 

The  voids  in  the  superstructure  should  be  so  arranged  that  their  boundary 
may  be  roughly  a  member  of  the  same  family  as  line  of  stress,  by  making  the 
ordnates  of  their  boundary  a  constant  fraction  of  those  of  the  soffit. 
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302.  Let  a  live  load  of  167  lbs.  per  sq.  ft.  of  platform  be  over  the  whole  span 
of  bridge  (Ex.  301) :  find  the  line  of  strefis  and  the  intensities  of  stress  at  crown 

and  springing.  -  , .  .      . 

The  equivalent  height  of  structure  is  1*67  ft.,  taking  the  new  density  into 
account ;  eo  that  the  solution  is  the  same  as  Ex.  298,  only  we  must  alter  the 
quantities  in  the  ratio  140 :  100. 

H'  =  37500  lbs.,  nearly ;  T  =  73700,  nearly,  and  the  factors  of  safety  are 
increased  to  36  at  crown  and  31  at  springing.  These  values  are  engraved  on  fig. 
272. 

303.  Let  the  live  load  in  Ex.  302  be  only  over  one-half  of  the  span :  find  the 
amount  of  horizontal  thrust  to  be  balanced  by  the  frictional  stability  of  vault  covers 
butting  against  the  higher  voussoirs.  Find  also  the  distance  back  to  which  the 
vault  covers  must  extend  to  balance  it.     (See  fig.  272.) 

The  thrust  is  P  =  JI'  -  E=  37600  -  30600  =  7000  lbs.  per  foot  of  breadth.  If 
the  underside  of  the  vault  covers  come  up  to  the  level  of  the  crown  of  the  soflit, 
then  the  weight  per  foot  of  breadth  of  bridge  on  the  spandrils  due  to  the  vault 
covers,  and  dead  load  over  them  alone,  is  tr<//=  140  x  4*46/=  624^.  Taking  the 
coeflScient  of  friction  at  '7  ;  then  -7  x  624/ «  7000  or  /=  16  ft.  to  the  nearest  foot. 
The  voussoirs  near  the  key-stone  should  have  square -dressed  side-joints  until  the 
sum  of  their  vertical  projection  is  ^O)  the  depth  of  key -stone,  so  as  to  receive  the 
horizontal  longitudinal  resistant  thrust  of  the  vault  covers  truly ;  and  the  covers 
are  to  be  built  with  squaie-dressed  side  joints  set  closely  so  as  to  yield  as  little  as 
possible.  Light  spandril  walls  may  be  built  up  to  level  of  crown  of  sofiit,  and 
extend  back  so  as  to  give  16  feet  longitudinally  of  vault  covers ;  then  the  spandrils 
may  step  rapidly  down  to  lower  levels. 

304.  Design  of  a  semiciroular  arch -ring  of  common  sandstone,  the  span  to  be 
100  ft.,  and  a  surcharge  of  at  least  IJ  ft.  being  required  for  the  fonnation  of  the 
roadway,  laying  of  gas-pipes,  &c.  The  data  are  i  =  60,  and  R-h-^d-to)  not  to 
be  greater  than  33.  On  Table  Bi,  the  lines  above  that  with  «  =  -08  (in  order 
to  make  R  into  60)  require  a  multiplier  greater  than  the  maximum  given  lor  sand- 
stone ;  these  lines  are  therefore  excluded  on  the  question  of  strength,  while  the  lines 
below'  that  with  #  =  -05  give  R  -^  (d-  t^)  greater  than  33,  and  are  excluded  by 
requirements  of  the  roadway.     Those  two  limiting  lines  give— 

$        Mult,       R         d  to  $2  Factor  of  Safety. 

•08        63-6        60        5-9  2  64"  14'        ^-^  =  10-6. 

OO'O 

•06        67-6        50        6-1        3*6        69*  31'  ^^^      =  18. 

07'6 

The  upper  gives  greatest  economy  of  material  in  arch-ring f^  which  is  only  2  ft.  at 
crown,  but  less  economy  of  material  in  superstructure,  as  d  is  larger,  and  also  less 
economy  of  solid  backing,  which  has  to  be  built  to  a  joint  6°  higher.  Hence  the 
line  midway  between  them  would  be  most  suitable  all  round.  For  a  single  arch  a 
line  a  little  nearer  the  upper  may  be  adopted  ;  and  for  a  series  of  arches  a  line 
nearer  the  lower,  that  is,  in  favour  of  a  heavier  arch-ring  to  withstand  the  shocks 
transmitted  from  arch  to  aroh.  The  best  lines,  then,  are  for  a  Single  Arch,  or  a 
Series,  respectively — 


8 

Mult. 

R 

d 

^0 

t% 

fl2 

Factor  of  Safety. 

07 

54-626 

60 

6-6 

2-4 

4*4 

65*'  63' 

69x10       ,„^ 
64*5 

06 

66*804 

60 

6-3 

2-9 

6-4 

57''  38' 

86x10       ,,„ 
— ^  „     «=  16-2. 
66-8 
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Compare  Raniine's  empirical  rule,  Civ.  Eng,,  Art.  290,  giving 

to  =  \/-12  X  60    and    \/-l7  x  60 

2^46      „  2^92  reapectively. 

The  solid  backing  must  be  brought  up  to  the  point  where  the  joint  at  03  meets 
the  back  of  the  arch-ring,  and  below  that  joint  tbe  arch -ring  may  be  of  the 
uniform  thickness  ^2.  The  superstructure  may  readily  be  reduced  by  voids  and  the 
employment  of  material  of  less  density  than  sandstone,  till  the  average  density  of 
the  whole  is  a  fifth  less  than  that  of  sandstone,  which  would  raise  the  factors  of 
safety  at  crown  to  16  and  19.  The  factors  of  safety  at  joint  of  rupture  are  even 
greater  as  the  centre  of  stress  is  nearer  the  centre  of  the  joint,  and  t%-^  ti>  sec  02. 
By  means  of  the  values  obtained  for  Wy  po,  d,  9%  the  thrust  at  crown  and  joint  of 
rupture,  and  the  centre  of  stress  at  joint  of  rupture  are  calculated,  as  in  preceding 
example.  A  tangent  from  this  last  point  enables  a  suitable  abutment  to  be 
designed. 

305.  Design  of  a  segmental  brick  arch,  having  the  joints  of  rupture  at  the 
springing,  a  span  of  30  ft.,  and  a  surcharge  of  2}  ft.,  slightly  more  or  less. 

Here  the  ratio  2e  -^  (d  -  to)  is  12.  But  this  ratio  (nearly)  occurs  in  the  Tables 
6i,  B2,  and  Bs,  as  noted  under — 


d~to 

s 

Max.  Span 
Brick. 

Factor  of 
Safety. 

Table  Bi 

11-9 

•120 

12ft. 

10 

»»    Bs 

11-5 

•126 

21ft. 

10 

ft    Bs 

11^6 

•130 

37ft. 

10 

It  is  clear,  then,  that  we  cannot  adopt  the  proportions  from  Tables  Bi  or  B2 ;  for 
although  the  surcharge  and  span  would  be  in  the  required  proportion,  the  multiplier 
to  make  2e  e<mal  to  30  ft.  would  only  give  in  Table  Bi  a  factor  of  safety  ^}  x  10  =  4, 
and  in  Table  JB2  a  factor  H  x  10  =  7  which  are  not  sufficient.  From  Table  Bj| 
then, 


130 


02 

Ifult. 

d^to 

d               to              t2 

£ 

46*^49' 

22-54 

/-116 
2-61 

•165        -05        -08 
3-72        1-2        1-8 

•913 
20-6 

po 

k 

2e 

Factor  of  Safety. 

1-106 
24-92 

■29 
4-6 

1-331 
30  ft. 

37x10       ,„^ 
30      -''-' 

The  arch  is  to  sprins  at  about  45°,  have  a  rise  of  4^  feet,  the  radius  of  soffit 
being  20'  8",  while  the  thickness  of  the  crown  is  to  be  14  inches,  and  at  the  springing 
50  per  cent,  greater.  These  dimensions  would  suffice  for  the  arch-ring  built  of 
the  strongest  red  bricks  moulded  into  the  proper  wedge-shaped  forms.  The  line 
of  stress  may  be  exactly  located,  as  in  previous  e^mples ;  but  it  would  be  suffi- 
ciently near,  in  this  case,  to  take  it  as  being  up  the  very  centre  of  the  arch-ring ;  and 
a  line  drawn  normal  to  the  springing  joint  from  its  middle  point  is  sensiblyUie  line 
of  thrust  on  the  abutment.  The  superstructure  could  easily  be  arranged  with  voids 
to  make  the  average  mass  of  the  whole  u;  b  90  lbs.  per  cubic  ft.,  or  |ths  that  of 
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brickwork,  which  would  increase  the  factor  of  safety  to  about  20.     The  thrust  then 
would  be — 

At  crown,        H  =  wpod       «  9262  lbs.  per  ft.  of  breadth. 
At  springing,    T  =  IT  sec  03  =  13532  lbs.     „  „ 

For  ordinary -shaped  bricks  the  arch-ring  ought  to  be  bmlt  of  a  uniform  thick- 
ness, the  line  of  stress  and  thrust  remaining  sensibly  unchanged,  as  the  extra  part 
of  the  arch-ring  at  crown  will  really  form  part  of  the  superstructure.  For  a  single 
arch,  an  average  of  to  and  tt  could  be  taken ;  but  for  a  series  of  arches  the  greater 
had  better  be  chosen,  giving,  respectively, 

1  =  1*5  and  1-8  feet. 

Compare  Rankine's  empirical  formula,  Oiv,  Eng.j  Art.  290 — 

<  =  \/20-6x-12    and    \/20-6x-17 
=s  1*57  n  1*87      respectively. 

306.  If  the  bridge,  left-half  of  fig.  272,  is  to  carry  a  road,  approaching  with  a 
slope  1  in  100,  and  passing  over  with  a  curved  profile  sensibly  circular ;  to  find 
position  of  profile. 

To  make  the  profile  sensibly  a  member  of  the  same  family  as  line  of  stress,  it  is 
sufficient  to  derive  it  from  the  soffit,  which  is  sensibly  a  member  of  the  family. 
Let  uo  and  u%  be  depth  to  profile  at  crown  and  springing.  The  tangent  to  profile, 
being  like  that  to  a  parabola,  gives  slope  of  half  chord  of  profile  1  in  200 ;  hence 
f<2  -  Mo  :  37*5  :  :  1  :  200,  and  Ms  :  Mb  :  :  4*6  +  21*4  :  4*46.  Hence  mq  =  *04  fu, 
and  Ma  B  '23  ft.  The  profile  is  to  be  below  the  directrix  about  \  an  inch  at  crown, 
and  about  3  inches  at  springing.  The  load  left  out  between  (Urectriz  and  profile 
increases  the  factors  of  safety  as  4*46  ;  (4*46  —  0*04). 

307.  Compare  the  segmental  masonry  arch  of  75  feet  span  as  already  designed  in 
Example  298,  for  the  moderate  surcharge  of  1'  4"  with  others  with  the  surcharge 
heavy  and  lights  respectively. 

Deriving  the  dimensions  from  the  three  lines  of  Table  Bi  where  s  =  *08,  s  » *05, 
and  t  s=  -035,  the  multipliers  are  49*6,  50*07,  and  61*94,  that  in  each  case  the  span 
may  be  75  feet.  The  corresponding  maximum  spans  for  sandstone  in  the  fourth 
column  are  86,  155,  and  201  feet;  and  10  increased  in  the  ratios  which  these  bear 
to  75  gives  the  factors  of  safety  against  crushing  the  keystone  if  the  ring  be  sand- 
stone. The  values  for  strong  brick  are  one- third  part,  while  those  for  granite  are 
double  that  for  sandstone.  The  three  designs  are  sketched  on  fig.  273,  and  we  have 
the  following  dimensions  and  factors  of  safety  against  the  crushing  of  title  key- 
stone:— 


Surcharge, 

.      3'    8" 

1'    4" 

0'    0" 

Span, 

.    76'    0^ 

76'    0" 

76'   0" 

Keystone, 

.       1'  10" 

3'    0" 

4'    0* 

Skewback, 

.      3'    1" 

6'    2" 

9'    0" 

Rise, 

.     19'    3" 

21'    6" 

22'  10" 

Total  rise. 

.     24'    8" 

26'  10" 

26'  10" 

Strong  brick,  [ 

4 

7 

9 

Sandstone, 

12 

20 

27 

Granite, 

24 

40 

64 

It  is  to  be  observed  of  Table  Bi  that  it  gives  designs  of  the  utmost  economy  of 
the  material  in  the  arch -ring  itself  consistent  with  equilibrium  under  the  vertical- 
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load  only.  But  as  the  surcharge  gets  heayier,  as  for  instance  on  the  first  part  of 
fig.  273,  there  is  not  sufficient  strength  with  brick  or  sandstone,  though  granite 
would  suffice.  With  still  heavier  surcharges  (see  Exaaple  305),  we  are  forced  to 
sacrifice  economy  of  material  and  use  the  other  Tables  Bj  and  Bs.    The  problem  is 


Heayy  Surcharge. 


Directrix 


Moderate  Surcharge. 


Zero  Surcharge. 


Fig.  273. 

passing  from  one  of  tiabiliiy  to  one  of  mere  atrength.  See  page  478,  under 
**  strength."  As  the  surcharge  further  increases  relative  to  the  span,  the  line  of 
■tress  becomes  practically  up  to  the  very  centre  of  the  ring,  and  we  have  buried 
archet  as  in  Example  293,  and  in  tunnel  roofs  for  the  deep  lengths. 

Inspection  of  the  TaUes  Bi,  B2,  and  Bs  shows  clearly  that  for  balanced  seg- 
mental masonry  arches  strong  brick  is  economical  for  spans  from  20  to  60  feet, 
sandstone  from  60  to  120  feet,  and  granite  from  60  to  250  feet. 

2  M 
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IlNILLB  TrANSF0R1£ATI0N  OF  BALANGSD  REB. 

We  had  an  example  of  this  in  fig.  268,  where  we  supposed 
one  of  the  curves  AB  to  be  painted  on  a  sheet  of  indiarubber 
pinned  down  along  its  edge  OX,  and  already  stretohed  in  the 
vertical  direction.  The  sheet  is,  of  course,  made  of  a  purely 
imaginary  kind  of  indiarubber  which  can  be  stretched  in  one 
direction  without  changing  in  the  direction  at  ri^ht  angles  to  it. 
At  the  ends  of  the  arc  A  and  B  are  to  be  painted  the  forces 
which  balance  it,  H  and  T  to  scale ;  while  the  vertical-load- 
area,  the  only  had  on  the  arc  ABy  is  mapped  out  by  the  four 
painted  lines,  the  arc  itself  and  the  three  straight  boundaries 
OAy  NBy  and  ON.  Then,  by  further  stretching  the  sheet 
vertically  or  by  allowing  it  to  contract,  we  obtain  a  new 
balanced  rib  with  new  forces  at  its  ends  and  a  new  load-area. 
Otherwise  the  lines  may  be  painted  or  traced  through  upon  a 
sheet  of  glass  lying  flat  on  the  paper  and  hinged  to  the  paper 
along  its  upper  edge  OX,  The  glass  is  then  to  be  tilted  up  on  its 
edge  OX,  and  the  work  projected  normally  on  the  paper.  The 
sheet  of  glass,  although  hinged  to  the  plane  of  the  paper  along 
OX,  may  extend  beyond  the  hinge.  It  may  also  have  been 
originally  tilted  up  when  the  work  was  projected  normally 
from  the  paper  on  to  it,  then  flattened  down  before  projecting 
the  work  back  on  the  paper.  This  is  the  simplest  case  of 
the  orthogonal  or  linear  transformation  to  obtain,  from  a  rib 
balanced  under  a  vertical-load-area  alone,  another  rib  balanced 
nnder  the  transformed  vertical-load-area.  In  the  work  which 
follows,  it  is  more  convenient  to  transform  horizontally. 

In  dealing  with  a  rib  balanced  by  a  vertical-load-area  and 
horizontal-load-area  conjointly,  both  of  these  areas  themselves 
may  not  be  painted  on  the  stretching-sheet  or  tilting-plate. 
For  convenience,  the  vertical-load-area  may  be  supposed  to  be 
painted  on  the  tilting-plate,  but  after  the  transformation  the 
density  or  weight  per  square  foot  of  area  is  to  be  altered.  That 
is,  the  superstructure,  if  transformed  linearly,  must  then  be 
reckoned  to  be  of  a  new  material  of  different  density  or  weight 
per  cubic  foot. 

All  forces,  thrusts  along  the  rib  or  their  components,  cross 
the  hinge  at  the  same  points  after  the  transformation  as  before. 
Forces  or  component  forces  in  the  direction  of  the  transfor- 
mation alter  in  the  ratio  of  the  trans/ormationf  those  at  right 
angles  remain  unaltered. 
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Resultant  stresses  or  arrows  representing  the  extern-load, 
such  as  r,  r,  &o.,  on  the  south-west  quadrantal-rib,  fig.  264,  also 
oross  the  hinge  at  the  same  points  after  the  transformation  and 
before.  The  new  arrows  obtained  this  way  although  correct  in 
direction,  are  not  of  the  proper  length.  Consider  one  of  the 
arrows  r  (fig.  264) :  it  represents  to  scale  the  extern  load  normal 
on  a  unit  tangent-plane  to  the  back  of  the  rib  with  a  certain 
southern  exposure  to  stress  and  a  certain  western  exposure. 
After  the  transformation  the  tangent  plane  is  no  longer  a  unit 
plane,  and  one  exposure  to  stress  has  altered,  while  the  other 
has  remained  unaltered.  But  the  length  of  the  new  arrow 
must  give  the  extern-load  on  a  unit  plane,  allowing  for  every 
alteration. 

Let  the  north-west  quadrant,  fig.  264,  in  equilibrium  under 
the  fluid  load  represented  by  the  two  equal  rectangles,  be 
pulled  out  horizontally  till  it  is  twice  as  broad  as  before.  It 
is  now  shown  on  fig.  274.  The  quadrant  of  the  circle  AB^S 
has  become  ABSy  the  quadrant  of  an  ellipse  twice  as  long  east 
and  west  as  it  is  north  and  south.  Since  T^  has  doubled  in 
value,  so  must  also  the  area  of  the  east  load,  and  as  this  load 
stands  on  the  same  base  or  platform  as  before,  so  the  height 
of  the  rectangle  must  have  doubled.  On  the  other  hand,  Ti 
is  unaltered  by  the  transformation,  so  that  the  south-load  is 
unaltered  in  area ;  but  as  it  stands  now  on  a  platform  or  base 
doubled  in  length,  the  height  of  the  rectangle  is  half  what 
it  was  at  first.  The  ratio  ol  q  io  p  ia  now  4,  which  is  the 
duplicate  of  the  ratio  of  transformation.  The  shaded  part  of 
the  east-load-area  before  and  after  the  elongation  is  the 
horizontal  component  of  T  and  of  T,  respectively.  The 
shaded  part  has  therefore  doubled  in  area.  By  starting  with 
B  &t  8  and  moving  it  up  to  ^,  the  shaded  area  has  added  to 
it  strip  after  strip,  each  strip  being  stretched  to  double  what 
it  was  at  first.  We  see  that  the  new  east-load-area  is  of  the 
same  form  as  at  first,  only  with  the  height  at  each  point  of  its 
base  increased  in  the  ratio  of  transfot^mation.  In  the  same  way 
it  will  be  seen  that  the  south-load-area  is  also  of  the  same 
original  form,  h\i  with  the  height  at  each  corresponding  point 
of  its  base  decreased  in  the  ratio  of  transformation. 

The  thrusts  T  and  T'  along  the  ribs  at  B  and  B^  meet  at 
the  same  pointy  on  the  hinge  Oj,  The  extern  resultant  stresses 
on  the  backs  of  the  ribs  r  and  /i  also  meet  at  the  common 
point  O  on  the  hinge. 

The  whole  stress  at  B^  for  a  unit  plane,  its  edge  towards 
jou  and  its  face  turned  in  all  directions,  is  given  by  a  circle  of 
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Keknel"  Middle  Ninth  of  Arch-king. 


The  Soffit  is  the  Three-point  Circle  of  a  lower 
curve  transformed  from  same  Catenary  as  Line  of 
Stress,  the  directrix  being  sviface  of  Rails. 
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Subject  to  a  mult.,  less  than  griven  max.,  to  pve 
factor  of  safety  greater  than  10  in  inverse  ratio. 
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quadrant.  The  new  south-load-area  is  then  obtained  simply 
by  projection,  while  the  new  east-load-area  has  been  obtained 
by  projection  in  the  duplicate  ratio. 

Generally  then  a  balanced  quadrantal  rib  and  its  vertical- 
load-area,  that  is  its  superstructure,  can  be  projected  by  a  pull- 
out  horizontally,  provided  that  the  conjugate  horizontal-load-area 
he  pulled  out  in  the  duplicate  ratio.  After  which  the  density  of 
the  new  load-areas,  that  is,  the  weight  per  cubic  foot  of  the  new 
superstructure  is  to  be  reckoned  as  less  than  that  of  the  old  super- 
structure in  the  ratio  of  the  transforfnation.  (See  figs.  274  and 
275.) 

Geostatic  Load  Uniform  or  Varying  Potential. 

The  pair  of  conjugate-loads  shown  on  fig.  274  can  be 
produced  simultaneously  by  placing  the  elliptic  ring  horizon- 
tally in  a  frictional  granular  mass  with  a  free  level  surface,  the 
mass  being  excluded  from  the  inside.  The  east-  and  west-load 
^  on  the  pair  of  short  barricades  being  uniform,  and  four  times 
as  intense  as  p  the  north-  and  south-load  on  the  pair  of  long 
barricades.  Compared  to  the  greater,  the  lesser  load  is  passive. 
If  the  shaft  or  well  were  a  thin  elastic  cylinder  erected  first  and 
49tayed  inside  by  an  elliptic  centre,  wmch  could  be  gradually 
shrunk  upon  itself,  and  if  now  the  granular  mass  were  spread 
loosely  around  it  in  horizontal  layers,  the  genesis  of  the  hori- 
zontal stresses  would  be  as  follows.  The  potential  is  the  weight 
of  the  column  of  grains  from  the  surface  down  to  the  ring  of 
the  cylinder  under  consideration ;  it  is  the  active  force.  Every 
cube  of  grains  around  the  elliptic  ring  would  try  to  spread 
equally  in  all  horizontal  directions.  The  horizontal  load  on  all 
the  four  barricades  around  the  elliptic  ring  would  be  p,  just  as 
on  the  circular  ring,  fig.  264.  But  p  would  only  be  a  fraction 
of  the  potential,  for  the  friction  among  the  grains  assists  in 
supporting  the  overhead-load  on  a  cube  of  grains.  Let  us 
suppose  that  p  is  about  a  fourth  part  of  the  potential.  This 
would  be  the  proportion  if  the  granular  mass  were  crushed 
stone  or,  in  a  model,  small-shot.  Any  cube  of  the  small-shot 
would  cease  spreading  from  the  load  overhead,  when  the 
horizontal  load  applied  to  its  four  vertical  faces  was  a  fourth  of 
the  overhead-column. 

Here  we  have  the  elliptic  ring,  fig.  274,  with  a  fluid-had  p 
one-fourth  of  the  potential  outside  as  in  fig.  264,  and  supported 
inside  by  an  elliptic  centre.  If  now  the  centre  were  gradually 
shrunk,  the  elliptic  ring  would  gradually  collapse  or  flatten, 
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due  to  the  advantage  which  the  fluid-load  has  on  the  long 
barrioadeB.  In  elongating,  the  elliptic  ring  would  consolidate 
the  granular  mass  opposite  the  short  barricades,  till  it  pressed 
back  with  a  stress  q=  4p  =*  the  potential,  when  the  ring  would 
cease  elongating  and  the  centre  could  be  removed.  The  ellipse 
would  now  be  more  than  twice  as  long  as  it  was  broad.  To 
remedy  this,  the  granular  mass  is  to  be  spread  around  the 
shaft  in  thin  lajers  and  punned  or  rammed  hard,  layer  after 
layer  opposite  the  ends  of  the  ellipse,  but  filled  loose  opposite 
the  sides.  The  granular  mass  wiU  be  earth  or  shivers  in  the 
case  of  masonry  cylinders  or  wells,  and  must  be  filled  as 
described,  as  the  distortion  would  be  fatal  to  an  elliptic  brick 
cylinder  long  before  the  earth  at  its  ends  would  be  sufficiently 
consolidated.  The  load  on  the  elliptic  rib,  fig.  274,  is  called 
shortly  an  earth  or  geoatatic-load  of  uniform  potential.  One^ 
ellipse  of  stress,  a  quadrant  being  shown  with  its  centre  at 
2),  serves  to  give  completely  the  stress  on  the  vertical  faces  of 
every  unit-cube-of-grains  all  around  the  rib.  If  the  unit-cube^ 
lie  north  and  south,  p  and  {q  «  4p)  are  the  loads  on  its  vertical 
pairs  of  faces,  while  the  potential  also  q  is  the  load  on  the 
horizontal  faces.  The  whole  stress  at  D  is  given  by  an  oblate 
spheroid.  If  the  unit-cube  be  turned  till  a  pair  of  faces  is 
parallel  to  CO^  then  the  vector  r  gives  the  load  on  that  pair  of 
faces,  and  is  therefore  the  mutual  pressure  between  the  face  of 
the  unit-cube  and  the  back  of  the  rib  at  B  which  are  in  contact. 
In  the  same  way  the  ribs  shown  on  fig.  275  are  subjected  to 
the  one  a  fluid-load,  and  the  other  a  geostatic-load  of  uniformly 
varying  potential.  The  vector  /  gives  the  load  on  the  face  of  a 
unit-cube  parallel  to  J;  at  the  depth  ff  below  the  surface  of  the 
earth,  that  is  the  stress  on  the  back  of  the  rib  at  B^.  One 
ellipse  of  stress  serves  for  all  cubes  at  depth  i3^,  xF  being  the 
semi-major  axis  which  is  itself  the  potential.  The  load  on  the 
face  of  the  unit-cube  parallel  to  the  paper  is  equal  to  the  minor 
semi-diameter,  and  the  whole  stress  at  the  depth  B'  is  given  by 
a  prolate  spheroid.  As  the  depth  of  B^  increases,  this  spheroid  s 
axes  increase  at  the  same  rate ;  but  the  ratio  of  any  pair  of  its 
axes  remain  the  same. 

EQumBRTOM  OP  A  Frictional  Grakulab  Mass. 

If  the  loads  on  the  elliptic  rib,  fig.  274,  were  actually  due  to 
a  granular  mass  of  crushed  stone,  filled  around  the  cylinder  in 
the  manner  described,  then,  in  order  that  the  equilibrium  may 
be  permanent  it  is  necessary  that  the  unit-granular-cube  at  1} 
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should  itself  be  in  equilibrium  with  the  load  q  on  its  east  and 
west  faces  4  times  as  great  as  the  load  p  on  its  north  and  south 
faoes.  These  loads  are  called  the  principal  stresses  at  D  because 
they  are  normal  to  the  faces  of  the  cube  lying  north  and  south. 
If  we  map  out  a  unit-cube  at  D  with  a  pair  of  faces  parallel  to 
CCy  the  load  on  these  faces  is  r  which  is  no  longer  normal,  but 
makes  an  angle  RDM.  The  manner  of  constructing  r  is  to  lay 
off  DJIf  equal  to  the  half -sum  of  the  principal  stresses  along  the 
normal  DNy  and  then  to  lay  off  MR  equal  to  their  half-difference 
along  Md  isosceles  to  MD.  Hence  r  is  most  oblique  when  the 
unit-cube-of-grains  is  so  mapped  out  that  MRD  is  a  right  angle. 
It  is  only  necessary  then  to  see  that  grains,  in  the  cube  mapped 
out  in  this  most  critical  position,  shall  not  slide  on  each  other 
due  to  the  extreme  obliquity  RDM  of  the  load  on  its  faces. 
But  when  i{  is  a  right  angle,  then  sine  RDM  equals  RM  divided 
by  MD.  If  we  put  RDM=  ^,  the  angle  of  friction  between  the 
grains,  then  for  the  equilibrium  of  the  granular  mass  at  D  it  is 
necessary  that  sine  f^  shall  not  be  greater  than  the  ratio  of  the  difference 
of  the  principal  stresses  to  their  mm.  Or  what  is  the  same  thing, 
if  the  friction,  among  the  particles  of  the  unit-cube-of-grains 
mapped  out  by  the  principal  planes  (north-and-south  and 
east-and-west  on  fig.  274]  is  to  be  sufficient  to  enable  the 
minor  principal  stress  to  resist  the  tendency  of  the  major  to 
flatten  out  the  cube,  then  the  ratio  of  the  minor  to  major  stress 
must  not  be  less  than  (1  -  sin  ^)  :  (1  +  sin  ^). 

The  value  of  the  angle  of  friction  ^  for  a  granular  mass 
may  be  found  by  shooting  the  mass  out  on  a  level  plane,  and 
when  the  surface  of  the  conical  mass  ceases  to  run^  its  slope  to 
the  horizon  is  to  be  measured.  For  crushed  stone  ^  =  37^,  and 
sin  ^  •  '6,  so  that 

(1  -  sin  ^) :  (1  +  sin  ^)  =  1 : 4 

which  would  exactly  suit  the  conditions  required  by  the  rib> 
fig.  274. 

For  dry  granular  earth  spread  in  layers  horizontally  or 
gently  sloping  ^  =  30°,  so  that  (1  -  sin  ^) :  ( I  +  siu  0)  =  1 : 3. 

Compare  the  preceding  chapter  on  Rankine's  Method  of 
the  Ellipse  of  Stress,  Chapter  IV.,  pp.  45,  52,  65,  71. 

Approximatb  Elliptic  Eeb. 

Consider  the  circular  quadrantal  rib  ACB,  fig.  266,  loaded 
with  the  vertical-load-area  between  itself  and  the  straight 
extrados  ^r  above  its  crown  A.  The  conjugate  horizontal- 
load-area  bglks  is  wholly  positive  or  inwards,  and  its  area  is 
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ir*.  On  fig.  275  the  same  quadrant  of  a  oirole  AB'S'  is  sliown, 
having  the  some  direotrix  0£  at  a  height  AO  =  ^DA=lfr  as 
before.  The  ooajngate-load-area  is  bglke,  only  it  has  been 
turned  round  80  that  bglk  the  trehle-batter-hoondarj  is  outside, 
while  the  other  boundu'y  be  is  now  vertical  instead  of  doping 
at  45°.     The  area  is  still  ^r^,  and  the  breadth  at  each  point 


Fig.  276. 
esaotlj  the  same  as  before-  The  slopes  of  the  treble-batter  are 
now,  bg  battering  at  3  in  4,  gl  at  1  in  2,  while  Ik  ie  vettioal. 
Of  oouree  the  exact  outer  bouudary  ia  a  gentle  ourve  to  which 
that  treble-batter  is  a  close  approximation.  Let  now  a  single 
boundary  fK  be  drawn  so  that  when  produced  it  will  pass 
through  F,  and  suoh  that  the  enclosed  area  bfh'e  shall  equal 
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bglkBy  that  ia  ^'.  It  is  only  necessary  to  draw  Ffh'  at  the 
batter  4  in  10.  We  have  then  bfh'e  as  a  rough  approxi- 
mation to  the  conjugate  horizontal-load-area  for  the  circular 
quadrantal  rib  AB'S'  loaded  up  to  a  straight  extrados  at  a 
height  OAj  one-third  of  the  rise  DA  above  the  crown. 
Suppose  now  that  the  quadrant  be  slightly  modified  in  form 
so  as  to  exactly  balance  under  these  two  load-areas.  We  have 
AB'S^  the  quadrant  of  some  curve  differing  but  slightly  from 
a  circle,  and  balancing  under  the  vertical-load-area  between 
itself  and  a  horizontal  extrados  at  a  height  over  the  crown 
OA  which  is  one-third  of  the  rise  DA,  together  with  the 
horizontal-load-area  standing  on  the  platform  be  equal  to  DA 
the  rise,  and  mapped  out  by  the  straight  slope  Jpy^h'  battering 
at  4  to  10. 

The  modified  quadrant  AD'S"  is  called  a  geoatatic  rib^ 
becanse  both  loads  can  be  simultaneously  imposed  on  the  rib 
by  immersing  it  in  a  frictional  granular  mass  of  which  OJEY 
is  the  free  horizontal  surface,  and  the  friction  among  the 
particles  such  that  the  unit-cubes  mapped  out  horizontally 
and  vertically  are  themselves  in  equilibrium  with  the  horizontal 
load  on  eeich /our-tenth8  of  the  vertical.  Dry  granular  earth 
spread  outside  the  arch  in  horizontal  layers  can,  as  already 
explained,  produce  such  a  load  which  is  shortly  called  a 
geostatic  load,  the  potential  uniformly  increasing  with  the 
depth  below  the  free  surface.  At  x^  a  point  at  the  same 
depth  as  B^^  the  ellipse  of  stress  is  shown  on  fig.  275,  FBf  is 
an  arc,  and  the  semi-diameters  are  in  the  ratio  of  4  to  10. 

By  transforming  horizontally  the  rib  AB'S'y  in  any  ratio, 
we  obtain  a  new  rib  ABS.  If  AD'S'  be  the  quadrant  of  a 
circle,  then  ABS  is  the  quadrant  of  an  ellipse,  the  new  hori- 
zontal load  area  being  bg'ik'e  derived  from  bglke  by  a  horizontal 
transformation  in  the  duplicate  ratio.  But  if  AliS  be  a  true 
geostatic  quadrantal  rib,  differing  little  from  a  circular  quadrant, 
then  the  new  rib  ABS  is  also  the  quadrant  of  a  true  geostatic 
rib  differing  but  little  from  the  quadrant  of  an  ellipse,  and  the 
horizontal-load-area  is  bfhe  derived  from  bfh'e  by  a  horizontal 
transformation  in  the  duplicate  ratio. 

By  choosing  a  suitable  ratio  for  the  hoiizontal  transforma- 
tion, namely,  one  for  which  the  duplicate  ratio  is  10  to  4,  we 
have  JE/h  sloping  at  the  batter  1  to  1,  the  load  is  then  a  fluid 
load,  and  the  rib  ABS  is  called  a  hydrostatic  nb.  Now  the 
ratio  whose  duplicate  is  10  to  4  is  approximately  3  to  2  ;  hence 
the  hydrostatic  rib,  of  which  ABS  is  the  left  half,  has  its  span 
three  times  the  ruse,  and  the  depth  of  the  load  over  the  crown 
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one-third  part  of  the  rise.    The  ellipse  of  stress  has  become  a 
circle  of  stress. 

In  this  way  we  see  that  a  semi-elliptio  rib,  or  one  which  in 
courtesy  (see  fig.  262)  is  called  semi-elliptic,  may  with  like  pro- 
priety be  called  a  complete  hydrostatic  rib.  That  if  the  span  be 
treble  the  rise  the  surface  of  the  fluid  must  be  over  the  crown  at 
a  height  one-third  the  rise. 

It  is  better  now  to  suppose  that,  on  fig.  275,  we  start  with 
this  hydrostatic  rib  AB8  loaded  outside  up  to  the  fluid  surface 
OJEFy  so  that  the  45^,  or  1  to  Inline  JF)%,  defines  the  horizontal- 
load-area.  Then  to  suppose  the  geostatic  rib  AB^S'  to  be 
derived  from  ABS^  by  a  crush-in  in  the  ratio  2  to  3,  the  hori- 
zontal-load-area crushing-in  in  the  ratio  4  to  9,  or  4  to  10 
nearly,  and  defined  by  the  4  to  10  battering  line  Ffh':  the 
circle  of  stress  at  x  becoming  the  ellipse  of  stress  with  diameters 
in  this  duplicate  ratio.  The  particular  geostatic  rib  ARS^ 
derived  by  this  crushing-in  of  the  particular  hydrostatic  rib 
AB8  is  sensibly  the  quadrant  of  a  circle.  One  might  readily 
fall  into  the  error  of  supposing  that  all  hydrostatic  ribs  might 
be  orushed-in  so  as  to  be  sensibly  quadrants  of  circles  by  choos-- 
ing  a  fractional  ratio  of  transformation  to  make  the  semi-span 
equal  to  the  rise.  But  by  considering  the  genesis  we  have  em- 
ployed, it  will  appear  that  only  those  hydrostatic  ribs,  with  the 
surface  of  the  fluid  at  a  height  over  the  crown  at  least  one-third 
of  the  rise  J  can  be  crushed-in  to  give  derived  geostatic-ribs  with 
half  span  equal  to  rise,  so  that  such  derived  ribs  may  be,  in 
any  other  respect,  like  the  quadrant  of  a  circle.  Because 
stiurting  as  we  do  on  fig.  275  with  a  horizontal-load-area  bgOce 
wholly  positive  or  inwards,  the  rougher  approximation  bfh^e  ia 
reasonable,  but  with  a  lower  directrix  to  start  with,  the  hori- 
zontal-load-area would  be  partly  positive  and  partly  negative, 
to  which  one  sloping  boundary  ^h'  could,  in  no  sense,  give  an 
approximation. 

We  have  this  important  practical  distinction,  that  all  sensibly 
semi-elliptic-ribs  may  be  treated  as  sensibly  geostatic  whether 
derived  from  a  hydrostatic  rib  by  a  pull-out  or  a  push-in^  pro- 
vided the  height  of  the  load  over  the  crown  be  at  least  one^third 
of  the  rise.  For  loads  over  the  crown  less  than  one-third  of  the 
rise  the  hydrostatic  rib  itself,  and  geostatic  ribs  got  by  a  pull- 
out,  are  sensibly  elliptic,  but  not  those  got^by  a  push-in. 

Hydrostatic  and  Geostatic  Eibs. 

Let  ABS  be  the  quadrant  of  a  hydrostatic  rib,  fig.  275. 
The  origin  is  the  point  over  the  crown,  while  the  axis  OF  is  the 
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surface  of  the  fluid,  the  vertical  is  the  axis  OX  The  depths  of 
A  and  8  the  crown  and  springing  are  x^  and  Xi.  The  rise  of  the 
arch  is  a  »  {xi  -  Xo)j  and  the  half -span  is  f/i.  The  vertical-load- 
area  is  OESAy  while  the  horizontal-load-area,  mapped  out  by 
the  45°  or  1  to  1  line,  is  bfhe ;  it  is  the  difference  of  two  half 
squares,  namely  i  (a?i'  -  a?©'),  and  this  multiplied  by  m^,  the  weight 
of  a  cubic  foot  of  the  fluid,  gives  us  the  thrust  at  the  crown  T^^ 
equal  to  ^tv  [x^  -  Xo)*  Since  the  extern  load  is  normal  at  each 
)int  on  the  back  of  the  rib  the  thrust  along  the  rib  is  constant, 
lo  that  we  have,  at  S  the  springing  point,  at  B  bjij  interme- 
diate point,  and  at  the  crown  Ay 

T,^T^T,^^{x^-x,'),  (20) 

The  rule,  p.  486,  for  the  thrust  at  the  crown  of  a  rib  applies 
alike  to  every  point  of  the  hydrostatic  rib.  To  get  the  radius 
of  curvature  at  any  point  of  the  rib  it  is  only  necessary  to 
divide  the  constant  thrust  T  by  the  intensity  of  the  extern 
normal  loady  which  itself  is  the  same  as  the  mass  of  the  fluid  w 
multiplied  by  the  depth  of  the  point  on  the  rib  below  the 
surface.  As  tr  is  common  to  both  expressions,  the  same  quotient 
is  obtained  by  dividing  the  horizontal-load-area  by  the  depth  of 
the  point.     The  radii  of  curvature  of  the  points  S,  jB,  and  -4, 


X\    "^  Xq  Xi    —  Xq  Xi    —  Xq  .^^ » 

p' — 2ir'  ^ — ^~'  '*" — 2^'   ^  ' 

The  central  of  these  expressions  is  an  equation  to  the  hydro- 
static rib,  and  is  to  be  expressed  simply  in  words  thus — at  any 
point  of  the  rib  the  radius  of  curvature  and  the  depth  of  the  point 
below  the  surface  have  a  constant  product ; — the  value  of  the  con- 
stant being  the  horizontal  conjugate-load-area  for  the  quadrant. 
The  constant  involves  two  linear  quantities  called  parameters ; 
they  are  x^  and  ^i,  or,  what  is  the  same,  a  =  [xi-  Xq)  the  rise  of 
the  rib,  and  oto  the  depth  of  the  load  over  the  crown.  Any  two 
values  assigned  to  those  determine  a  particular  hydrostatic  rib, 
when  yi  the  half-span  can  be  approximated  to.  in  having  two 
parameters  this  rib  is  like  the  ellipse.  Further,  as  the  depth  to 
the  rib  increases  continuously  from  the  crown  A  down  to  the 
springing  8y  it  follows  that  the  radius  of  curvature  decreases 
continuously  between  those  points  just  as  in  the  quadrant  of 
an  ellipse. 
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Bankine  approximates  to  the  half-span  t/i  as  follows:  see 
the  lower  part  of  fig.  277,  whioh  shows  the  quadrant  of  the 
hydrostatic  rib,  and  the  quadrant  of  an  auxiliary  ellipse  having 
the  same  absolute  rise  a  =  {xi-  x^),  and  having  its  extreme 
radii  of  curvature  in  the  same  ratio  to  each  other  that  they 
have  on  the  other  quadrant.  If  b  is  the  half-span  of  this 
ellipse  it  will  be  a  fair  approximation  to  f/i.  Now,  the  extreme 
radii  of  curvature  of  the  elliptic  quadrant  are  b*  i-  a,  and  a' 4-  6, 
so  that  their  ratio  is  6' :  a'.  For  the  quadrant  of  the  hydro- 
static rib  their  ratio  is  po :  piy  or  Xi  :  Xq.  Equating  and 
arranging  we  have 

(22) 


— 

^0 


That  is,  an  approximation  to  the  half  span  of  the  hydrostatic 
rib  is  the  rise  multiplied  by  the  cube  root  of  the  ratio  of  the 
depth  of  the  springing  point  to  that  of  the  crown. 

This  is  always  about  5  per  cent,  too  great,  or,  more 
definitely,  from  b  is  to  be  deducted  one-thirtieth  of  the  radius 
of  curvature  at  the  crown  of  either  the  auxiliary  ellipse  or  of 
the  hydrostatic  rib  as  it  may  be  convenient.  The  closest 
approximation  to  the  half  span  of  the  hydrostatic  rib  is 

^^  =  *"^"i..  (23) 

In  this  way  we  shall  find  the  span  of  the  hydrostatic  rib 
having  the  depth  of  the  springing  points  four  times  as  great 
as  that  of  the  crown,  or,  what  is  the  same  thing,  having  the 
rise  of  the  rib  treble  the  depth  of  load  over  crown!  Putting 
unity  for  the  depth  of  the  load  at  the  crown  -4,  fig.  275,  then 
Xq  «  OA  =  1,  and  the  rise  is  a  =  I) A  =  3,  while  Xi  =  ES  =  4. 
By  equation  (22) 

6  =  3  »J4  =  4-76. 

Squaring  this  and  dividing  by  a  we  get  7*55,  the  radius  of 
curvature  of  crown  of  auxiliary  ellipse.  Or  for  the  hydrostatic 
rib,  the  horizontal-load-'area  being  |  (4*  - 1*),  we  divide  it  by  iCo, 
and  get  po  =  7'5.  Also  a  thirtieth  part  of  these  radii  is  '252, 
which  is  the  same  as  5  per  cent,  of  b.  Reducing  b  by  this 
amount,  we  get  ^1  =  4*51,  and  doubling,  the  span  of  the  rib 
is  9-02. 

Hence  for  the  hydrostatic  rib  with  the  load  over  the  crown 
a  third  part  of  the  rise  the  span  is  three  times  the  rise,   a 
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result  which  we  arrived  at  in  the  last  seotion  by  a  quite  inde- 
pendent approximation  of  our  own. 

For  this  particular  hydrostatic  rib  the  approximation  given 
by  (Bankine's)  equations  (22]  and  (23)  are  verified  graphically  on 
fig.  277,  the  curve  being  drawn  in  small  arcs  beginning  at  the 
crown  A.  It  is  now  more  convenient  to  have  0-4  =  3  feet, 
and  OD  =  12  feet.  The  scale  was  double  before  reduction 
by  photography.  Horizontal  lines  were  ruled  at  different 
soundings  below  OJE  the  surface  of  the  fluid.  The  conjugate 
horizontal-load-area  J  (144  -  9),  or  67*5  square  feet,  being 
divided  by  3,  gives  po  =  22*d.  With  this  radius  the  first  arc 
is  drawn  beginning  at  A,  and  ending  when  it  cuts  the  hori- 
zontal at  the  sounding  3*75.  Along  the  old  radius  at  this 
point  a  new  shorter  radius  is  laid  off,  with  which  a  second 
arc  is  drawn  till  it  cuts  the  horizontal  through  the  next 
sounding  4*5.  In  this  way  arc  after  arc  is  drawn  till  the 
last  one  has  a  vertical  tangent  at  (script)  «,  which  completes 
the  approximate  quadrant.  As  each  arc  has  been  drawn  of 
constant  radius,  while  the  radius  ought  to  have  decreased,  it 
follows  that  the  semi-diameters  of  this  approximate  quadrant 
are  too  large.  By  measurement  Ad  is  found  to  be  5  per  cent, 
greater  than  the  given  rise  AD,  and  we  conclude  that  ds  is 
5  per  cent,  too  big  also ;  hence  D8  is  laid  off  at  that  reduced 
value  when  ABS,  the  false  quadrant,  is  struck  from  two  main 
centres,  and  an  intermediate  one  as  already  explained  at  fig.  262^ 
the  whole  rib  being  struck  from  five  centres.  By  measure- 
ment the  half-spans  ds  and  DS  verify  the  values  abeady 
calculated  by  the  equations  (22)  and  (23). 

The  soundings  and  radii  used  in  the  graphical  construction 
of  the  curve  are  given  below  in  two  rows.  Each  radius  is 
found  in  turn  by  dividing  the  sounding  out  of  the  area  67*5. 
These  radii  begin  with  the  largest  po»22'd,  and  end  with 
pi  -  5-6. 

300,    3-75,    4-5,    6-0,    7-5,    90,    10-5,    11-25,    12. 
22-5,    18-0,     15,     11,    9-0,    7-5,      65,      600,    5-6. 

Observe  that  in  this  particular  rib,  5  per  cent,  of  the  half- 
span  and  -^th  of  the  crown  radius  are  the  same,  but  in  other 
ribs  the  fraction  of  the  radius  is  to  be  preferred. 

In  the  same  way  the  spans  of  two  other  particular  hydro* 
static  ribs  may  be  ^culated  from  the  equations  (22)  and  (23). 
The  depth  of  load  over  crown  {x^)  being  taken  as  unity,  then 
for  the  rise  (a  =  o^i  -  o^o)  three  times  the  load,  the  span  (2^i) 
was  found  to  be  3-01   times  the  rise.    With  the  rise  four 
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times  the  load  in  the  same  way  the  span  is  3*22  times  the 
rise,  and  with  the  rise  five  times  the  load  the  span  is  3*41 
times  the  rise. 

As  already  pointed  out,  only  the  first  of  these  hydrostatic 
rihs  may  be  transformed  by  pushing-in  and  the  resultant 
geostatio  rib  reckoned  as  sensibly  elliptical  or  circular.  All 
three  may  be  transformed  by  pulling  them  out  horizontally, 
and  the  resulting  geostatic  ribs  are  sensibly  semi-elliptic.  Jjet 
the  pull-out,  in  the  first  place,  be  such  that  the  1  to  1  sloping 
boundary  of  the  horizontal-load-area  becomes  a  1^  to  1  sloping 
boundary.  That  is,  the  duplicate  of  the  ratio  of  transforma- 
tion is  1*5,  so  that  the  ratio  of  transformation  is  1*225,  which 
is  the  multiplier  to  give  the  three  new  spans.  In  the  second 
place  the  1  to  1  sloping  boundary  is  to  become  a  2  to  1  sloping 
boundary,  so  that  the  ratio  of  transformation  is  now  1*414, 
which  again  is  the  multiplier  to  give  the  three  new  spans. 
The  hydrostatic  ribs  themselves  may  be  called  geostatic  ribs 
with  the  ratio  of  transformation  unitp^  for,  as  already  pointed 
out,  a  fluid  load  is  one  of  the  varieties  of  the  earth-load. 

We  have  then  the  following  nine  geostatic  ribs,  that  is,  ribs 
sensibly  semi-elliptic,  able  to  be  struck  out  from  five  centres  as 
on  fig.  262,  and  such  that,  when  loaded  between  the  ribs  them- 
selves and  a  straight  extrados  at  the  given  height  above  the 
crown,  require  for  equilibrium  a  horizontal-load-area  mapped 
out  by  a  sloping  line  at  the  batter  given  in  the  table.  In  the 
following  table  the  depth  of  the  load  over  the  crown  is  given  as 
a  fraction  of  the  rise  of  the  rib,  and  the  span  as  a  multiple  of 
the  rise : — 

Spam  in  Terms  of  the  Rise  of  Semi-Elliptic  Ribs  which  are 

sensibly  Oeostatic. 


Boundary  of  hori- 
zontal-load-area. 

Load  at  Crown 
^rd  of  Rise. 

Load  at  Crown. 
ith  of  Bite. 

Load  at  Crown 
ith  of  Bise. 

Itol 

301 

3-22 

3-41 

l^tol 

3-68 

3-94 

4-18 

2tol 

4-26 

4-56 

4-82 

With  tlie  semi-elliptic  rib,  it  being  desirable  to  have  the 
span  between  four  and  five  times  the  rise,  it  appears  from  the 
above  table,  that  the  depth  of  the  load  over  the  crown  should  be 
between  |th  and  -^th  of  the  rise. 
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Semi-Elliptic  Masonry  Arch. 

In  this  arch  the  soffit  is  a  false  semi-ellipse  struck  from  five 
centres  as  on  fig.  264.  The  span  being  determined  upon,  the  rise 
of  the  soffit  may  be  any  fraction  of  the  span  from  a  fourth  to  a 
fifth.  The  radius  at  the  crown  is  now  determined,  being  the 
square  of  the  half-span  divided  by  the  rise.  Then  a  mean  pro- 
portional between  this  radius  and  *12  gives  Bankine's  empirical 
thickness  of  the  keystone ;  to  this  a  suitable  surcharge  over  the 
keystone  being  added,  we  have  the  depth  of  the  load  over  the 
crown,  which  will  be  from  a  third  to  a  fifth  of  the  rise.  For 
example,  take  the  lower  part  of  fig.  276,  showing  a  quadrant 
of  an  elliptic  masonry  arch,  half-span  of  soffit  38  feet  and  rise 
19  feet,  the  radius  of  crown  will  be  38'  ^  19  =  76  feet^ By 

Bankine's  formulsB  the  thickness  of  the  keystone  is  v^76  x  -12 

=  3'02  for  a  single  arch,  or  for  one  of  a  series  it  is  \/T6  x  -17 
«  3*6.  Now,  it  is  usual  to  have  the  ring  of  stone  of  uni- 
form thickness,  instead  of  thickening  out  as  in  the  segmental 
arch,  so  that  4  feet  had  better  be  allowed  for  the  uniform  thick- 
ness of  the  ring.  To  this  a  surcharge  of  not  less  than  a  foot 
and  a  half  is  to  be  added.  With  this  minimum  surcharge  the 
depth  of  load  at  crown  of  soffit  is  sensibly  a  fourth  of  the  rise. 
But  we  have  on  fig.  276  adopted  a  surcharge  of  3  feet,  so  that 
the  depth  of  the  load  at  crown  of  soffit  is  7  feet.  This  we 
have  chosen,  that  tlie  total  rise  may  be  26  feet,  so  that  this 
semi-elliptic  arch  may  have  the  same  span  and  total  rise  or 
head-room  as  the  segmental  arch,  figs.  272  and  267,  the  two 
patterns  being  rival  designs  for  the  same  railway  viaduct  of 
many  arches. 

The  line  of  stress  is  to  be  supposed  to  be  along  the  soffit  in 
the  first  place.  The  soffit  is  now,  instead  of  elliptical,  to  be  con- 
sidered as  sensibly  a  geostatic  rib.  The  quadrant  is  shown  on 
the  upper  part  of  fig.  276.  The  three  data  are  OA  =  ajo  =  7, 
OD  =  iTi  =  26  feet,  and  the  half  span  c  =  «yi  =  38  feet,  where  o-q 
and  Xi  are  the  extreme  depths  of  tne  hydrostatic  rib  from  which 
the  geostatic  rib  is  derived  by  a  horizontal  transformation  in 
the  ratio  8.  The  thrust  Tq  at  A  the  crown  of  the  geostatic  rib 
is  the  mass  of  the  superstructure  w  multiplied  by  the  horizontal- 
load-area  hfKe^  while  Tx  the  thrust  at  the  springing  is  an  sth 
part  of  To,  for  before  the  transformation  they  were  equal,  and 
only  To  has  increased.  We  shall  return  to  the  strict  numerical 
solution  of  the  arch  on  fig.  276  among  the  examples  following. 


i.i      f-Ts- 
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In  the  meantime  fig.  276  may  serve  to  illuBtrate  the  quite 
general  treatment. 

Since  iT©  =  7  is  sensibly  -Jrd  of  a  =  19,  we  may  look  in  the 
second  colunm  of  the  table,  and  since  the  span  76  is  exactly  4 
expressed  in  terms  of  the  rise  a,  the  slope  of  the  boundary  of 
the  horizontal-load-area  will  lie  between  1|  to  1  and  2  to  1,  just 
as  4  lies  between  3*68  and  4*25.  By  proportional  parts  this 
filope  is  If  to  1.  Quite  strictly  it  is  1*853  to  1 :  see  the  numerical 
examples  following.  On  fig.  276,  s'  to  1  is  taken  as  sensibly 
2  to  1.  At  A  the  thrust  is  To  =  tr  x  area  bf'h'e  =  627tr,  and 
dividing  by  «,  Ti  =  420fr  nearly. 

Consider  the  quadrant  of  the  masonry  ring  as  rigid,  and 
apply  a  pair  of  equal  and  opposite  couples,  one  at  the  crown, 
and  the  other  at  the  springing.  Let  the  couple  at  the  crown 
be  of  a  moment  such  that  it  shifts  To  just  into  the  middle  third 
of  the  keystone  as  shown  on  the  lower  part  of  the  figure ;  then 
the  other  couple  will  shift  Ti  well  into  the  middle  third.  In 
no  case  will  2\  be  shifted  past  the  middle  third,  as  T^  is  never 
twice  as  great  as  7\.  The  modified  line  of  stress  begins  and 
ends  in  the  middle  third,  and  as  its  curvature  is  continuously 
varying,  the  whole  curve  is  confined  to  the  middle  third  of  the 
masonry  ring,  shown  white  on  the  figure. 

For  the  middle  elastic  part  of  the  ring,  shown  dense  black, 
the  heavy  backing  is  left  out.  It  stretches  between  the  pair  of 
joints  where  the  tangents  to  the  soffit  are  inclined  at  30^  to  the 
horizon.  For  one  thing  To  is  now  slightly  reduced.  The  soffit 
for  this  middle  part  of  the  ring  is  actually  all  struck  from  the 
main  centre,  and  is  really  a  segmental  circular  masonry  ring 
springing  at  30°  to  the  horizon.  The  modified  line  of  stress  of 
this  central  part,  for  the  most  perfect  economy  of  masonry,  would 
start  at  the  lower  limit  of  the  middle  third  at  the  keystone 
and  would  reach  the  upper  limit  of  the  middle  third  at  the 
joint  of  rupture,  the  springing  joint  for  this  black  part  of  the 
ring,  that  is  at  the  joint  which,  when  produced,  goes  through 
the  main  centre,  and  makes  60°  with  the  vertical.  This  will 
now  determine  whether  the  thickness  adopted  for  the  arch-ring 
is  sufficient,  for  the  horizontal  through  the  lower  limit  of  the 
middle  third  of  the  crown  joint,  and  the  line  at  30°  to  the 
horizon  drawn  through  the  upper  limit  of  the  joint  of  rupture 
must  meet  on  the  vertical  through  the  centre  of  gravity  of  the 
corresponding  superstructure.  The  construction  will  be  similar 
to  that  shown  at  the  lower  right-hand  corner  of  fig.  267.  In  this 
case  the  thickness  of  the  ring  is  the  least  for  permanent  equili- 
brium, and  at  both  crown  and  joint  of  rupture  the  maximum 
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stress  is  double  the  average.  With  a  more  liberal  thickness  of 
ring,  different  pairs  of  tangents  may  be  drawn  to  meet  on  the 
proper  vertical,  and  the  actual  line  of  stress  will  be  determined 
by  the  ceasing  of  the  subsidence  of  the  keystone  when  the 
centre  is  slowly  removed.  It  is  always  safe  to  assume  that  the 
maximum  intensity  of  the  stress  at  the  crown  joint  is  double 
the  average,  or  that  the  real  factor  of  safety  is  only  half  th& 
apparent  factor  against  crushing. 

If  a  uniform  live  load  be  added  all  over  the  span  equivalent 
to  an  additional  height  of  the  superstructure,  1|  feet  on  fig.  276^ 
the  calctdations  could  be  repeated,  making  x^  and  Xi  greater  by 
this  amount.  The  increase  of  Ti  is  simply  to  multiplied  by  the 
area  of  the  rectangle  of  base  38  feet,  and  height  1^  feet,  or 
(T/  -  Ti)  =  48ir.  And  for  the  increase  of  To  we  have  (by  the 
rule  for  the  thrust  at  the  crown  of  a  rib,  p.  486)  merely  to  mul- 
tiply 1'26«?  the  extra  normal  load  at  the  crown  by  76,  the 
radius  of  curvature,  when  we  have  {To  -  To)  =  SStr.  light 
spandrils  to  resist  this  load  are  shown  on  fig.  276.  The  depth 
from  the  formation  to  the  top  of  the  heavy  spandril  walls  upon 
which  the  light  spandrils  ride  measures  8  feet  on  the  figure. 
If  /  be  the  distance  they  stretch  out  longitudinally ;  then  8wl  is 
the  over-head  load  pressing  the  spandrils  down  on  their  base. 
Then  with  '7  for  the  coefficient  of  friction  of  stone  on  stone  we 
have  the  frictional  resistance  of  the  light  spandrils  5*6  wl  equal 
to  95tr,  BO  that  /  ==  16*9  feet. 

Examples. 

308.  In  a  semi-elliptic  masonry  arch  the  span  of  the  soffit  is  76  feet  and  th& 
rise  is  19  feet,  and  the  leyel  of  rails  is  7  feet  aboye  the  crown  of  the  soffit.  The 
soffit  whidi  is  to  be  struck  from  6  centres  is  to  be  taken,  in  the  Snt  place,  as  the 
line  of  stress,  i^ssuming  it  to  be  sensibly  a  gtoBtaiie  rib,  find  the  thrust  at  the 
crown  and  spiingiDg. 

The  extreme  depths  of  a  quadrant  of  the  hydrostatic  rib  from  which  the 
geottatie  rVi  is  deriyed  are  a^  v  7  and  x\  s  26.  A  rou^h  and  a  close  approxima- 
tion to  the  half -span  of  this  hydrostatic  rib  are  by  equations  (22)  and  (23), 

126 
ft  =  19  My  =  29-424, 

fi  =  29-424  -  ^,  Jl 

=  29-424  -  1-618  =  27906. 

The  half-span  of  the  geostatic  rib  being  giyen  sgi  =  38,  we  haye  then  the  ratio 
of  transformation  or  pull-out  by  which  the  half -span  27*906  has  become  38  to  be 

38 

»  -  K^n^T^  «  1-3617 
27-906 

and  <>  8=1-863. 

Henee  the  1  to  1  boundary  of  the  horizontal -load-area  for  the  hydrostatic  rib 
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■having  been  pulled-out  in  the  duplicate  ratio  1*863  to  1,  this  fumishes  the  slope  of 
the  boundary  mapping  out  the  horizontal-load-area  of  the  geoatatie  rib. 

Multiplying  w  the  weight  of  a  cubic  foot  of  superstruoture  into  this  area  the 
thrust  at  the  crown  is 

To  «  1-863  X  ^  {26*  -  V)  =  681  w, 

681u7 
and  r,  =  To  -r  »  =  j:3g2  *=  ^'^'^^' 

NoTB. — These  are  the  more  exact  values  which  should  have  appeared  on  fig. 
276,  only  that  the  slope  of  the  boundair  of  the  geostatie  rib  was  taken  2  to  1 
instead  of  1'863  to  1  for  clearness  of  explanation. 

300.  If  a  live-load  eauivalent  to  an  additional  height  of  superstructiire  of  1*26 
feet  be  added  all  over  the  masonry  arch  in  last  example,  find  now  the  thrusts  at 
crown  and  springing. 

We  have  now  xo  »  8*26  and  xi  =  27*26, 

/27*26 

yi  -  28-297  -  A  js  "  26-892, 

38 
»  =  ;:^-^«  =  1*414    and    »*=2, 
26*892  ' 

To'  =  2  ^  (27'26«  -  8*26«)  =  676tr. 

T{  =  To'  V  «  =  478w. 

Note  that  now  the  boundary  of  the  conjugate  horizontal-load-area  slopes  at 
2  to  1.  Also  To'-  To  =  676u'  -  681«;  »  94m;,  about  the  product  of  l'26u;  and 
38'  V  19  already  used  for  an  approximation :  see  fig.  277.  Again  Ti'  —  Ti  =  61tr, 
a  little  more  than  the  simple  pi-oduct  of  l'26u;  and  38  the  half -span. 

810.  The  pier  between  two  arches  is  12  feet  thick  at  the  top  and  the  faces 
batter  1  in  20 :  find  the  centre  of  stress  at  a  joint  46  feet  below  the  springing  level. 

That  joint  is  16*6  feet  thick,  the  weight  of  the  pier  641tr.  The  half-arehes 
rest  427u?  and  478i<;  on  its  top ;  the  whole  weight  above  the  joint  is  16i6uf.  The 
excess  of  the  horizontal  load  on  one  side  oyer  the  other  is  96iip.  If  x  be  the  devia- 
tion of  the  centre  of  stress  from  the  middle  of  the  joint  46  feet  down,  the  equation 
of  moments  is 

IbiQiCZ  =  46  X  96ii', 

s  =  2*76  feet. 

This  is  oM-tixth  of  16*6,  so  that  the  centre  of  stress  is  just  within  the  middle 
third  of  the  joint. 

311.  The  abutment  pier  is  20  feet  thick  at  top  and  its  faces  batter  at  1  in  20. 
At  a  joint  46  below  the  springing,  find  e  the  deviation  of  the  centre  of  stress  from 
the  middle,  when  the  pier  befurs  a  half-finished  arch  on  one  side  only. 

The  joint  is  24*6  feet  thick ;  and  if  we  take  the  mass  of  the  pier  2w  and  reckon 
a  complete  arch  on  one  side  only,  then  weight  of  pier  is  2002iff,  and  the  equation  of 
moments  is 

2002t9c  +  427«^  (s  +  8)  =  681ir  x  46, 

so  that  £  =  9*3  or  three-eighths  of  24*6 ;  the  thickness  of  the  joint  and  the  line  of 
stress  does  not  come  closer  to  the  face  of  pier  than  an  eighth  of  its  thickness. 

2N2 


548  HASOKBY  ABCHES. 

312.  If,  when  the  yiaduct  is  finiahed,  an  arch  falls,  it  leaves  a  whole  arch  on 
one  side  only  of  the  ahutment  pier. 

The  first  term  in  the  equation  ahove  must  be  halved,  as  we  cannot  now  consider 
the  pier  of  double  density ;  at  the  same  time  we  have  now  a  mass  of  masonry 
20  feet  by  26  feet  over  tiie  pier,  so  we  must  add  620trs  and  deduct  lOOlu^s  from  the 
first  term  and 

1521u's  +  427u'(s  +  8)  B  6Slw  x  46. 

And  now  «  »  11*6  less  than  half  of  24*6,  so  that  the  centre  of  stress  is  still 
within  the  masonry. 


Masonry  Abutmknts. 

In  the  case  of  the  segmental  arch  (fig.  272),  the  abutment 
is  readily  designed  by  building  the  masonry  in  benches  stepped 
at  the  back,  the  oblique  thrust  of  the  arch,  shown  by  a  dot-and- 
dash  line,  to  lie  in  the  middle  third  of  the  abutment  if  it  be  no 
deeper  than  the  rise  of  the  arch.  The  masonry  may  be  entirely 
in  square-dressed  courses,  but  the  central  part  may,  with 
advantage,  be  in  radial  courses.  The  abutment  is  best  honey- 
combed at  the  back  with  thick  walls  for  the  thin  spandrils  to 
ride  out  upon.  The  spaces  between  the  thick  wall  to  be 
thoroughly  drained  and  packed  with  heavy  ballast  and  broken 
shivers  of  stones.  The  spaces  between  the  thin  spandrils  to  be 
coated  with  waterproof  material,  arched  or  bridged  over,  and 
preferably  left  void,  drain-pipes  and  ventilating  holes  being 
provided. 

In  the  semi-elliptic  arch,  lower  part  of  fig.  276,  the  heavy 
spandrils,  with  square-dressed  joints,  are  shown  in  three 
benches,  from  the  springing  level  up  to  the  joint  of  rupture. 
The  thickness  s,  at  springing  level,  is  calculated  in  the  first 
place,  as  if  the  backing  required  were  like  that  of  a  fiuid  load, 
or  as  if  the  horizontal-load-area  were  mapped  out  by  a  1  to  1 
boundary.  In  the  example  -7  x  26lw'  «  iw  (26*  -  8»),  or  /  =  17 
feet,  taking  tt/  and  ta  as  equal.  A  right-angled  triangle,  with 
the  base  z,  maps  out  the  backing.  The  re-entrant  angles  of 
the  benches  are  to  lie  on  the  hypotenuse  of  this  triangle,  shown 
with  a  dot-and-dash  line ;  then  the  middle  and  top  benches  are 
slid  along  inwards  till  they  butt  against  the  square-dressed 
backs  of  the  votMSoira.  As  ((^  is  likely  to  be  20  per  cent,  greater 
than  w,  that  is,  the  mass  of  the  backing  greater  than  that  of 
the  superstructure,  we  will  have  the  reduced  value  s  »  14  feet. 

We  have  shown  that  the  conjugate  horizontal-load-area  for 
elliptic  arches  has  its  boundary  sloping  at  2  to  1  at  most,  that 
is,  double  the  horizontal  action  of  a  fluid  load.     But  if  the 
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abutment,  as  on  the  lower  part  of  fig.  276,  is  built  in  an  exca- 
vation in  old  oonsolidated  earth,  then  the  earth  filled  between 
the  abutment  and  the  face  of  the  excavation  can  be  made  to 
press  horizontally,  like  a  fluid,  bj  punning  it  hard  in  thin 
horizontal  layers.  This  reinforcing  the  frictional  stability  of 
the  masonry  abutment,  as  already  designed,  supplies  the 
necessary  resistance  to  the  spreading  of  the  arch.  The  centre 
of  the  arch  is  to  be  struck  when  about  half  of  the  super- 
structure is  built,  and  before  the  earth  is  rammed  behind  the 
abutment.  When  the  masonry  has  settled  and  consolidated, 
the  earth  is  to  be  first  rammed  behind  the  abutment,  and  then 
the  superstructure  finished.  On  the  other  hand,  if  the  abut- 
ment is  built,  and  a  loose  embankment  built  over  it,  then  even 
by  filling  the  best  stuff  behind  the  abutment,  it  will  only 
press  horizontally  with  half  a  fluid  load,  so  that  the  masonry 
abutment  must  now  be  equal  to  a  1^  to  1  bounded  load  area. 
That  is,  z  must  be  increased  by  50  per  cent,  from  14  feet  to  21 
feet.  Adding  to  each  of  these,  4  feet  for  the  thickness  of  the 
springing  stone,  we  have  the  total  thickness  of  an  abutment 
for  tne  semi-elliptical  masonry  arch  (fig.  276)  to  be  18  feet 
and  25  feet  in  the  best  and  worst  circumstances  respectively. 
These  are  almost  exactly  ^th  and  ^rd  of  76,  the  radius  of 
curvature  of  the  crown  of  the  soffit.  And  so  we  have  verified 
Bankine's  proportion :  see  his  Civil  Eng.y  p.  514 :  The  ihtck- 
nes8  of  the  abutments  of  a  masonry  bridge  are  from  a  third  to  a 
fifth  of  the  radius  of  curvature  at  the  crown. 

Masonry  Piers  and  Abutment  Piers. 

The  design  for  a  common  pier  is  shown  on  the  left  half  of 
fig.  277.  It  is  for  a  viaduct  of  many  arches,  of  which  half  an 
arch  is  shown  on  fig.  276.  Every  fourth  or  fifth  pier  is  to  be 
an  abutment  pier,  the  design  of  which  is  shown  on  the  right 
half  of  fig.  277.  Both  piers  are  45  feet  high,  and  are  divided 
into  three  blocks  of  15  feet  each.  The  common  pier  is  12  feet 
thick  at  the  top,  and  the  abutment  pier  is  20  feet  thick. 
Their  faces  batter  at  1  in  20.  The  arch  to  the  left  of  the 
common  pier  bears  a  live  load  equivalent  to  1  j-  feet  of  extra 
height  of  its  superstructure.  Hence  the  excess  horizontal 
thrust  of  this  arch  above  the  one  on  the  right  side  of  the  pier 
is  l'25tr  X  76,  or  9bu>.  It  is  shown  on  fig.  277,  acting  on  the 
horizontal  line,  through  the  centre  of  gravity  of  the  horizontal- 
load-area,  as  drawn  on  the  figure  above.  Then  A&iw  and 
420t(?  are  the  vertical  loads  on  the  springing  stones  at  the 
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<3oniers  of  the  pier,  dae  to  the  half  arch  loaded,  and  the  half 
arch  unloaded.  They  are  quoted  from  fig.  276.  There  are 
also  shown  four  barbs  on  tne  vertical  line  down  the  middle 
of  the  pier,  which  are  the  weights  of  the  column  of  masonry 
between  the  two  half  arches,  and  of  the  three  blocks  of 
masonry  into  which  we  divided  the  pier  itself.  The  mass  of 
tlie  masonry  to  is  taken  as  unit.  The  vertical  scales,  both 
for  dimensions  and  loads,  are  three  times  as  fine  as  the  hori- 
zontal. By  drawing  a  force,  and  a  link  polygon,  the  centres 
of  stress  at  each  of  the  three  joints  below  the  springing  are 
defined  by  the  barbs  of  oblique  arrows.  Each  centre  of  stress 
is  well  within  the  white  "  kernel,"  which  is  the  middle  third 
of  the  masonry  of  the  pier. 

It  is  absolutely  necessary,  for  the  permanent  stability  of 
the  pier,  that  the  line  of  stress  be  confined  to  the  middle  third, 
otherwise  the  joints  would  open,  as  the  pier  was  rooked  by 
the  live  load  shifting  from  one  arch  to  the  other,  the  mortar 
drop  out,  and  the  whole  be  destroyed. 

The  everyday  work  of  the  abutment  pier  is  to  reflect  vibra- 
tions passing  from  arch  to  arch  along  the  viaduct.  Once  in  its 
history  it  has  to  act  as  an  abutment,  the  arches  on  one  side 
only  being  finished,  or  partly  built.  Now  the  arch  resting  on 
the  abutment  pier  will  have  its  centre  struck  when  itself  half 
completed.  On  fig.  277  the  horizontal  and  vertical  loads,  280 i€ 
and  210tr,  at  the  left  corner  of  the  abutment  pier,  are  due  to 
the  half  finished  arch  on  that  side,  and  are  quoted  from  the 
fig.  276  being  slightly  modified  because  the  pier  is  of  dense 
masonry.  The  smaller  force  polygon,  and  its  corresponding 
link  polygon,  define  the  centres  of  stress  to  be  within  the  white 
kernel.  That  is,  the  centres  of  stress  do  not  approach  so  close 
to  the  face  as  one-eighth  of  the  thickness,  which  is  a  suitable 
limit,  as  the  load  is  steady,  and  only  in  one  direction,  just  as  in 
retaining  walls. 

If  by  an  accident,  such  as  the  failure  of  a  foundation,  an 
arch  of  the  viaduct  should  fall,  the  damage  should  only  reach 
to  the  nearest  abutment  pier.  The  larger  polygon  shows  the 
full  load  of  an  arch  on  one  side,  and  the  oblique  dot-and-dash 
arrows  show  the  centres  of  stress  to  be  still  within  the  masonry, 
so  that  the  abutment  pier  could  be  expected  to  sustain  the 
complete  arch  for  a  short  time  till  it  could  be  shored  up.  A 
study  of  the  construction  shows  that  the  second  last  full  line 
oblique  arrow  produced  to  the  lowest  joint  defines  the  same 
centre  as  the  last  oblique  dot-and-dash  line.  This  saves  the 
trouble  of  drawing  the  larger  polygon. 
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Tunnel  Shell. 

On  fig.  278  is  shown  a  tunnel  shell ;  it  has  nearly  the  same 
profile  as  the  Bleohinglej  tunnel  (see  plate  1  of  Simms'^ 
Practical  Tunnelling).  In  other  respects  tne  shell  is  designed 
to  illustrate  the  mutual  stability  estcublished  between  the  shell 
and  the  surrounding  cubes  of  earth. 

The  left  part  is  a  half  cross-section  of  the  front  length  of  the 
tunnel,  where  a  deep  cutting  is  first  made  in  old  consolidated 
earth,  the  sides  as  nearly  vertical  as  may  be.  The  thick  side- 
walls  are  first  built,  4  feet  thick,  and  the  roof  turned  on  a 
centre.  It  is  2  feet  thick  at  the  crown,  thickening  by  a  ring  of 
bricks  at  intervals  outwards  to  the  haunches.  The  notches  are 
covered  with  a  band  of  asphalt  to  render  the  roof  waterproof. 
From  -4,  the  crown  of  the  soflBt,  the  invert  is  swept  out  truly 
with  a  suitable  versine,  to  accommodate  a  covered  drain 
between  the  rails.  The  earth  is  now  filled  between  the  back 
of  the  walls  and  the  face  of  the  cutting.  Up  to  the  level  of  b 
it  is  punned  in  thin  layers,  that  the  cubes  may  press  horizon- 
tally like  a  fluid ;  above  that  it  is  filled  more  loosely  in  thick 
layers,  so  as  to  be  pressing  horizontally,  with  little  more  than  a 
third  of  column  overhead.  The  lowest  level  of  the  filling  when 
completed  is  to  be  8P^  so  that  Sa  may  be  a  third  part  of  14*5, 
the  radius  of  the  circular  quadrant  ab  assumed  to  be  the  line 
of  stress.  This  quadrant,  then,  is  a  geostatic  rib,  whose  hori- 
zontal-load-area is  bounded  by  the  4  to  10  sloping  line  lyings 
close  to  the  ^rd  to  1  slope,  indicating  the  minimum  horizontcd- 
load  necessary  for  the  equilibrium  of  the  cubes  of  earth.  The 
depths  of  a  and  6,  below  SPy  are  5  and  20  feet,  so  that  the 
horizontal-load-area  measures  -^ .  i  (20*  -  5')  =  75.  The  horizon- 
tal thrust  at  a,  the  centre  of  the  crown  joint,  is  75«?.  At  h  the 
vertical  thrust  is  75fr,  multiplied  by  ^^  the  ratio  of  transformation 
by  which  the  quadrant  ab  is  converted  into  the  corresponding 
hydrostatic  quadrant  with  the  same  extreme  depths  (see  fig. 
275).  To  this  vertical  thrust  of  the  rib  at  b  there  falls  to  be 
added  a  column  of  earth,  20  feet  by  5  feet,  making  in  all  212wy 
acting  down  through  b.  The  total  upward  thrust,  acting  partly 
on  CDy  the  base  of  the  thick  wall,  and  partly  on  DEy  the  half 
invert,  must  also  be  212fr.  Now,  from  the  manner  of  con- 
struction, most  of  this  load  is  thrown  on  (72),  the  invert  only 
ofFering  the  minimum  reaction  to  the  swelling  of  the  earth 
beneath,  it  being  built  later  and  being  elastic  and  yielding. 
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Suppose  all  the  unit-oubeB  of  earth  at  the  level  CE^  30  feet 
below  the  free  surfaoe  PS^  to  be  pressing  horizontally  with  30tr, 
a  load  equal  to  the  overhead  oolumn.  Then  the  least  vertioal 
pressure  on  the  12  unit-oubes  (white)  under  the  invert  DE^ 
consistent  with  the  stability  of  those  oubes  themselves,  is  lOtr, 
or  one-third  of  column.  From  the  ramming  of  the  earth  at  (7, 
the  vertioal  load,  on  each  of  the  unit-oubes  (black)  under  CD 
the  base  of  the  wall,  may  be  taken  as  column,  or  30tr,  more  or 
less.  This  furnishes  an  equation  to  verify  if  the  thickness  of 
the  walls'  foundation  is  sufficient.     For  we  must  have 

SOtt?  X  <  +  lOir  X  12  =  212ir. 

This  gives  t  nearly  4  feet,  and  taking  t  exactly  4  feet,  and 
modifying  the  equation,  we  have  the  vertical  load  on  the  four 
(black)  unit-cubes  below  the  wall  to  be  23tr,  and 

23fr  X  4  +  lOir  X  12  =  212er. 

The  radius  of  the  line  of  stress  in  the  invert  is  25  feet,  and 
it  has  the  upward  load  of  lOw  uniform  along  the  span,  just  as 
in  fig.  264,  BO  that  the  thrust  along  it  is  constant,  and  equal  to 
lOw  X  25  »  250u^. 

Next  to  join  together  these  two  lines  of  stress,  in  roof  and 
invert,  by  a  line  of  stress  confined  to  the  middle  third  of  the 
lower  part  of  the  thick  wall,  we  must  consider  the  horizontal 
load  applied  to  the  back  of  the  wall  by  the  punned  earth 
behind  it.  This  load  is  given  by  an  area  mapped  out  by  any 
boundary  lying  between  the  1  to  1  and  -J-  to  1  boundaries.  On 
fig.  ^78  these  areas  are  measured  up  to  the  1  to  1  boundary,  and 
at  intervals  of  2  feet  of  depth  are  30tt7,  46t(7,  bOwj  and  54tr. 
Beginning  with  212tr,  at  6,  and  compounding  those  in  order  by 
means  of  the  force  polygon,  pole  0,  and  the  link  polygon  LMj 
the  centres  of  stress  are  defined — c  by  the  arrow  with  two 
feathers ;  d  by  the  arrow  with  three  feathers ;  e  by  the  airow 
with  four  feathers ;  and  lastly,  5,  by  the  arrow  with  five 
feathers.  In  another  example  the  points  c,  e/,  e,  &c.,  are  to  be 
laid  down  one  after  another,  in  suitable  position,  each  in  its 
own  joint,  and  the  horizontal  areas  necessary  to  make  them  so 
lie  determined  in  succession,  and  provided  the  boundary  of 
those  load  areas  lies  between  the  two  practical  limits,  the  1  to  1 
and  ^  to  1  boundaries ;  then  bcdeB  is  a  possible  line  of  stress, 
consistent  with  the  equilibrium  of  the  punned  earth  itself. 
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Adding  70w  for  the  horuontal  load  below  j5,  we  have  the 
-Bum  of  30i^,  46ir,  50tr,  54tr,  and  70w,  equal  to  250tr,  the  thrust 
at  orown  of  invert. 

Both  the  top  and  bottom  quadrant,  then,  of  the  left  half  of 
fig.  278  are  in  horizontal  and  vertical  equilibrium,  consistent 
with  the  equilibrium  of  the  surrounding  cubes  of  earth,  and 
throwing  as  light  a  load  on  the  invert  as  may  be.  There  still 
remains  the  equilibrium  of  moments  of  tlie  shell  as  a  whole. 
This  is  satisfied  by  the  fact  that  the  principal  axes  of  stress  for 
the  cubes  of  earth  are  vertical  and  horizontal,  the  free  surface 
being  horizontal,  and  as  well  the  axes  of  the  shell  are  also 
Tertical  and  horizontal.  With  the  free  surface  of  the  earth,  at 
a  gentle  side-long  slope,  it  may  become  necessary  to  find  the 
<»int  which  the  principal  axes  of  the  earth-pressure  makes  with 
the  vertical,  which  is  easily  done  by  the  formulae  on  the  model 
•(fig.  49),  and  then  to  prevent  the  shell  of  the  tunnel  from 
twisting  like  a  stalk  of  barley-sugar  under  the  unbalanced 
eouples,  one  of  two  things  has  to  be  done.  One  is  to  build  the 
shell  of  the  tunnel  at  the  same  cant,  an  example  of  which  is 
the  Dove  Tunnel,  a  section  of  which  can  be  seen  on  the 
plate  xxii.  of  the  fourth  edition  of  Simms'  Practical  Tunnelling. 
But  the  more  modern  way  is  to  load  the  shell  by  an  extra 
mass  of  masonry  at  one  foot,  so  as  to  cant  the  virtual  axes 
where  it  may  be  required. 

As  the  filling,  over  the  tunnel  shell,  gets  deeper  and  deeper, 
the  problem  becomes  less  and  less  one  of  stability,  and  more 
and  more  one  of  strength.  The  right  half  of  fig.  278  shows  an 
extra  30  feet  of  filling.  The  total  depth  is  now  QR  =  60  feet, 
the  usual  maximum  for  tunnels  built  in  cut  and  cover.  Even 
for  a  tunnel  built  in  a  cutting  greater  than  60  feet  in  depth, 
and  covered,  it  is  likely  that  only  to  this  height  will  the  load 
overhead  affect  the  shell,  as  the  earth  itself  forms  a  relieving 
arch.  And,  again,  in  a  bored  tunnel,  the  disturbance  is  only 
likely  to  affect  the  earth  to  a  limited  height  above  the  hole.  If 
on  the  diameter  of  the  hole  as  base,  an  isosceles  triangle  be 
constructed,  with  its  sides  sloping  at  75^  to  the  honzon,  the 
vertex  gives  the  probable  extent  of  the  disturbance  due  to  the 
loosening  of  consolidated  earth  due  to  the  bore-hole.  For 
cracks  will  run  out  on  the  plane  on  which  the  direction  of  the 
thrust  is  most  oblique.  Thus,  in  all  cases,  the  height  of  load 
shown  on  the  left  half  of  fig.  278  is  the  probable  maximum 
(see  quotations,  p.  561,  from  Simms'  treatise). 

Consider  the  right  half  of  fig.  278  :  the  additional  vertical 
load  is  a  column,  30  feet  by  16  feet,  or  4802(;.    The  upward 
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push  of  the  unit-cubes  under  the  right  half  of  invert  is  doubled^ 

as  the  depth  is  doubled ;  and  taking  the  upward  load  on  the 

four  unit-oubes  under  the  thick  wall  at  22  as  120er,  the  total 

extra  upward  push  on  the  right  half  of  the  shell  is  lOw  x  12, 

together  with  90fr  x  4,  or,  in  all,  48Ot0.     The  horizontal  load 

among  the  cubes,  to  the  right  of  E,  must  be  equtd  to  the 

column  QJS,  so  that  no  one  of  these  sixteen  cubes  shall  have 

the  rectangular  pair  of  loads  on  it  in  a  ratio  exceeding  3  to  1. 

This  requires  that  the  horizontal  thrust  of  the  punned  earthy 

at  the  depth  ii,  shall  equal  the  column,  but  at  the  depth 

35  feet  below  Q,  it  may  be  less,  say,  instead  of  3dtr,  it  be  only 

20ic,  while  at  the  depth  50  below  Q,  it  is  50w.     Then  the 

load-area  standing  on  the  base,  from  35  to  50,  has  a  height 

half  the  sum  of  20u;  and  50tr,  that  is  35fr,  and  multiplying 

by  the  base  15,  then  we  have  525fr  as  the  probable  horizontal 

extern  load  on  the  upper  right  quadrant  of  the  shell.     With 

15  feet  as  the  radius  of  the  new  line  of  stress  at  the  crown,  and 

the  load  over  it  at  35tr,  we  have,  by  the  rule  for  the  thrust  at 

the  crown,  35tv  x  15  =  525iv.    This  establishes  the  horizontal 

equilibrium  of  the  upper  right  quadrant  of  shell.    For  the 

lower  right  quadrant,  the  horizontal  load  due  to  the  punned 

fff 
earth  is  ^  (58»  -  50«)  =  432ir  nearly,  and  adding  68tr  for  the 

load  below  58  at  22,  we  have  in  all  500f^,  the  same  as  the  new 
thrust  at  crown  of  invert.  Thus  the  thrust  at  both  crowns  is 
the  same,  and  the  shell  is  now  of  a  uniform  thickness  of 
3  feet. 

The  thrust  at  crown  is  525w?  -^  3  =  21000  lbs.  per  sq.  foot 
of  brick,  taking  tc  =  120  lbs.  per  cubic  foot.  T^e  crushing 
strength  of  strong  brick  is  154000  lbs.  per  square  foot,  so  that 
the  apparent  factor  of  safety  against  crushing  is  8,  and  the 
real  factor  cannot  be  less  than  4,  one-half  of  it.  (See  p.  486, 
and  Kaukine's  Cwil  Engineering^  p.  514,  on  buried  arches.) 

Alhicance  for  Excess-load  along  the  Elliptic  Masonry  Ring. — 
Bankine's  assumption  of  the  line  of  stress  along  the  soffit 
of  the  elliptic  arch  makes  allowance  for  the  excess  load  of  Jir 
along  the  ringy  because  the  soffit,  not  being  so  elongated  as  the 
line  up  the  middle  of  the  ring,  the  ratio  of  transformation  is 
greater. 

Compare  the  two  quadrants  ABS  (fig.  275)  and  ABS 
(fig.  265).  In  the  first  the  half -span  is  50  per  cent,  greater 
than  the  rise,  and  it  balances  under  the  fluid  load  alone.  In 
the  second  the  half-span  equals  the  rise,  and  it  balances  under 
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the  fluid  load  together  with  a  unifonn  load  along  the  rib, 
equivalent  to  voussoirs  of  the  same  mass  as  the  fluid,  and  of  a 
depth  half  (the  radius)  of  the  rise.  By  proportional  parts  the 
half-span  of  a  quadrant  of  given  rise,  to  balance  under  a 
fluid  load,  and  an  excess  uniform  load  along  the  rib,  can  be 
found  by  reducing  the  half-span  for  fluid  load  above  by  a 
proportionate  reduction. 

Thus,  in  the  numerical  example  (fig.  276),  our  second 
approximation  is  as  follows : — 

Assume  the  line  of  stress  to  be  up  the  middle  of  the 
masonry  ring :  then  x^  =5,  jti  =  26,  and  ct/i  =  40.  For  the 
corresponding  hydro-rib :  then  b  =  36*382,  and  t/i  =  34*28. 

If  the  ring  be  50  per  cent,  heavier  than  the  superstructure, 
the  excess-mass  is  «?,  for  the  upper  half  having  been  included^ 
its  excess  is  iir,  and  the  under  half  having  been  excluded,  its 
excess  is  l'6w  where  to  is  the  weight  of  a  cubic  foot  of  the 
superstructure. 

Now,  with  no  load  along  the  rib,  in  addition  to  the  fluid 
load,  yi=  34"28,  with  vomsoira  lOJ  feet  deep,  that  is  half  of  the 
rise  21,  i/i  =  the  rise  21,  being  a  reduction  of  13'28  feet. 
Hence  with  the  actual  trntssoira  of  4  feet  in  depth,  the  propor- 
tionate reduction  is  13-28  x  4  -r  lOi  =  5-06.  So  that  we  have 
the  reduced  value,  y,  =  29-22,  giving  s  =  137,  and  «*  =  1-88. 
The  horizontal-load-area  is,  therefore,  1*88  x  ^  (26*  -  5')  =  612. 
Then  To  =  612m7.  This  is  practically  the  same  as  the  result  of 
Bankine's  approximation  (see  fig.  276). 

In  an  aqueduct,  when  the  masonry  ring  has  a  mass  greatly 
denser  than  water,  our  second  approximation  becomes  essential 
to  accuracy  (see  numerical  example  which  follows). 

Examples. 

313.  Design  of  a  Bemi-elliptic  masonry  arch  of  sandstone.  Span  80  feet,  and 
with  a  surcharge  of  1-6  feet. 

Taking  the  rise  Sijifth  of  the  span  16  feet,  the  radius  of  crown  of  soffit  is 
40'  4-  16  =  100  feet.     For  depth  of  keystone,  ^o  =  V(-17  x  100)  =  4  feet,  say. 

First  approximation. — Take  line  of  stress  along  the  soffit  and  xo  =  6'6,  Xi  =  21-5, 
a  =  ici  -  iTo  =  16,  and  *yi  =  40.  The  horizontal-load-area  is  J  (aJi*  -  a?o')  =  216 
for  the  corresponding  hydro-arch.     By  equation  (22)  and  (23), 


'"'m- 


25-204. 


yi  =  26-204 -1^  =  23-881. 

,=  -i^  =  1-676,     ««=  2-808. 
23-88  ' 

Hence  the  thrust  at  the  crown  is  2-808  x  216,  or  To  =  606m;. 
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Seoond  ap^oximatitm, — Take  line  of  strees  up  the  middle  of  the  masonry  ring, 
and  aro  =  3*5,  x\  =  21*5,  and  now  b  =■  32*966,  and  y\  »  30'96  is  the  half  span  of 
corresponding  hydro-arch.  The  half-iiae  is  9,  and  vouuo%r$  this  depth,  hesides 
the  fluid  load,  would  require  the  half-upan  to  equal  rise,  that  is  18  feet.  But  the 
wmuoirt  are  4  feet,  and  haye  an  excess  density  ir,  for  the  ring  is  50  per  cent, 
heavier  than  the  superstructuze,  but  top  half  has  been  included,  and  has  excess  Ji^, 
lower  half  excluded  has  excess  (tr.  Now  wmuoirn  9  feet  reduce  y\  from  80*95  to 
18,  or  by  12*95.  Hence  we  must  reduce  y\  by  four-ninths  of  this,  or  5*76,  so  that 
the  reduced  value  to  allow  for  excess  weight  slong  the  ring  is  yi  »  25*20.  Hence 
s  ss  42  -r  25*20  =  1*667  and  fi  «  2*778.  But  the  hoiixontal-load-area  is  now 
jl(2]*5*  -  3-5*)  =  225,  and  To  '  1*667  x  225k;  »  625«;,  which  differs  only  by 
4  per  cent,  from  the  result  of  the  first  approximation. 

314.  The  extreme  depths  of  a  quadrant  of  a  hydrostatic  rib  are  d^  =  7  and 
x\  tt  26  feet  below  the  surface  of  the  fluid  (fig.  276).  At  a  point  ff,  five  feet 
lower  than  the  crown,  find  the  slope  of  the  rib  to  the  horizon. 

The  horizontal-load -area  is  \  (xi^  —  fo*)  «=  313*5,  and  if  the  weight  of  the 
fluid  be  unity,  this  is  the  thrust  at  crown,  and  also  at  ^,  as  it  is  constant  along 
the  rib.  Kow  £  «  12  is  the  depth  of  the  point  ^,  and  |  {xi*  -  x^)  =■  266  is  the  part  of 
the  horizontal-load-area  from  me  springing  up  to  B',  and  is  therefore  the  horizontal 
component  of  the  thrust  at  2^,  so  ihaX  266  -r  313*5,  or  *8484,  is  the  cosine  of  $,  the 
slope  of  the  rib  at  B', 

315.  In  a  complete  geostatic  rib  span  76  feet,  rise  19  feet,  height  of  earth  load 
oyer  crown  7  feet  (fig.  276),  find  the  slope  of  the  rib  at  B,  a  point  five  feet  below 
the  level  of  the  crown.    So  that  xo  —  7,  xi^  26,  and  «yi  s  38  feet. 

As  in  last  example,  we  must  find  the  slope  B  of  the  corresponding  hydro-arch, 
and  also  «  =  1*362,  as  in  example  307,  and  cot  O'  <»  «  cot  0  determines  the  slope  at  B. 

316.  Design  of  an  aqueduct  with  a  semi-elliptic  masonry  ring  twice  as  dense  as 
water.  The  clear  span  is  to  be  40  feet,  and  the  depth  of  water  over  the  keystone 
2*5  feet. 

We  proceed  by  trial  and  error,  assuming  values  for  the  rite,  and  calculating 
the  span.  If  there  were  no  excess  load  along  the  ring,  a  first  trial  value  for  the 
rise  would  be  a  third  part  of  the  span,  but  a  greater  value  is  indicated,  because  of 
the  large  excess  load  along  the  rib.  Try  the  rise  of  the  soffit  15  feet.  This  gives 
the  radius  of  crown  of  soffit  20*  -^  15  =  27.  As  an  actual  fluid  is  a  troublesome 
load,  the  greater  of  Bankine's  values  is  preferable  for  the  thickness  of  the  key- 
stone, or  <o  "=  V  (*17  X  27)  =  2^  feet  nearly.  Adopting  the  value  2|,  and  assuming 
the  line  of  stress  up  the  centre  of  the  ring,  we  have  xo  —  3*75  and  xi  =  20,  and  for 
the  horizontal-load-area  ^(20*  -  3*75*)  =  192*97.  Also  the  rine  of  the  line  of 
ttreea  is  a  «  16*25,  so  that 

b  =  16-25  Jj(«i  -f  *o)  «  28-39,    and    yi  =  ft  -  A  ^'  -r  «  =  26*74. 

Now  the  excess  load  of  the  upper  part  included  is  tr,  and  of  the  lower  half 
excluded  is  2u;,  or,  on  an  average,  l'5u;.  This  is  the  same  as  if  the  vouttoirt  were 
of  a  thickness  1*5  fo  =  3*76  feet.  With  no  load  along  rib  y\  e  26*74,  with 
imaginary  row««o«r«  half  the  rise,  that  is  8|  feet,  yi  »  the  rise  b  a  =  16*25,  or  is 
reduced  by  10*5  feet.  The  proportionate  reduction  for  vmmoirt  3*75  feet  is  4*84, 
so  that  the  reduced  value  of  the  half  span  of  line  of  stress  is  y'\  «  26*74  -  4*84 
«  21*9.  The  half  span  of  soffit  would  then  be  21*9  -  1*25  ^  20-6.  This  is  near 
enough  to  20  feet,  the  required  half -span  of  soffit,  so  that  further  trial  values  of 
the  rise  of  soffit  are  not  required. 

For  the  line  of  stress,  then,  the  horizontal-load-area  is  192*97  square  feet, 
multiplied  by  «; «  64  lbs.,  gives  the  thrust  at  crown  T^  =  12350  lbs.,  and  the 
factor  of  safety  can  be  evaluated. 
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317.  A  semicircular  rib  of  radius,  27  feet,  is  loaded  between  itself  and  a  hori- 
sontal  straight  line  3  feet  oyer  the  crown.  Find  the  angle  of  rupture,  and  tbo 
inward  and  outward  parts  of  the  horuBontal-load-area. 

By  equations  (6),  (6)»  and  (7),  p.  499, 

Co.i  =  J+J.l--7a4. 

<^^''(27+9-9-^3  8l)('^)^'=''^- 


^^ilfrlluh)^''^"^-''^- 


Their  algebraic  sum  is  81«;,  the  product  of  the  radius  and  load  oyer  crown. 

318.  One  of  the  shafts  in  the  Hoosao  Tunnel,  Western  Massachussetts,  is 
elliptical  in  fonn,  the  axes  being  27  by  16  feet  (Simms'  Tunnelling,  6th  edition, 
p.  627).  Show  that  2  feet  of  brick  lining  is  strong  enough  for  such  a  shaft,, 
surrounded  by  earth,  eyen  at  great  depths. 

The  major  diameter  of  the  bore  hole  is  31  feet,  so  that  50  feet  is  about  the 
height  of  the  isosceles  triangle,  with  base  31  feet,  and  yertical  angle  30°.  This  is 
the  deepest  column  of  earth  likely  to  be  disturbed  by  the  bore  hole.  Consider  a 
ring  of  brickwork  60  feet  below  the  surface  of  the  earth,  the  ring  itself  2  feet 
thick  and  1  foot  deep.  Assuming  the  line  of  stress,  in  the  first  place,  to  be  up  the 
middle  of  the  ring,  its  diameters  ^re  29  and  17  feet,  their  ratio  is  1*7,  Rhnost 
exactly  V3.  Hence  the  diameters  of  the  ellipse  of  stress  for  the  extern  cubes  of 
earth  may  be  in  the  ratio  1  to  3.  Now  the  lesser  horizontal  stress  may  be  a  third 
of  the  potential  60tr,  so  that  the  greater  horizontal  stress  is  equal  to  6(kc.  The 
horizontal-load-area  for  a  quadrant,  in  the  direction  of  the  major  axis,  is  60u'  x  8*6, 
or  426tr.  This  slso  is  the  thrust  To  (see  fig.  274),  at  the  end  of  the  minor  axis  of 
the  ring.  But  the  area  of  the  section  of  the  ring  is  2  square  feet  so  that  the  thrust 
per  square  foot  of  brick  is  212*6ti',  or  26600  lbs.  For  strong  brick  the  strength  is 
164000  lbs.  per  square  foot.    Hence  the  apparent  factor  of  mfety  is  six. 
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Quotations  tbok  EAinavs's  Citil  EvanneEBDro. 

Page  425. — To  determine,  with  precision,  the  depth  required  for  the  keystone 
of  an  arch  by  direct  deduction  from  the 'principles  of  stability  and  strength  would 
be  an  almost  impracticable  problem  from  its  complexity.  That  depth  is  always 
many  times  greater  than  the  depth  necessary  to  resist  the  direct  crushing  action  of 
the  thrust.  The  proportion  in  which  it  is  so  in  some  of  the  best  existing  examples 
has  been  calculated  and  found  to  range  from  3  to  70  .  .  .  good  medium  values  are 
those  rang^g  from  20  to  40.* 

An  empirical  rule,  founded  on  dimensions  of  good  existing  examples  of  bridges 
is — depth  of  keystone,  a  mean  proportional  between  the  radius  of  curyature  of  the 
intrados  at  the  crown,  and  a  constant  *12  or  '17  for  a  single  arch,  or  one  of  a 
series. 

Page  428. — In  some  of  the  best  examples  of  bridges,  the  thickness  of  the 
abutments  ranges  from  one- third  to  one-Jifth  of  the  radius  of  curvature  of  the  arch 
at  its  crown. 

Page  429. — The  thickness  adopted  for  piers  in  practice  range  from  one-tenth  to 
one-fourth  of  the  span  of  the  arches ;  the  latter  thickness,  and  those  approaching 
to  it,  being  suitable  for  ''abutment-piers."  The  most  common  thickness  for 
ordinary  piers  is  from  one-sixth  to  one-seventh  of  the  span  of  the  arches. 

Page  435. — It  appears  that,  in  the  brickwork  of  various  existing  tunnels,  the 
factor  of  safety  is  as  low  as  four.  This  is  sufficient,  because  of  the  steadiness  of 
the  load ;  but  in  buried  archways,  exposed  to  shocks,  like  those  of  culverts  under 
liigh  embankments,  the  factor  of  safety  should  be  greater ;  say,  from  eiffht  to  ten. 


Quotations  peom  Simms'  Peactical  Tunnelling  (4tli  edition, 

pp.  202,  203). 

It  is  known,  too,  that  the  pressure  on  tunnels  in  comparatively  shallow  ground, 
say,  less  than  40  feet  below  the  surface,  may  be  localised  and  concentrate  upon 
the  crown  of  the  arch  with  peculiar  severity.  Mr.  Simms  accounts  for  the  greater 
pressure  upon  the  work  in  shallow  ground  by  the  supposition  that  the  whole 
superincumbent  mass  acts  vertically  downwards,  whilst  at  greater  depths  it  is  more 
or  less  sustained  as  an  arch  over  the  tunnel,  which  is  proportionally  relieved  of  the 
pressure.    In  the  building  of  the  Stapleton  Tunnel  the  arch  was  first  built  with 

*  Factors  of  safety  calculated  from  existing  bridges  are  likely  to  be  what  we 
have  called  apparent  ones,  so  that  the  actual  factors  will  range  from  10  to  20,  the 
10  being  the  lowest  assumed  in  our  tables. 
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only  four  ringa  of  brickwork  in  mortw.  When  the  aatmnnal  mine  set  in,  the 
ground  hegan  to  prera  heavily ;  eo  much  w,  that  the  liue  of  the  tuaneL  could  be 
traced  as  a  hollow  on  the  Bunoce  of  the  gruund,  which  was  not  moTe  than  40  feet 
■bove  the  tunnel.  A  portion  of  the  tunnel  fell  in,  and  was  rebuilt  with  five  and 
ni  rings  of  brick. 

The  pressure  of  clay  and  shale,  when  diatiirhed  by  excavation,  is,  in  some 
atuatioDB,  Bompthing  almoit  immeasurable.  The  phenomena  of  disturbance 
supply  powerful  examples  of  the  Bow  of  solids.  There  Ib  the  fumiLar  phenomenon 
of  the  bending  and  snapping  o[  huge  poles,  and  Btrongly- timbered  frames,  by  the 
moving  pressure  of  clay.  In  the  construction  of  t£e  Primrose  Hill  Tunnel, 
through  the  London  Clay,  the  lengths  were  limited  to  9  feet,  and  strongly 
timbered,  till  the  arching  was  completed.  In  virtue  of  the  mobility,  however, 
the  moist  clay  excited  so  great  a  pressure  on  the  brickwork,  as  to  squeeze  the 
mortar  from  the  joints,  to  bring  the  inner  edges  of  the  bricks  into  contact,  to  grind 
them  to  dust  by  degrees,  and  to  redace  the  dimensions  of  the  tunnel  slowly  but 
ineBistibly.  'liie  evil  was  counteracted  by  using  very  hard  bricks,  laid  in  Boman 
cement,  which,  setting  before  the  back  pressure  accumulated,  hardened  and 
resisted  the  pressure,  and  ao  saved  the  bricks.  The  thickness  of  the  brickwork 
was  augmented  to  '27  inches. 

A  aimilar  accident  occun«d  to  a  portion  of  the  invert  of  the  Netherton  Tunnel, 
built  on  a  foundation  of  "  blue-hind,"  or  marl.  Some  weeks  after  it  wita  built, 
the  invert  was  forced  up  in  sevcrvl  places  by  the  swelling  of  the  ground,  and  at 
ime  point  the  bricks  were  crushed  almost  to  powder.  The  invert  was  rebuilt  with 
a  greater  versed  sine. 


The  foUowiog  illustration  repreeents  "A  column  of  deal  14"  cube. 
It  supported  for  some  hours  1000  tons,  being  half  the  weight  of  the 
tube  of  the  Britannia  Bridge,  when  by  accident  the  supports  at  one 
end  failed.  A  bed  of  planks  over  it  was  crushed  through  7"  by  the 
ahock.  The  compressed  column  was  harder  to  cut  out  than  brick- 
work." 


APPENDIX. 


I. 

Ok  figure  279  is  shown  a  skeleton  elevation  of  an  iron  roof-frame, 
span  32  feet,  rise  12  feet.  The  rafter  is  trisected  by  two  isosceles 
struts  PJVand  PO,  also  PQU  \&  60°.  The  frames  or  principals  are 
20  feet  apart,  so  liiat  a  fully-loaded  joint  such  as  R  has  apportioned 
to  it  all  the  load  on  an  oblong  of  the  roof-cover  20  feet  x  7  feet  nearly, 
since  MQ  is  20  feet,  being  the  hypotenuse  of  a  triangle  of  which  the 
sides  are  16  and  12  feet.  Taking  the  weight  of  the  cover  at  4  lbs.  per 
square  foot,  and  of  one  foot  deep  of  snow  at  12  lbs.  per  square  foot, 
the  vertical  load  (5)  concentrated  at  the  joint  i2  is  140  x  16  =  2240  lbs. 
=  20  cwts.  The  vertical  loads,  then,  are  20  cwts.  at  the  joints 
N^  0,  Q,  Ry  and  /S,  but  only  10  cwts.  at  Jtf'and  T.  The  wind-load  is 
on  the  left  side  only,  and  its  direction  is  at  45°  to  the  rafter  MQ.  We 
take  the  normal  component  wind-loads  as  25  per  cent,  greater  than 
the  vertical  load.  That  is,  the  two  loads  at  ^and  0  normal  to  the 
rafter  are  each  25  cwts.,  those  at  Q  and  if  being  half  as  much. 

The  Reactions  at  the  Supports, — The  frame  is  securely  anchored  to 
the  wall  at  the  storm-end  If,  while  the  other  end  T  has  a  free  hori- 
zontal motion  on  expansion-rollers  on  the  top  of  the  wall  there.  This 
is  only  the  first  case ;  later  on  we  will  develop  the  procedure  if  both 
ends  be  anchored. 

Ths  Fores-polygon,  or  load  line,  is  now  drawn  to  a  scale  of  cwts. 
Beginning  at  M,  and  going  round  the  frame  in  right-cyelic-order,  the 
loads  at  the  joints  have  the  numbers  1  to  7  allotted  to  them.  Thus  at 
Jf  there  is  In  and  1,  for  the  normal  and  vertical  component  loads  there. 
Because  of  the  trolly,  the  reaction  at  Tis  necessarily  vertical,  and  8  is 
its  number.  The  reactions  at  the  anchored  end  itf  are  9^  and  9/^,  being 
vertical  and  horizontal  component  reactions,  respectively.  The  sides  of 
the  force-polygon  are  now  drawn  in  the  same  cyclic  order.  It  will  be 
found  to  be  complete,  with  one  exception,  namely,  the  joint  x  between 
the  vertical  reactions  8  and  9«  is  unknown.  Because  the  half -truss  is 
a  3,  4,  5  right-angled  triangle,  it  will  be  found  that  all  the  joints  in 
the  force-polygon  are  horizontally  opposite  multiples  of  10  cwts.  on 
the  scale. 
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The  Link-polygon. — By  consulting  fig.  74,  p.  100,  this  part  of  the 
construction  will  be  more  readily  followed.  On  fig.  279  a  pole  0  is 
chosen  just  opposite  the  last  bend  in  the  force-polygon,  and  so  as, 
roughly,  to  be  the  vertex  of  an  equilateral  triangle  standing  on  the 
force-polygon.  Vectors  are  to  be  drawn  (in  pencil  only)  from  the  pole 
0  to  each  joint  of  the  force-polygon  except  x^  which  is  not  yet  deter- 
mined. 

Since  the  joint  x  is  at  the  junction  of  9,  and  8,  the  vector  Ox 
must  be  parallel  to  the  link  of  the  link-polygon  joining  up  those  two 
vertical  forces.  For  this  reason  we  should  begin  the  Imk-polygon  at 
a  point  on  the  vertical  line  of  action  9^  and  end  it  at  a  point  on  the 
line  of  action  of  8.  Choose  any  point  %  on  the  line  of  action  of  9,.  On 
fig.  279  it  is  chosen  on  9„  produced  about  an  inch  above  Jf,  and  is 
marked  with  a  little  square,  as  a  memorandum  that  %  is  the  beginning 
point.  The  link  tV  is  drawn  between  the  lines  of  action  of  9«  and  9;^, 
parallel  to  the  vector  from  the  pole  to  the  junction  of  those  two  forces. 
In  the  same  way  the  other  links,  ♦'a,  aa',  a'h,  hcf^  (fd,  dd',  d!e^  «/,  fg^ 
and  yA,  are  drawn  consecutively  between  the  lines  of  action  of  the 
forces  in  pairs,  each  link  parallel  to  that  vector  which  comes  from  the 
pole  to  the  junction  of  the  corresponding  pair  of  forces.  The  line  yA 
has  no  finite  length,  the  lines  of  action  of  7  and  8  coinciding,  hence 
^  and  A  coincide  too,  and  have  a  little  circle  with  a  little  square  round 
their  common  position.  Joining  the  two  little  squares  %  and  A  with  a 
dot-and-dash  line,  we  have  found  the  closing  side  of  this  link-polygon, 
while  a  vector  (or  search-light)  drawn  from  the  pole  parallel  to  it 
determines  x  the  closing  point  of  the  force-polygon.  The  judicious 
choice  of  the  pole,  and  of  the  starting  point  »',  ensure  that  the  link- 
polygon  will  'rainbow'  over  the  truss,  out  of  the  way  of  the  further 
constrnction,  and  also  that  the  links  will  go  on  continuously  without 
looping  back  on  each  other. 

Hie  Stress  Diagram. — Put  half -barbs  on  the  sides  of  the  force- 
polygon,  and  full-barbs  on  the  lines  of  action  of  the  forces  external  to 
the  frame.  It  will  then  be  seen  that  at  the  apex  M  six  forces  concur. 
Four  of  them  are  known,  that  is,  they  are  already  drawn  to  scale  on 
the  force-polygon.  In  naming  these  four  they  are  to  be  taken  in 
right-hand  cyclic  order  round  Jf,  thus,  9,,  9^,  !«,  1,.  It  is  convenient 
to  call  the  remaining  two  forces  exerted  on  the  joint  if  by  the  rafter 
and  tie  10  and  11,  keeping  to  the  same  cyclic  order  round  M. 

Now,  the  four-sided  open  polygon  9„  9^^,  1„,  and  1,  is  to  be  com- 
pleted as  a  closed  six-sided  polygon,  by  drawing  a  side  10  parallel  to 
the  rafter  to  meet  a  side  1 1  drawn  backwards  from  the  initial  point  x. 
In  this  way  the  magnitudes  of  10  and  11  are  now  determined,  and  by 
going  round  the  six-sided  closed  polygon  in  the  direction  indicated  by 
the  half -barbs,  it  will  be  seen  that  10  acts  along  the  rafter  towards  M, 
while  1 1  acts  along  the  tie  away  from  M.  On  10  and  1 1 ,  in  the  neigh- 
bourhood of  Jf,  place  half -barbs  pointing  accordingly ;  but  at  the  other 
end  of  10  put  a  full-barb  in  the  opposite  direction  from  that  of  the 
half -barb,  so  as  to  indicate  the  reaction  of  the  rafter  there,  and  a.  full- 
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barb  to  indicate  that  it  is  already  drawn  to  scale  on  tbe  force-polygons. 
In  tbe  same  way  put  a/u^/-barb  reversed  at  the  other  end  of  the  tie  1 1. 

It  will  now  be  seen  that  of  the  five  forces  that  concur  at  iV,  all  are 
furnished  with  barbs  except  12  and  13,  which  reminds  us  that  all  the 
fiides  of  the  five-sided  closed  polygon  for  the  apex  iV'are  already  drawn 
on  the  force-polygon,  and  the  lines  drawn  parallel  to  12  and  13  close 
it,  when  the  sense  of  12  and  13  are  then  found  to  be  both  towards  N, 
so  that  they  are  to  be  furnished  with  half -barbs  in  the  neighbourhood 
of  iT,  and  with  full-barbs  reversed  at  their  other  ends.  The  next  apex 
that  can  be  solved  is  0,  for  here  the  group  have  all  barbs  but  two.  In 
this  way  the  apexes  are  solved  in  the  o^er  Q,  It,  and  8,  the  known 
and  found  parts  being  duly  registered  in  the  table  for  that  purpose  on 
fig.  279,  while  the  letters  m,  n,  &c.,  give  the  corresponding  closing 
points.  The  next  apex  Tib  abnormal :  there  all  the  forces  are  known 
but  one,  namely,  xi.,  which  cannot  be  compelled  to  close  the  corre- 
sponding polygon.  When  xi.  is  drawn  from  x,  if  it  only  fails  to  go 
tiirough  «  by  a  little  deviation,  that  is  the  allowable  error  of  drawing. 
In  this  way  we  have  a  check  upon  the  construction.  If  it  utterly  fails 
to  go  through  s,  we  must  look  back  to  the  construction  of  the  poly- 
gons for  some  point  at  which  we  did  not  keep  to  strict  cyclic  order. 
If  with  every  care  to  draw  exactly  it  still  quite  fsdls  to  close,  that 
would  mean  that  the  truss  is  deficient  in  members — ^that  it  is  not  ri^id. 
Of  course  this  could  not  happen  with  tbe  truss  on  fig.  279,  which  is 
necessarily  rigid,  being  a  set  of  triangles. 

Anchor  on  Zee-side. — If  we  suppose  the  anchor  shifted  to  M,  that 
will  make  no  difference  in  the  magnitudes  of  the  vertical  reactions  of 
the  walls.  For  one  way  of  calculating  the  magnitude  of  8  is  to  take 
moments  about  M.  Now,  the  horizontal  reaction  of  the  anchor  passes 
through  M,  whether  the  anchor  be  at  M  or  T,  and  so  has  no  moment, 
and  cannot  affect  the  result.  There  is  no  need  to  draw  the  link- 
polygon  anew,  but  only  to  shift  x  into  the  new  position  z,  and  the 
force-polygon  is  now  1„,  1„  2„,  2„  3„  3,.,  4^,  4„  5,  6,  7,  vm*,  vnr„  9. 
Nor  is  there  any  need  to  redraw  the  stress  diagram,  polygon  by  poly- 
gon, for  we  may  suppose  the  original  stress  diagram  as  having  been 
constructed  in  two  steps,  as  follows : — In  the  first  step  the  six  legs 
are  drawn  of  indefinite  length,  one  from  each  joint  of  the  force - 
polygon.  In  the  second  step  we  might  suppose  a  billiard-ball  to  start 
from  X,  describing  the  route  11,  13,  15,  16,  rebounding  from  the  legs 
in  order  at  m,  n,  and  o,  and  arriving  on  the  horizontal  at  p,  then  com- 
pleting its  route  xvi.,  xv.,  xiii. ;  rebounding  from  tlie  legs  at  q,  r,  and 
s,  and  returning  along  xi.  to  the  pocket  at  x.  The  dotted  route  is 
mapped  out  at  once  in  this  way,  only  beginning  and  ending  at  a. 

Scaling  off  the  Results, — The  full  lines  are  scaled  off  and  the  results 
are  written  on  a  small  elevation  of  the  roof  on  fig.  279,  having  the 
anchor  on  the  left,  or  storm  side.  Another  reverse  elevation  is  shown 
with  the  anchor  shifted  to  the  right,  or  lee  side,  and  on  it  are  written 
the  loads  as  scaled  off  the  dotted  diagram.  Now  this  is  called  a  reverse 
elevation,  because  after  all  it  is  not  the  anchor  which  has  really  shifted, 
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but  the  wind  has,  and  ire  have  gone  round  about  to  look  at  the  back 
of  the  roof-frame.  Hence  this  reverse  elevation  requires  to  be  read 
through  on  the  back  of  the  paper  when  comparing  the  BtreeeeB  with 
those  marked  on  the  first  direct  elevation.  That  is,  the  quantities 
scaled  off  for  the  bars  bearing  Arabic  numbers  on  the  first  elevation, 
ere  to  be  compared  with  those  scaled  off  for  the  bars  beoriug  Roman 
numbers  on  the  reverse  elevation. 

Both  endnjixed. — If  both  ends  of  a  truss  be  fixed,  it  is  quite  inde- 
terminate in  what  proportions  the  two  anchors  will  take  up  the 
horizontal  load  due  to  the  wind.  Suppose  for  a  moment  that  both 
ends  of  the  roof,  fig.  279,  are  fixed,  and  that  we  assume  that  the  two 
anchors  share  equallv  the  horizontal  load.  It  would  he  solved  on  this 
assumption,  by  simply  placing  the  closing  point  of  the  force-polygon 
at  a  point  midway  between  *  and  b,  and  of  course  the  results  would 
just  be  on  average  of  those  for  the  full  and  dotted  stress  diagrams 
shown  there.  These  are  marked  on  a  half-elevation  at  bottom  of  the 
figure. 

In  every  case,  then,  it  is  best  to  attume  an  anchor  at  the  storm  side 
for  the  reactions ;  then  shift  x  horizontally  in  accordance  with  any 
futumed  proportion  between  the  holdiug  power  of  the  anchors. 

With  the  anchor  at  the  storm  side,  the  stresses  are  maxima,  so  that 
it  is  a  raft  assumption  to  make  in  all  cases.  The  dotted  stress  diagram, 
fig.  279,  gives  nunima  stresses ;  hut  in  some  examples  these  minima 
are  very  important.  For  a  member  which  was  a  tie  for  the  maxima, 
may  have,  in  the  minima  diagram,  decreases  through  zero,  and  become 
a  Btrut. 


The  following  illustrations  show  Lowmoor  cast-iron  specimens, 
with  the  manner  of  splintering,  when  crushed,  at  angles  from  48'' 
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Abutments,  ....  548 
Abutment  piers,  549 

AdTancing  load,  .  .186 

Albxaxdbr,  p.,  lines  of  principal 

stress  by  tbe  polariscope,          .     333 
Allowance  for  weight  of  beam,    .     393 
Allowance,  excess  weight  of  arch- 
ring,        

Angleofrepose  of  earth,  70,  87,  98,  100 
Angle  of  rupture  in  an  arch,  497,  503 
Angle  of  torsion,  .  396 

Arch,  scientific  design  of  masonry,     472 
factors  of  safety  for,  real  and 

apparent,  .        .     517,  525 

joint  of  rupture,  .  472,  497,  603 
keystone,  depth  of,  495,  514,  527 
keystone,      distribution      of 

stress,       .         .      475,  505,  524 
segmental,    .  .     505,  514 

semicircular,  .         .501 

semi-elliptic,  .  .  .  543 
skewback,  C.  of  stress, .  505,  615 
spandrils,  heayy  backing,  473,  502 
spandrils,  light,  to  equalise 
moving  load,  .  .  473,  505 
Arched  girder,  the  steel,  .  .421 
Columbian  exposition  roof,  .  422 
disposition  of  loads  on,  .     423 

fixed  ends,  no  hinges,  .  .436 
hinged  ends,  .  .  .426 
hinged  ends,  third  hinge  at 

crown 426 

Howe's  Treatise  on,  .  .  422 
Levy's  graphical  construction 

of  stress  diagi-am,      .     426,  436 
Niagara  Falls  bridge,  dimen- 
sions and  loads,  422,  437 
Oporto  bridge,      .         .         .     426 
Paris  exposition  roof,    .         .     422 
St.  Pancras'  roof,          .         .421 
St.  Pancras'  roof,  test  load,  .     421 
Area,    geometrical    moment    and 
moment  of  inertia,  .     280 
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Balancbd  linear  ribs :  see  Ribs. 
Bauschinobk,  retaining  walls,    . 
Beam,  axis  of,     . 

framed,        .... 
strength  and  stiffness,  .     122, 
uniform  strength  and  depth, . 
uniform  strength  and  breadth, 
uniform  strenelh  and  breadth, 

approximation, 
uniform     strength,     mmilar 
cross-sections,  . 
Beam,  on  three  props, 

theorems,     .... 
uniform  beam,  uniform  load : 
props  at  one  leyel 
fixed  at  one  end, 
fixed  at  both  ends,    . 
fixed,  maximum  stiffness,  . 
ends  fixed, 
Beam  of  uniform   section,  ends 
held  horizontally : 

one  fixed  load,  .        .    364, 
a  rolling  load,   . 
advancing  load. 
Beams  of  uniform  strength,  plans, 

and  elevations, 
Benders,  curve  of,  arched  rib. 
Bending  moment, 
for  fixed  loads, 
for  moving  loads. 
Bending  moments  and  shearing 
forces,    bending    moment    and 
shearing  force  diagrams,  gra- 
phical solutions  of  each  case, 
loads  fixed: 
unequal    weights,     irregular 

intervals,  .     104,  147 

load  at  centre,  .  .  .161 
uniform  load,  .  .  .163 
equal  weights,  equal  intervals,  1 66 
uniform  load,  load  at  centre,  164 
unifonn  load  on  part,  174, 176,  376 
uniform  loads,  two  segments,     178 
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348 
272 
273 

273 

277 
360 
351 

361 
362 
354 
357 
369 


368 
367 
375 

273 
423 
121 
136 
183 
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Bending  n^oments  and  sheaiing 
forces,  bending  moment  and 
shearing  force  diagrams,  gra- 
phical solutions  of  each  case, 
loads  fixed : 

nnifonn  load,  three  props,     .     167 
uniform  load,  many  props,    .     168 
uniform  load,  weights  at  in- 
tervals,    ....     170 
diagram  of   square   roots  of 

bending  moments,  .  .173 
ends  fixed:  m« Girder, .  362,  863 
Bending  moments  and  shearing 
forces,  bending  moment  and 
shearing  force  diagrams,  gra- 
phical solutions  of  each  case, 
moving  loads : 

advancing  load  equal  to  span,  187 
advancing  load  less  than  span,  190 
rolling  load,  .         .        .192 

two  equal  weights,  fixed  in- 
terval,     ....     196 
two  equal  weights,  moving 

models,  .  .  .  214,  218 
two  unequal  weights,  fixed 

interval,  ....  200 
load  on  two  wheels  and  fixed 

loads,        ....     207 
unequal  weights,  fixed  irre- 
gular intervals  (loco.),    220,  227 
same  locomotive,  any  point  of 

wheel-base,  .  .  .247 
uniform  load  and  roUing  load,  267 
uniform  load  and  load  on  two 

wheels,     ....    207 
uniform  load  and  travelling 
load  system  (locomotive  on 
girder),     .         .         .         .233 
fixed  loads  and  locomotive,   .     234 
transit  of  travelling  load  sys- 
tem, .        .        .        .238 
equal  wheels,  equal  intervals,    280 
making  a  transit,  .         .     244 
for  ends  fixed :  see  Girder. 
Bending    moments  and  shearing 
forces,    bending    moment    and 
shearing  force  diagrams,  canti- 
levers : 

unequal  weights,  irregular  in* 

tervals,     .         .         .         .148 

load  at  end,  ....     152 

uniform  load,  .         .165 

uniform  load  and  load  at  end,     169 

uniform  load  on  part,    .         .181 

Bending,  induced,  and  thrust,       .     404 

Bending  moment  delineator,         .     217 

Bending  and  torsion,   .         .         .398 

Bending,  resistance  to,  .121 
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Bending  of  beams  and  cantileyers : 
uniform    strength,    unifonn 

depth,  .        .        .    272 

uniform    strength,    uniform 

breadth,   .        .        .         .    273 
uniform     strength,     similar 
cross-sections,  .        .  277 

Bending,  moment  of  resistance  to, 
of  cross-sections: 
rectangle,     .  .     263,286 

triangle,       .         .        .     270,  294 
hollow  rectangle, .  286 

hollow  rectangle,  tabular  me- 
thod,       .        .        .        .287 
symmetrical  section,     .  288 

unsymmetrical  section,  289 

hexagon  and  rhomboid,      296,  296 
square  and  trapezoiti,    .     296,  297 
circle  and  ellipse, .        .     297,  300 
hollow  circle,        .        .        .301 
Bbrnoulli-Eulbrian  theory,     .     336 
Blockwork  structures,  conditions 
of  stability  of,  .       87,  447,  651 

tee  Wall,  Arch,  Tunnel. 
Bollman  truss,     .         .        .        •    462 
Bowstring  girder,  .         .     267 

Brick,  strength  and  weight,      477,  618 


C7,  coefficient  of  transverse  elasti- 
city, values,  ....  394 
Cantilever,  flanged  cantilever,  122,  266 
Cast  iron,  cross-sections,  .  .  383- 
Catenary,  see  Rib,  balanced,  .  480 
Catenary,  transformed,        .  606 

Catenary,  transformed,  two-nosed,     609 
Change  of  sheaiing  stress,  sudden,    308 
Circular,  semi-,  arch,  .         .         •     600 
joints  of  rupture,  .         •     603 

modified  line  of  stress,  .        .    603 
immediate  design  by  tables,  .     626 
Comte  RendUy       ....     425 
Conditions  of  equilibrium : 

earthworks,      .      73,  87,  636,  660 

blockwork  structures,     76,  87,  477 

link  work  structures,      .     263,  661 

Counterbracing,  .         .      266,  267,  433 

Couple, 120 

Couple,  shifting  thrust  from  ideal 

to  real  rib,       ....     429 
Crank  and  crank-shaft,        .         •     398 

Crosshead, 278 

Cross-sections  of  equal  strength,  .     294 
design,  cast  iron,  .         .     387,  392 
design,  wrought  iron,    .         .     39 1 
immediate  design  of  the  eco- 
nomical double  T,     .     410,  419 
Crown  of  arch,  thrust  at,  .    486 


IKDBX-. 


571 


PAOI 

Cubic  parabola,  ....  278 
CuLXAN*8  theorem,  .        .147 

Carrature  of  beams,  .  .115,  336 
Ourres  of  flatteners  and  benders,    423 

Dead  load,  ...       10,  185 

Deflection,  .        .      115,  123,  349 

Deflection  and  slope  of  beams,  338,  363 
uniform  section ,  load  at  centre,  34 0 
uniform  section ,  uniform  load,  34 1 
uniform  section,  bending  mo- 
ment constant,  .  .  .343 
uniform  section,    two  equal 

weights,  symmetrical,  .  343 
uniform  section,  one  load,  .  363 
uniform    strength,     uniform 

depth,  ....  345 
uniform    strength,    uniform 

breadth,  ....  345 
uniform    strength,    uniform 

load,  .  .  .  .346 
with  any  load,  .  .  .  348 
graphical  solution,  .  .  360 
on  three  props  {see  Beams  on),  350 
Deflection  and  slope  of  cantilevers,  338 
uniform  section,  load  at  end,  342 
uniform  section,  uniform  load,  342 
uniform    strength,    uniform 

depth,       ....     345 
uniform    strength,    uniform 
breadth,  and  with  load  at 
end,  ....     346 

with  any  load,      .  348 

Degrading  a  locus,      .  131,  276 

Delineator,  a  bending  moment,  .  217 
Depth  of  beam  to  span,  ratio,  348 

Depth  of  girder,  the  economical,  .  455 
Depth  of  foundations,  76,  97,  103,  553 
Depth  of  tunnel  (cut  and  cover),  .  553 
Design,  immediate,  of  economical 

double  T  cross-section,    .     411,419 
Design,    scientific,    of  retaining 

walls,      ...       87,  104,  106 
Design,    scientific,  of  arches    in 

granite,  sandstone,  brick,        .     472 
Diagram  of  square  roots  of  bend- 
ing moments,  .         .         .173,  226 
Distorting  table,  .        .         .218 

Distribution  of  shearing  stress,     .     301 

Sf  coefficient  of  linear  elasticity,  .        8 
Earth,  friction  of  partirles,  .        .       71 
application  of  Rankine's  el- 
lipse of  stress  to,        .  70 
stability  of  a  built  mass,      73,  535 
natural  slope  or  angle  of  re- 
pose,    .        .        .70, 87,  535 
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Earth,  in  layers  behind  wall,  74, 1 04, 554 
old  consolidated,  .  .  .  549 
under  foundation  or  invert,  .  554 
weight  compared  to  masonry,  75 
on  the  point  of  heaving  or 

spreading,      .        .     73,  97,  535 
quotation  fiom  Simms'  Tun- 
nellinfft      ....     360 
Earthload  (geostatic),  pot.  const. 

or  uniformly  varying,       .         .     533 
Earthworks,  stability:  «m  Condi- 
tions. 
Economical  double  T  section,  411 

Economical  depths  of  girders,       .     455 
Elastic  curve  (hydrostatic),  .  538 

Elasticity,  moduli,  £  and  C,  8,  394 
of  beam  dominated  by  ratio 

of  depth  to  span,  .  348,  455 
of  central  part  of  arch,  472,  477 
Elevations,  beam  uniform  strength,  274 
Ellipse  of  stress  (Rankinc),  .  .  4  -. 
moving  model,  .  .  .63 
inverse  problem,  .  .  .57 
auxiliary  figure,  .  .  .81 
plane  of  maximum  shear,  .  50 
plane,  tangential  stress  only,  51 
plane,  most  oblique  stress,  .  62 
application  to  earthworks,  .  70 
application  to  stress  at  point 

of  beam,    ....     324 
combined  thrust  and  torsion,    400 
combined  bending  and  torsion,    398 
resultant  stress  on  back  of  rib,    534 
Ellix>se,   degraded  parabolic  seg- 
ment,       .        .     135,  173,  176,  226 
Ellipse,  false  senii-,  construction,     474 
Elliptic  rib,  the  semi-,  .     531,  535 

conjugate  load-areas  to  balance,  537 
approximation  to  geostatic  rib,  535 
thrust  at  crown  and  springing,  539 
resultant  stress  on  back,  .  534 
radii  of  curvature,  .  .  539 
Elliptic  masonry  arch,  the  semi-,  543 
modified  line  of  stress,  .  .  545 
allowing  for  extra  weight  of 
ring,  ....     556 

Engineering,         .         ,         .     236,  422 
Equilibrium  curve  or  transformed 

catenary,  ....     505 

Equilibrium  of  beam,  conditions 

of, .110 

Equilibrium  of  beam  at  section, 

conditions  of,  .         .         .         .120 
Equilibrium,  conditions  of: 

earthworks,  .  .  73,  87,  535 
blockwork  structures,  75,  87,  477 
linkwork  or  framed  structures,  263 
linkwork,  graphical,  103,  147,  662 


572 


INDEX. 


PAGB 

Equilibrium,  dynamical,  of  key- 
stone,       477 

Equiyalent  rolling  and  advancing 
loada,       .         .        .     257,  447, 484 

Eulb&'b  fonnnla  not  suited  for 
engineering  struts,   .        .        .416 


/,  coefficient  of  strength,  265,  269,  385 

values  of      .      396,  406,  415,  477 

Factors  of  safety,  8,  406,  415 

real   and    apparent    in    the 

masonry  arch,    .     487,  624,  517 

Faer's  Paper  in  Proe,  Inst.  C.E.,    217 

tables  quoted  from,       .        .     259 

Fields  in  a  span,  .     172,  201,  226 

Fidlbb'b  treatment  of  long  struts,    415 

tables  quoted  from,        .         .417 

Fink  truss,  ....    457 

Flanged  girders,.         .        .        .     265 

Flatteners,  curve  of,  arched  rib,  .    423 

Floating  horizontal  cylinders,       .    489 

Forces,  supporting,      .        .        .110 

fictitious       .  .427 

Force-polygon,    .      100,  104,  213,  426 

Foundations,  in  loose  earth,         .      76 

retaining  walls,     ...       97 

sea  walls,     .        .  104,  106 

tunnel  invert,       .         .         .     552 

brick  sewer,  .         .     489 

Framed  beams,    .        .        .        .261 

Friction,  loose  earth,    .      71,  104,  535 

stone  on  stone,       .      89,  104,  346 

stone  on  clay,  angle  of,         .     104 


Granite,    strength   and  weight, 

arch-ring,         .         .         .     478,  518 
Graphical  solution,  roof  truss,  562 

Geometrical  centre,      .         .         .281 
Geometrical     moment,      tabular 

method, 288 

graphic  construction,     .        .    292 
of  circle  and  ellipse,      .     299,  301 
Geostatic  load,  uniform  and  uni- 
formly varying  potential,      .     633 
Geostatic  rib,  same  potentials,  534,  538 
application  to  elliptic  arch,    .     636 
Girder :  see  Arched  girder,  .        .421 
Girder,  Warren,  .         .        .     264,  446 
Fink  and  Bollman,        .     457,  462 
table  of  weights  to  resist  live 

and  dead  loads,  .        .    466 

framed,   graphical    construc- 
tion, ....     264 
rolled,           .  .     264,  414 
Gordon's  formula,      .        .        .    405 
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HoDOKiNsoN,  cast  iron  column,    .     383 
Hollow,  thin,  cross-sections,  414 

HooKs'slaw,      ...        7,  349 
Horizontal-load-areas,  for    semi- 
circle or  ellipse : 
load  uniform  along  the  span,     480 
load    between     curve     and 

straight    extrados,  495 

load  along  curve,  .    495 

load  varying  on  curve,  .         .    496 
Howe,  retaining  walls,  .      83 

arched  rib,  .         .         .     422,  426 
masonry  arch,  609 

Hydrostatic  rib,  538 

constant  potential,  .485 

uniformly  varying  potential,     536 
application  to  elliptic  arch,    .     635 


J,  moment  of  inertia,  .        .     282 

tS  n^^  6<iuare  of  gyration,  414 

Inertia,  centre  of ,        .        .        .    283 

moment,  tabular  method,  288,  418 

moment  of  graphic  method,  .     292 

moment  of  rectangle,  circle,  .     297 

Institute     of    Civil    Engineers, 

Proceedings  oi  .     217,  227,  254 

Institute  of  Engineers  and  Ship 

Builders  in  Scotland,  .  217,  269 
Internal  point  of  beam,  stress,  117,  324 
Isosceles  bracing,  264,  446,  469 


Joints,    block  work,    centre    of 

stress,      ...         76,  89,  475 
Joints  of  rupture  in  arch,    .  472 


Katalofff  Munich  Exhibition  of 
Scientific  Apparatus,        .         .217 

Keystone  of  arch,  dynamical 
stability  .  .         .All 


Lattice  web,      ....    266 
Levy,  La  Statique  Graphigtte, 

267,  372,  423 
graphic  solution    of   arched 

rib,    .         .  .  426,  436 

volumes  of  trusses  to  resist 
rolling  and  dead  loads,       .     466 
Lines  of  principal  stress  in  beam,     326 
Lines  of  principal  stress  by  polari- 

scope, 333 

Line  of  stress,  arch-ring,  piers,  475,  517 

Linear  transformation  of  structures,  530 

Link  polygon,     .  100,  104,  147 

model  of,      .  .         .103 
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Live  load,  .  .11,  186,  269 

Load  line :  tee  Force-polygon,  100,  426 
Loads,  classes  of,        .     186,  423,  447 
Load,  e<^uiyalent  rolling,       .  257,  447 
equivalent  uniform,        .  253,  259 
equivalent  dead,.  .        .186 

Loads  on  beams:  eee  Beam  and 

bending  moments. 
Locus,  degraded,     134,  173,  274,  226 
LovB, 335 


m,  ui\  m",  coefficients,  152,  284,  340 
Mechanical  pen,  for  lines  of  stress,  333 
Model,    moving,    of    Bankine's 

ellipse  of  stress,        ...      65 
locomotive  moving  on  girder,     214 
Modulus,  parabola  and  catenary, 

125,  507 
Moments :  eee  Bending. 
Moments  of  inertia :  see  Inertia. 
Munich,  Exhibition  of  Scientific 

Apparatus,       ....    217 


fi,  n'y  n",  coefficients,  .  269,  284,  340 
Nature,  ....  336,  489 
Neutral  axis  and  plane,  .116 

Niagara  Falls  bridge,  .        .        .422 


Opouto  bridge,   . 


425 


Parabola,  the,     .        .         .         .124 
use  of  segment,    .     126,  173,  226 
tangent,  double  chord,  theo- 
rems,       .         .        27,  131,  133 

Pearson, 335 

Philosophical  Society  of  Glasgow,  328 
Piers  and  abutment  piers,  .  .  549 
Piles,  bearing  and  packing,  97,  106 
Plan  of  beams,  uniform  strength,  272 
Principal  stress,  lines  of,  .  .325 
Principal  stress,  by  nolariscope,  .  333 
Profiles  of  walla,      "   .       99,  104,  106 


Quarterly  Journal  of  Mathematics ,     335 


R,  coefficient  of  resilience,  .       14,  361 

Bange  of  shearing  force,    186,  264,  373 

Bankine'b  Portrait,  Frontispiece 

method  of  ellipse  of  stress,    .      41 

model  of  ellipse  of  stress,      .       65 

application  of  ellipse  of  stress 

to  earthworks,  .        .      70  | 
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Bankinb*8  coefficients  for  bend- 
ing :  see  m  and  n. 
lines  of  principal  stress,        .     325 
modified  Gordon  formula,      .     415 
arched  girder,       .        .         .     425 
point  of  rupture,  circular  arch,    497 
conjugate  load  areas,  practical 
construction   and    applica- 
tion of ,     .         .      481,491,495 
quotations  from,  .         .         .     560 
Bectangular  girders,    .         .     264,  446 
Be-entrant  angles  in  castings,  307 

Besilience,  linear,        .         .         .14 
Besilience  of  a  beam,  .  .361 

Betaining  walls,  .  74,  87 

stability  of  moments,  75,  89,  104 
stability  of  position,  .  89,  104 
rectangular,  .   74,  88,  98,  104 

rectangular,  surcharged, 

77,  90,  98,  104 
trapezoidal,  .    90,  92,  98,  104 

battered,  leaning,  .         93,  98 

battered,  stepped  back,  95,  106 
graphic  design,     .  104,  106 

profiles  of,  .        99,  104,  lOG 

table  of  thicknesses,      .  96 

foundations  of,       76,  97,  104,  106 
Bibs,  linear,  balanced  under  ver- 
tical loads  alone,     .         .        .     479 
parabola,      ....    479 
catenary,      .         .         .     480,  505 
transformed  catenary,  .         .     505 
two- nosed  catenary,      .        .     509 
tables  of  two-nosed  catena- 
ries, ....     513 
Bibs,  linear,  balanced  by  conju- 
gate-load-areas, .         .481 
circle,  uniform  potential,       .     480 
circle,   uniform  varying  po- 
tential, and  uniform  load 
along  rib,          .         .         .     482 
ellipse,  uniform  potential,     .     532 
ellipse,  uniform  varying  po- 
tential,    .        .         .         .535 
stereostatic,           .         .        .     490 
hydrostatic,  geostatic,  .         .     538 
table  of  geostatic,  suited  to 
the  design  of  elliptic  arch,     542 
Boof-truss,  stress  diagram,  .         .     562 
BoUingload,       .         .      187,257,447 
Boyal  Irish  Academy,          .        .      64 
Bigidity,  coefficient  of,         .         .     394 
Bivets  and  rivet-holes,  .315 


Safety,  factors  of,  8, 406, 415, 517, 524 
Sandstone,  strength  and  weight  of 
in  arch-ring,    .        .        .     477,  518 


674 


INDEX. 


PAGB 


Semicircular,  semi-elliptic  arch : 
iee  Rib,  Arch. 

Sbyrio,  Oporto  bridge,        .        .     425 

Sewer,  brick,  in  mud,  .  489 

Shearing  forces :  «m  Bending  mo- 
ment,     .  .        .104,  187 

Shearing  stress,  distribution  of  on 
cross- sections,  .        .      121,  301 

rectangle,     .  .         .305 

hoUow  rectangle,  or  double  T,  306 
symmetrical  section  of  three 

rectangles,  .         .310 

triangle,  rhomboid,  hexagon,  312 
circle,  ellipse,       .  309 

approximate  method,  308 

graphical  representation,       .     305 

SiMMS*  Tunnelling,  ...  74 
quotations  from,    .         .         .     660 

Skenn>ack8,  centre  of  stress  on,    .    517 

Slope  of  beam :  see  Deflection. 

Spandrils,  heavy  square-dressed,  502 
light,  to  equalise  live  load,    .    505 

Spottib WOODS,   ....     329 

Square  roots  of  bending  moments, 
diagram  of,      .         .        .      173,  226 

Stability  of  structures :  see  Equi- 
librium. 

Stiffness  of  beam  or  girder : 

general,  348,  383,  410,  414 

local,    .         .         .     410,418,455 

Stifihess,  of  long  struts,  406,  416,  455 
Fidler's  coefficients,  .  .417 
local,  .        .         .     410,  418 

Strain,  production  of,  .         .10 

simple  or  pure,  ...  26 
compound,      .      30,  324,  398,  400 

Strength,  granite,  sandstone,  brick,  477 
working,  iron  and  steel, 

396,  406,  415 

Stress,  lines  of  principal  (spectro- 
scopic),  .         .        .         .      324,  328 
normal,  distribution  on  cross- 
sections,  .         .         .119,  325 
shearing  (»ee). 

uniformly  varying,  268,  282 

centre  of,  75,  80,  88,  97,  104,  475 
uniplanar,  ....  67 
line  of,  in  arch-ring,  .  475,  517 
at  a  point  in  beam,       .      117,  324 

Stress  diagram  for  a  roof,     .         .362 

Structures,  lineal  transf.  of,  .  530 
stability  of :  see  Equilibrium, 

73,  87,  263 

Struts,  cast  and  wrought  iron,  404,  408 
tables  of  breaking  loads,        .    406 
%*•  for  skeleton  sections,         .    414 
economical  section,  given  stiff- 
ness,        .  .        .411 
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Struts,     Fidler*s     coefficient     to 
stiffen,     .        ,        .        .        .     417 
Gk)rdon  and  Rankine  formuliB, 

405,  115 


Tablbs,    thickness    of  retaining 

walls, 98 

profiles  of  retaining  walls,  99 

shearing  stress,  transit  of  load,     236 
bending  moment  at  each  foot 
of  span,  transit  of  locomo- 
tive, ....     244 
uniform  loads  on  graduated 
spans,  equivalent  to  loco- 
motives,   ....    259 
uniform  loads.  Fair's  table, 

with  additions  for  impulse,     260 
moment  of  inertia  of  sections, 

288,  315,  319,  418 
values  of/,  Gordon  formulae,  406 
breaking  loads  on  pillars  for 

ratios  A :  /,  .     406 

areas,  moment  of  inertia  and 

i' for  skeleton  sections,  414 

Fidler*s  coefficients  to  stiffen 

struts,       ....     417 
four  double  T  sections,  com- 
mon area,  418 
weights  of  girders :  Warren, 

Fink,  Bollman,  .    466 

two-nosed  transformed  cate- 
naries :  — A,  modulus  unity ; 
B,  in  circle  of  radius  unity 
— B\j  Sif  Biy  for  imme- 
diate design  of  arch-rings, 

513,  518,  519 

Table,  distorting,        .        .        .218 

Theorems,  parabola,    .        .        .131 

degraded  locus,     .  .134 

maximum    bending  moment 

at  zero  shearing  force,  139 

locus  of  cusps   in   bending 

moment  diagram,     .  245 

moments  of  inertia,      .         .281 
deflection  of  beams,  .351 

deflection  of  beams,  tips-up 
at  ends,    ....    365 
Thickness  of  retaining  walls,  98 

Trans,  or  Froe.y  Institute  of  Civil 
Engineers,       .         .     217,  227,  254 
Institute  of  Engineers    and 
Ship  Builders  in  Scotland, 

217,  269 
Philosophical  Society,   Glas- 
gow,        ....     328 
Royal  Irish  Academy,  .        .      64 
Transformed  catenary,  505 
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Transformed  two-nosed  catenary, 

table, 613 

two-nosed,  in  cii*cle,  £  =  I, .  619 
Tbbdoold,          ....  406 
Tunnel  shell,  equilibrium,  .     486,  662 
roof,  waJIs,  and  invert,          .  664 
foundation  of ,       .         .         .  666 
Tunnellinffy  quotation  (Simms'),  .  660 
Two-nosed  catenaries  :  tee  Trans- 
formed,    609 


(Jniplanar  stress, 
Unwin, 


67 

406 


Walls  :  see  Betaining, 
Wall,  tunnel,  line  of  stress, 
Walmislet,       .... 
Warren  girder,  .  .     264, 

Web,  lattice,       .... 
resisting  the  shear-stress, 
share    of  bending    moment, 
economical  double  T,    .        .411 
WiLLL/LMSON,       .  .64,   336 

Wilson, 336 
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87,  104 

.     664 

.     421 

446 

266 

308 


Tbatbr  and  Son, 


64,  217 


THE  END. 


Prifi/rt/  by  Po.nsonhy  &  Wkldrick,  Unizenity  PresSt  Dublin. 


